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Polarization near the High-Frequency Limit of 500-kev Bremsstrahlung* 
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(Received July 17, 1958) 


The angular dependence of the linear polarization near the high-frequency limit of the bremsstrahlung 
spectrum for 500-kev electrons has been measured with a polarimeter that depends on the polarization 
sensitivity of the Compton process. The results confirm the polarization reversal predicted at large angles 
by the Gluckstern-Hull-Breit calculations, and are consistent with the reversal found in the photoelectric 


measurements of McMaster and Hereford. 


HE bremsstrahlung process at the high-frequency 
limit is inverse to the photoelectric process within 
certain approximations involving the binding of the 
atomic electron.! Therefore, experimental information 
about either process is pertinent to the other. 

In the course of our investigations of bremsstrahlung 
polarization, we have measured the angular dependence 
of the polarization near the high-frequency limit of the 
bremsstrahlung spectrum for 500-kev electrons. Our 
results can be applied to the photoelectric process, and 
are of particular interest because conflicting experi- 
mental results? have been obtained for the azimuthal 
distribution of photoelectrons ejected by linearly polar- 
ized photons. 

The polarization behaviors for the bremsstrahlung 
and photoelectric processes are closely related as seen 
from a comparison of the corresponding differential 
cross-section calculations. The Gluckstern-Hull-Breit 
bremsstrahlung polarization formula*® near the high- 
frequency limit has the same analytical form as the 
Sauter formula‘ for linearly polarized photons. At the 

* Work supported by the U. S. Atomic Energy Commission. 

1 Fano, Koch, and Motz, Phys. Rev. (to be published). 

2W. H. McMaster and F. L. Hereford, Phys. Rev. 95, 723 
(1954); Brini, Peli, Rimondi, and Veronesi, Nuovo cimento 6, 98 
(1957). These measurements were made with a Compton-scattered 
photon beam from a Co sourcé and with a fixed photoelectron 
emission angle of approximately 90°. The photoelectron azimuthal 
distribution at this emission angle was investigated as a function 
of photon energy (Compton-scattering angle) in the range from 
approximately 0.4 to 0.8 Mev. 

§ Gluckstern, Hull, and Breit, Phys. Rev. 90, 1026 (1953), Eq. 
(15). The cross section integrated over the electron directions 
was calculated by R. L. Gluckstern and M. H. Hull, Phys. Rev. 


90, 1030 (1953). 
4F, Sauter, Ann. Physik 11, 454 (1931), Eq. (30). 


high-frequency limit, the bremsstrahlung formula has 
the same dependence as the Sauter formula on the 
direction of emission, the polarization, and the primary 
energy, except for a normalization factor which has 
been discussed by Fano.’ At 500 kev, the theory** for 
hoth processes predicts a reversal in which the emission 
plane and the photon polarization vector E tend to be 
parallel for small emission angles and perpendicular for 
large emission angles. (The theory predicts a reversal 
with increasing energy at constant angle as well as with 
increasing angle at constant energy.) In the photoelec- 
tric measurements, a reversal was found by McMaster 
and Hereford? but not by Brini ef al.? In the present 
bremsstrahlung measurements, the results verify the 
reversal and support the general reliability of the 
approximate polarization calculations for each process. — 
A schematic diagram of the present experimental 
arrangement is shown in Fig. 1. (Figure 1 also shows 
the arrangement for the photoelectron measurements” 
in order to emphasize the similarity between the two 
experiments.) The experimental details and method of 
data analysis for the present measurements have been 
described previously. The bremsstrahlung was pro- 
duced with 500-kev electrons incident on a 4.3-mg/cm? 
beryllium target and on a 0.21-mg/cm’ gold target. 
These targets were found® to be thin enough so that 
electron scattering effects could be neglected. The 
bremsstrahlung polarization was measured in terms of 
an azimuthal asymmetry ratio with a polarimeter® that 
depends on the polarization sensitivity of the Compton 


5 U. Fano (to be published). 
6 J. W. Motz, Phys. Rev. 104, 557 (1956). 
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Fic. 1. Schematic experimental arrangements for (a) the 
present bremsstrahlung measurements, and (b) the photoelectron 
measurements.” The radiation flows in opposite directions in the 
two arrangements. Measurements are made with the detector in 
the two azimuthal positions (¢=0, ¢=7/2). If the dominant 
mode of emission for each process occurs with the photon polar- 
ization vector, E, orthogonal to the emission plane as illustrated 
above, maximum counting rates in the detector are obtained 
when the three arms are coplanar (¢=7/2). 


process. The polarimeter was operated as a double- 
crystal Compton spectrometer in order to select photons 
near the high-frequency limit (420 to 500 kev) of the 
spectrum. Measurements were made for photon emis- 
sion angles of 10, 20, 30, 50, 70, 90, 110, and 130 degrees. 

The experimental results are plotted in Fig. 2. The 
solid line in Fig. 2 is predicted by the Gluckstern-Hull 
(Born-approximation) calculations’ including their 
screening corrections for gold and aluminum (dashed 
line), and it shows the dependence of the polarization 
on the photon emission angle for 450-kev photons 
(median energy in the interval selected by the polar- 
imeter). The polarization is defined by the difference to 
sum ratio of the cross sections, do,, and do,, for radi- 
ation polarized parallel (negative values of polarization) 
and perpendicular (positive values of polarization), 
respectively, to the emission plane. The error limits for 
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the polarization values include estimates of the system- 
atic errors and of the statistical errors for the measured 
asymmetry ratios. 

As shown in Fig. 2, our experimental results at large 
angles (greater than 50°) give approximately the same 
polarization values for both beryllium and gold, and 
show good agreement with the Gluckstern-Hull pre- 
dictions.* The magnitude of the positive (perpendicular) 
values of the polarization that establish the reversal 
are observed to exceed three times the estimated error 
in four different cases (at two angles with two target 
materials). These measurements are consistent with the 
reversal found in the photoelectric measurements of 
McMaster and Hereford.* The measurements at small 
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Fic. 2. Angular dependence of 500-kev bremsstrahlung polar- 
ization near the high-frequency limit. The experimental points 
for beryllium (closed circles) and gold (open circles) were obtained 
for an energy interval between approximately 420 and 500 kev. 
The solid line is the polarization for 450-kev photons predicted 
by the Gluckstern-Hull calculations,’ including screening correc- 
tions for gold and aluminum (dashed line). 


angles which agree only qualitatively with the theory, 
will be analyzed later in a complete report along with 
data for other energies. 


ACKNOWLEDGMENTS 


We wish to thank Dr. U. Fano for pointing out the 
significance of our results to the photoelectric measure- 
ments, and Dr. H. O. Wyckoff and Dr. H. W. Koch 
for helpful discussions. 





PHYSICAL REVIEW VOLUME 


112, 


NUMBER 4 NOVEMBER 15, 1958 


Angular Momentum of Liquid Helium{ 
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The difference in the angular momentum of liquid helium between an initial state in equilibrium with a 
steadily rotating cylindrical container and a final state with the container at rest has been measured both in 
He I and He II. If we denote this quantity by Z and the corresponding value for solid-body rotation of 
the liquid by L,, then L/Z,=1 for all temperatures and speeds used in the He I phase. In the He II region, 
however, and for speeds less than about 1 rad/sec, L/L, decreases monotonically from unity with decreasing 
initial angular velocity of the containing vessel apparently approaching the ratio p,,/p as the initial angular 
velocity approaches zero. The results are compared with the Onsager-Feynman vortex model for He II 
and it is argued that concordance only can be obtained provided macroscopic rotational states of long 


lifetime can be shown to exist in this theory. 


INTRODUCTION 

F a cylindrical vessel containing an ordinary viscous 

liquid be rotated at a constant angular velocity 
about its vertical axis of symmetry, the equilibrium 
state of the liquid will be one of rotation like a solid 
body. Under these conditions the curl of the fluid 
velocity is everywhere equal to twice the angular 
velocity, and we may say that the angular momentum 
of the liquid is classical. 

The situation for He II appears to be quite different, 
this fluid consisting of a normal (classical) component 
plus a superfluid phase. The latter fraction, according 
to Landau,! is restricted in its motions such that the 
curl of the velocity shall vanish. If He ITI be considered 
incompressible, which is roughly true, and if we are 
dealing with a simply connected region, the above 
restriction together with no motion perpendicular to 
the boundary implies that the superfluid velocity itself 
always must be zero. 

Something like the above notion lay behind Andro- 
nikashvili’s? celebrated ‘‘pile of disks’ experiment in 
which he measured the ratio p,/p as a function of 
temperature. The classical normal fluid was trapped 
between, and moved with, the disks and thus added 
its weight to them, but the superfluid remained at rest 
or at least possessed some sort of equilibrium time 
much longer than the period of the oscillations (~10 
sec). It must be noted that the velocities involved in 
this kind of experiment are low. The maximum pe- 
ripheral velocity is around 0.1 cm/sec; beyond this 
figure the resulting values of p,/p become too large* and 
no longer agree with the values found from the second 
sound measurements. 

t Assisted by grants from the National Science Foundation and 
the Office of Ordnance Research, U. S. Army. 

* Present address: Department of Physics, University of 
Pennsylvania, Philadelphia, Pennsylvania. A shorter account of 
this work, which formed part of a Ph.D. dissertation, was given 
at the Fifth International Conference on Low-Temperature 


Physics and Chemistry, August 26-31, 1957, University of 
Wisconsin (to be published). 
1L. Landau, J. Phys. U. S. S. R. 5, 71 (1941). 
? E. Andronikashvili, J. Phys. U.S. S. R. 10, 201 (1946). 
( 3A. C. Hollis Hallett, Proc. Roy. Soc. (London) A210, 404 
1952). 


The suspicion that Landau’s criterion holds only in 
a restricted range of small velocities is strengthened by 
an experiment due to Osborne‘ who, from studies on 
the shape of the free-equilibrium surface in rotating 
helium, showed that both the normal and superfluid 
components move classically for speeds ranging from 
4 to 70 cm/sec. It is true that the motions in the two 
experiments differ—in the former the fluid is accelerated 
whereas in the latter it is not. However, Donnelly e¢ al.,* 
in a variation on Osborne’s experiment, showed 
that the two components also moved together during 
acceleration. 

The situation appeared to us sufficiently interesting 
to attempt an experiment of a somewhat different 
nature than those we have quoted. This consists of a 
direct measurement of the angular momentum possessed 
by a mass of He II at a given temperature which has 
been allowed to come into equilibrium with a cylindrical 
vessel rotating at a known constant angular velocity. 
Hall® has recently reported some results of a somewhat 
similar method. However, our results which are rather 
more extensive are for a simply connected volume of 
liquid, whereas Hall used a much more complicated 
geometry in which the liquid helium was confined to 
the annular regions in a pile of disks. 


METHOD OF MEASUREMENT 


The method selected is, in principle, as follows. The 
cylindrical container 7 (Fig. 1) which we shall call 
simply “the bucket,” is suspended by a long rigid rod F 
from a torsion fiber B attached to the shaft of a motor A. 
A mirror C is attached to the rod so that a spot of 
light from an external lamp can be reflected to indicate 
on a scale (or recording camera) the instantaneous 
angular position of the bucket. A small cylinder of 
copper D, fixed to the rod and situated between the 
pole pieces of an electromagnet E, provides a means of 
stopping the rotation of the suspended system at will 
by turning on the magnet current. 


4D. V. Osborne, Proc. Phys. Soc. (London) 63, 909 (1950). 
( 5 Donnelly, Chester, Walmsley, and Lane, Phys. Rev. 102, 3 
1956). 

°H. E. Hall, Trans. Roy. Soc. (London) 250, 359 (1957). 
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Fic. 1. Schematic showing arrange- 


ment of the cryostat. 

















We begin with the bucket and liquid at rest. When 
the motor is turned on, the bucket, driven via the 
torsion fiber, excutes oscillations superposed on the 
uniform rotation of the motor which in turn drags the 
liquid into rotation. The viscosity of the liquid and 
surrounding vapor eventually damps out the oscillations, 
and the bucket finally rotates uniformly in one-to-one 
correspondence with the motor. If sufficient time is 
allowed to elapse, we must suppose that the liquid too 
will reach thermodynamic equilibrium with the bucket 
and will have an angular momentum appropriate to 
the values of the temperature and angular velocity 
parameters of the experiment. By “sufficient time”’ 
we mean that the results must remain unchanged when 
longer times of preparation are allowed. This time 
turned out to be about 15-18 min and, to be on the 
safe side, we used typically 35 min, which is about 
two and one-half times the time required to bring the 
liquid to rest after the bucket is stopped.’ 

To make the measurement, the motor is first stopped 
and the rotation of the bucket is also stopped simul- 
taneously by turning the magnet current first on and 
then off in as short a time as is necessary to bring the 
suspension to rest. This entire stopping operation takes 
about one-half second, so that effectively at time “‘zero”’ 
the entire system hanging from the fiber possesses 
only the original angular momentum of the liquid. 
It is also arranged, through suitable photoelectronic 
timing devices, that the motor and bucket have been 
coordinated to stop in such a way that at time zero 
the reflected light spot is conveniently located on the 
scale and just sufficiently deflected from equilibrium 


7 Preparation times as long as 1.5 hr occasionally were employed. 
The results did not differ from those using the shorter time. 
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such that the torque from the fiber is nearly equal and 
opposite to the initial torque which the rotating liquid 
exerts on the bucket system. From this time on, the 
rotating liquid interacts with the bucket to give up 
its angular momentum and to approach a state rep- 
resenting equilibrium with a vessel at rest. We should 
expect this final state to be one of zero angular momen- 
tum, so that the angular momentum given up to the 
bucket is just that value appropriate to the initial 
equilibrium state in the originally rotating bucket. 
That this equilibrium final state might not be easily 
reached in the case of He II is a possibility which will 
be discussed later. In any case, the instantaneous time 
rate at which the liquid gives up angular momentum 
to the bucket must appear as a torque on the system and 
leads to the following equation of motion: 


d dg dy 
— [itr] = —ky—D—, 
dt dt 


(1) 


where ¢ is the angular deflection of the system from 
mechanical equilibrium, J» its moment of inertia, k 
the force constant of the torsion fiber, D the dissipative 
constant due to the surrounding vapor, and Ll; the 
angular momentum of the liquid in the bucket. A 
direct integration of Eq. (1) from time zero until some 
time 7, gives 

d¢| dey | 

| 


T 
at=kf e(idt+ tol 
0 | dt ? 


dt | 
+D{¢(T)—¢(0)}, (2) 
where AL=L,(0)—L,(T) is the difference in angular 
momentum of the liquid at time zero and at time 7. 
For this experiment the maximum values of the second 
and third terms on the right of Eq. (2) were always 
completely negligible compared to the first, and will 
henceforth be dropped from the discussion. 

There are two things to note about expression (2). 
The first is that T does not enter as a parameter since, 
as remarked previously, it is always chosen sufficiently 
large so that AL is independent of it. This is simply 
to say that eventually ¢ is a small oscillating function 
about the value zero and does not contribute to the 
integral. The second remark is that AZ is independent 
of the detailed hydrodynamics of the liquid in the 
decay process. The measurement is essentially a 
thermodynamic one requiring no knowledge of, or 
assumptions about, the kinetics of the liquid. 

The experimental observable is the linear deflection 
of the light spot as a function of time. Denoting this 
deflection by S, the scale to mirror distance by 1, and 
defining So=lim,4rS, Eq. (2) becomes 


(3) 


k od 
ar=— f (S—So)dl. 
21/9 
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Since the decay process is a complicated affair and not 
even experimentally reproducible, it was not feasible 
to fit the S versus ¢ data to an analytic function to 
obtain the integral. Instead the data were plotted on 
graph paper or the light spot was recorded on a moving 
photographic paper, and the integration was performed 
by cutting out the trace and weighing it. The calibration 
was provided by the weight of a sample of paper of 
known area. 

The quantity of interest in this experiment is the 
angular momentum measured as compared to the 
classical value, i.e., the ratio L/L., where L, corresponds 
to solid-body rotation, and ZL henceforth will be used 
to denote the quantity AL given by expression (3). 
Now L,=wpG(h), where w is the original angular veloc- 
ity of the bucket, / the height of liquid in the bucket, p 
its density, and G(/) a function of # characterizing the 
geometry of the bucket. To complete the measurement 
then, the temperature, the period of rotation, and the 
height of the free surface of the liquid in the bucket are 
measured.* The function G(k) was determined empiri- 
cally, as will emerge. 


EXPERIMENTAL DETAILS 


It was required that the apparatus used for measuring 
the angular momentum of liquid helium in its superfluid 
phase should also be capable of making the measure- 
ment in the classical phase above the lambda point in 
order to substantiate the correctness of the method. 
In the He I phase, we must have L/L.=1 for all 
temperatures and angular velocities. 

It was soon found that the usual Dewar arrangement 
was inadequate for this purpose. Vapor drafts and 
bubbling exerted random torques on the suspension 
which completely obscured the measurement. This 
difficulty was overcome to a large extent by the use of 
two helium baths as shown in Fig. 1. The inner bath 
and experimental apparatus were contained in a closed 
system making thermal contact with the outer bath 
through the glass envelope G. A ground glass plug 
valve J, operated from the top of the cryostat, served 
to isolate the pressures of the inner and outer baths 
and to prevent appreciable flow of liquid from one to 
the other. The vapor pressure and temperature of the 
outer bath were fixed by pumping, and the pumping 
valve to vessel G was closed so that stray heat input 
raised its temperature and pressure a little above those 
of the outer Dewar H. Under these conditions no 
bubbling action took place in the He I contained in 
vessel G or in the bucket. This reduced the extraneous 
torques on the suspension to a tolerable level. This 
arrangement was also found to have considerable 
value when working in the He II region. By pumping 
§ The evaporation of liquid helium from the bucket during the 
course of any run at any temperature was found to be very 
slight. Thus measurements of , made with a cathetometer looking 


through slits in the Dewars, immediately before and immediately 
after each run, differed by a negligible amount. 
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on the inner bath a little faster than on the outer one 
and adjusting the clearance of the plug properly, it 
was possible, as a consequence of the thermomechanical 
effect, to maintain the outer bath level higher than that 
of the inner bath; this is depicted in Fig. 1. With this 
arrangement the bucket was surrounded by a radiation 
shield of liquid helium, and the rate of evaporation of 
liquid from the bucket was substantially reduced. 

Two buckets were used in the course of the experi- 
ment, both having been blown by hand from soft glass. 
The larger one was 1.1 cm in radius and 8 cm in length 
and the smaller one was 0.8 cm in radius and 10 cm in 
length. The moments of inertia of the two buckets 
filled with the same liquid to equal depths was therefore 
in the ratio of 0.28:1. Both buckets had a wall thickness 
of about 10 mils. The entire suspension including the 
larger bucket weighed 14 g and had a moment of inertia 
of 3.61 g cm?. Two torsion fibers were used to cover the 
entire range of speeds in the experiment. The more 
sensitive one was made from heat-treated 1-mil- 
diameter beryllium copper and had a torsion constant of 
().0862+0.0002 dyne cm/rad. The stiffer fiber was made 
of 1-mil-diameter tungsten and had a constant of 
0.2592+0.0005 dyne cm/rad. The resulting over-all 
sensitivity of the apparatus permitted a least-count 
measurement of torque of 2X10~> dyne cm. The 
“noise level’? (below the lambda point) was about 
5X 10° dyne cm (see Fig. 3), so that this sensitivity was 
significant and usable.’ 

Various speeds of rotation of the suspension were 
obtained by a small synchronous clock motor driving a 
small variable ratio speed changer (not shown in Fig. 1), 
the suspension being hung from the output shaft of 
the changer. The speed ratio of the changer was 
controlled from outside the cryostat so that a continuous 
range of speeds from 5:1 to 1:5 of that of the motor 
were available during a given day’s run. A recording 
camera was employed in the final form of the experiment 
to provide a continuous time record of the suspension 
deflection. This had a cylindrical lens 18 in. long and 
used photographic paper available in rolls 18 in. wide 
and up to 350 ft in length. A synchronous motor drives 
the paper feed through a gear box providing a range of 
speeds from 0.20 to 75.00 mm/sec. 


DATA REDUCTION 


During the preliminary stages of the experiment the 
data were taken by an observer calling out the position 
of the light spot on a galvanometer scale, with a second 
person noting the time on a clock and writing down 
both numbers. The data were then plotted on good- 
quality graph paper and a smooth curve was drawn 
through them. (The results shown in Fig. 4 were 
obtained in this manner.) 


®At the lowest speeds employed by us the demands on the 
sensitivity of the measuring system were severe, the total kinetic 
energy corresponding to the angular momentum collected being 
of the order of 10 erg. 
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Fic. 2. Drawing of initial part of typical photographic trace 
showing the deflection of the bucket system as a function of time 
immediately after the bucket has been arrested. The vertical 
lines are time markers 10 sec apart and the horizontal line is 
the spatial reference (see text). 


In the final form of the experiment (corresponding to 
the results of Fig. 5) this procedure was improved upon 
by photographing the trace on moving photographic 
paper. It was necessary that distortions of the paper 
from the developing process should not affect the 
subsequent integration of the trace by weighing, and 
this was ensured in the following way. First, an external 
spatially fixed lamp threw a slit of light on the camera 
lens. This provided a spatial reference line on the 
developed paper which defined the time axis of the 
trace (see Fig. 2). In this way any shifting of the paper 
during a run did not affect the integral. Secondly, a 
timing flash exposed the film accurately each ten 
seconds during the run. These time markers on the 
developed paper then defined both the proper deflection 
axis and the local time unit. In practice it was found 
that the camera feed was synchronous with the time 
markers so that the local time units were always 
constant. These precautions ensured that the mass of 
paper which was cut out between the photographed 
trace and the time axis was the same as at the time of 
exposure. For the calibration of the trace it was neces- 
sary to have a known time interval and a known 
deflection length. The time markers provided the time 
interval. To obtain a known deflection length, the width 
of the paper was measured for each trace before 
developing. This width was found not to vary within a 
given roll of paper and varied only slightly from one 
roll to another. The variations in mass of the paper after 
developing and over typical areas were found to be 
not more than 1%. 

The equilibrium deflection, So, was determined by 
averaging successive maxima and minima of oscillations, 
plotting these means as a function of time, and drawing 
a straight line to fit the data at long times. A typical 
plot of this kind is shown in Fig. 3. It was always found 
that So changed slowly and linearly with time, presum- 
ably due to residual hysteresis in the fiber. This drift 
was always in the same direction and of the order of 
10-* rad/hr for all runs, leading to a drift correction 
of the order of 3X 10~ g cm*/sec in the angular momen- 
tum. This was a negligible correction at the higher 
speeds, but at the lowest speed of 0.05 rad/sec the 
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measured angular momentum was 4X10~“g_ cm?/sec 
which is comparable to the correction. To make sure 
that this drift was not actual angular momentum being 
collected slowly and also that a linear extrapolation to 
time zero was valid, a run was made under precise 
running conditions with the exception that the bucket 
contained no liquid. The result was a straight line with 
a drift in the same direction and of the same rate as 
was found in all the runs. 

The final step in reducing the data was to calculate 
the classical value of angular momentum, L,, corre- 
sponding to the angular velocity of the run and height 
of liquid in the bucket. Hence it was necessary to 
calibrate the bucket to obtain the function G(h). 
This was done by filling the bucket to several heights 
with glycerine and measuring the period of oscillation 
of the system as a torsion pendulum. Treating the 
glycerine as a solid body,” one then has 


am--{{- =n, (4) 


Po 2x 


where p, is the density of the glycerine, & the torsion 
constant, P(h) the observed period, and J») the moment 
of inertia of the entire suspension with no glycerine. 
These measured values of G were plotted against # and 
a smooth curve (which was actually a straight line) was 
drawn through them for purposes of interpolation. 


RESULTS 


Since the data are in the form of plots and photo- 
graphic traces measuring 18 in. wide by about 25 ft 
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Fic. 3. A typical plot of the mean deflection versus the time for 
the large bucket at 1.4°K. The initial angular velocity of the 
bucket was 0.866 rad/sec and the initial deflection at time zero 
was approximately 25 cm. This run yielded a value of L/L.=0.8. 

10 We satisfied ourselves that glycerine is sufficiently viscous 
to oscillate with the bucket, as a solid body, in two ways. First, 
the deduced values of the radius of gyration of the “bucket void’’ 
using glycerine were in reasonable accord with those computed 
from the known dimensions. Second, the two-dimensional problem 
for a perfect cylinder filled with viscous liquid was solved neglect- 
ing end effects, thus obtaining a criterion for the solid-body 
approximation which is more stringent than necessary. Using 
known values for the kinematic viscosity of glycerine, the result 
showed that the correction to the solid-body frequency due to 
the finite viscosity of glycerine was of the order of 10~5%. 
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long, it is not possible to reproduce a sample here. In 
Fig. 2 we show a drawing of the first two-hundred 
seconds of a typical photographic trace in order to 
illustrate its general features. The total stopping time is 
3 sec and is not visible on the scale of the drawing. 
The behavior of the system immediately after stopping 
is interesting. It is stopped at a point where the 
torques due to the liquid and the torsion fiber are 
nearly equal and opposite. Very often the deflection 
will remain nearly constant, perhaps increasing slowly 
as shown, for as long as 10 sec. Then it drops rapidly 
and begins to oscillate about a mean which decreases 
with time to some constant value. It would seem that 
some manner of flow which is initially set up suddenly 
changes, after which the angular momentum is collected 
more slowly. The period of the oscillations is exactly 
uniform and equal to the free period of the suspension, 
as one would expect from the small damping in liquid 
helium. 

The decay of the mean values of the oscillations is 
not exponential or, for that matter, even the same from 
trace to trace. This becomes particularly pronounced 
at the lower speeds where the means decay very slowly. 
The “time constant” becomes longer as less angular 
momentum remains to be collected. The time required to 
collect two-thirds of the final amount was roughly 
100 to 200 sec, depending strongly on the initial speed 
of rotation. On the other hand, it was.found that the 
same total time was required to collect all the angular 
momentum regardless of the initial speed, this time 
being about 900 sec for the larger bucket. In other 
words, the faster the initial speed, the faster the 
angular momentum is given up; but the total elapsed 
time required for the torque to fall to within a least 
count of zero was the same for all speeds. This agrees 
with the findings of Hall® who has made a quantitative 
study of these effects. The data were taken for forty 
minutes in order to permit an accurate extrapolation of 
So back to time zero. 

The preliminary results of this experiment for the 
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Fic. 4. The ratio L/L, versus temperature at several initial 
angular velocities of the big bucket. Triangles 1.05 rad/sec; 
crosses 0.628 rad/sec; square 0.314 rad/sec; circles 0.105 rad/sec. 
The dotted curve is the ratio of pn/p. 
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Fic. 5. The ratio L/L. versus the initial angular velocity of the 
bucket. Curve A is for the small bucket and is fitted to an 
experimental point at 2.12 rad/sec (not shown on the above 
drawing) at which L/L.=0.94. Curve B is for the large bucket 
and circles with crosses are the results of two ‘“‘de-revolutionizing”’ 
runs (see text). Point C is the value of p,/p at the temperature for 
which all the above data were taken, namely, 1.4°K. 


larger bucket are shown in Fig. 4 where the quantity 
L/L. is plotted versus temperature for angular velocities 
of 0.105, 0.314, 0.628, and 1.05 rad/sec. These measure- 
ments are inaccurate at the lowest speeds and tempera- 
tures, being roughly 15% too low at 0.1 rad/sec and 
1.4°K when compared to the final results presented in 
Fig. 5. The reason for the inaccuracy lies in the fact 
that, at the time these measurements were made, it 
was not realized that the decay time of the liquid 
becomes longer as the speed is reduced, and hence the 
data were not taken for sufficiently long times to give an 
accurate determination of the zero line So. Nevertheless, 
it is evident that above the lambda point L/L.= 1+10% 
for all speeds. The apparent systematic deficiency from 
unity as one goes to higher speeds was also found in 
the later more accurate work and is attributed to the 
increasing importance of the amount of angular 
momentum lost during the braking time. The large 
scatter is largely due to the perturbing effects of the 
vapor mentioned earlier. Below the lambda point it 
appears that, at all temperatures, one obtains the full 
classical value of angular momentum from the normal 
component since the curves tend to the temperature 
dependence of p,/p as the speeds become small. In 
addition one obtains a fraction of the classical value 
from the superfluid component at all temperatures, 
this fraction being a function of the speed and approach- 
ing unity as the speeds become large. These results are 
consistent with the two-fluid hypothesis in which one 
may describe He II in terms of two momentum fields, 
one of which exhibits classical behavior. From this 
it is evident that the problem of interest is the behavior 
of the superfluid component, in particular the deter- 
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TABLE I. Values of L/L, for both buckets above the A point. 








w T 

(rad/sec) (°K) 
1.34 
1.34 
1.34 
0.32 
0.32 


Bucket L/L. 


0.92 
0.91 
0.98 
1.08 
0.92 





2.29 
2.30 
2.26 
2.51 
2.35 


small 
small 
small 
large 
large 


mination of a(w) as a function of w, where a(w) is 
defined by the two-fluid hypothesis: 


L= (pn/p)L-ta(w) (p./p)Le. (5) 


To this end, all of the subsequent work in the final 
form of the experiment (employing the photographic 
method) was done at 1.4°K where p,/p=7%. Most of 
the work was done with the larger of the two buckets 
described, since this provided the sensitivity needed to 
reach the lowest speeds. The speed range covered with 
this bucket was 0.0518 to 1.09 rad/sec corresponding 
to peripheral velocities of from 0.057 to 1.2 cm/sec, the 
lowest speed obtainable being limited by sensitivity. 
The highest speed was limited by the ability of the 
braking magnet to stop the rotation of the suspension 
within a manageable distance. Several runs were also 
made with the smaller bucket for two reasons. One was 
to discover whether or not there were any size depend- 
ence of the results; the other was to make it possible 
to double the highest speed obtainable with the larger 
bucket. 

A plot of L/L, versus w for all the data at 1.4°K is 
shown in Fig. 5. The values of L/L, for the larger 
bucket rise rapidly from about 30% at 0.05 rad/sec to 
82% at 1.09 rad/sec and are apparently increasing 
steadily toward unity at higher speeds. It will be 
noticed that the smaller bucket gives values consistently 
higher than the larger one, although the displacement 
is only about twice the internal scatter of the data. 
This result was quite unexpected, and as yet we know of 
no plausible explanation for it. Since both buckets give 
correct results above the lambda point (see Table I), 
this displacement cannot be due to systematic errors 
in calibration and would therefore appear to be real. 
The important information derived from the smaller- 
bucket measurements is the assurance that at suffi- 
ciently high speeds one does in fact obtain the classical 
value of angular momentum in He II, i.e., at 2.12 
rad/sec one obtains about the same values as above 
the lambda point. The consistent deficiency from 
unity of about 5% found at these high speeds is probably 
due te an irredeemable loss of angular momentum 
while the bucket is being stopped, as was mentioned 
previously. 

It was thought that possibly these results reflected 
some nonequilibrium nature of either the initial or 
final state of the liquid, conceivably both. To test this 
point, a variation in the experimental procedure was 
used for a few runs in which the bucket was first 
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rotated very rapidly and then slowed down to, say, 
0.1 rad/sec where the deviation from classical behavior 
is most marked. By so doing, it was thought possible 
that one might obtain a value of L/L, greater than that 
obtained by the usual method. This procedure was 
carried out by setting the speed changer at 1.0 rad/sec 
(where L/L, is 80%) and rotating the bucket for the 
full equilibrium time of thirty-five minutes. Then a 
clock motor was used to drive the speed-changer control, 
decreasing the output-shaft speed slowly and smoothly 
to the vicinity of 0.1 rad/sec in about twenty minutes. 
Another full 35-min equilibrium time was allowed to 
elapse at the final speed before the measurement was 
made. All the runs done in this way gave the same result 
as obtained from the usual procedure. We take this to 
mean that the angular momentum collected does not 
depend on the pre-history of the helium. 


DISCUSSION 


The salient features of the results of this experiment 
may be stated in the following fashion: 


(1) Z is the classical value for He I at all speeds, 
temperatures, and (for the two employed) bucket 
sizes. This assures us that the method of measurement 
is a valid one. 

(2) L is the classical value for He II at all tempera- 
tures if the angular velocity is sufficiently large. 

(3) For angular velocities sufficiently large, a(w) 
approaches unity. As the velocity becomes sufficiently 
small, depending perhaps on the size of the bucket, 
a(w) decreases monotonically from unity and apparently 
approaches zero as w goes to zero. This statement is 
less strong than it first appears because of an essential 
ambiguity in the experiment. Since we measure the 
difference in angular momentum between the initial 
and final states, we do not know experimentally the 
value appropriate to either one. As was mentioned 
earlier, when the rotating bucket is stopped, the liquid 
gives up angular momentum in order to approach the 
state representing equilibrium with the vessel at rest, 
i.e., zero angular momentum. If this state is reached in 
the duration of the measurement, then the angular 
momentum collected is just the equilibrium value of 
the initial state. There is the possibility, however, 
that the system may reach a metastable state of finite 
angular momentum and infinite lifetime, i.e., a per- 
sistent current, a possibility also mentioned by Hall.* 
Although Hall’s arguments for persistent currents in 
liquid helium are inconclusive the idea is at least 
suggestive, and it appears one must leave the question 
open pending settlement by further experimentation. 

(4) L is independent of the manner in which the 
system is prepared. It is necessary, of course, that the 
final stage of preparation be rotation at the given speed 
and temperature and for the appropriate equilibrium 
time. This proves that the initial states in our measure- 
ments were equilibrium states. 
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There are two theoretical approaches to the 
problem of rotating He IT, neither of which, as they 
stand, provide a satisfactory explanation of the results 
given here. In that of Landau and Lifshitz! it is 
supposed that the (two-dimensional) flow of the 
superfluid is confined to a series of annular rings 
concentric with the axis of the bucket. In any such ring 
the fluid velocity is assumed to be v,=A;/r, where r 
is the radius to a point in the ring and 4; is a constant, 
different for different rings. Thus, in any ring, VXv,=0. 
At the boundaries between rings the velocity changes 
discontinuously, and the accompanying disruption of 
the fluid is supposed to lead to a surface energy. Both 
the radii of the boundaries and the circulation constants 
are determined by a minimization of the free energy. 
This model is somewhat analogous to that for the 
intermediate state in superconductors. At 1.4°K they 
give L/L.= 82% for w= 1.6 rad/sec, dropping smoothly 
and reaching 30% for w=0.39 rad/sec. Above 1.6 rad 


sec L/L. goes to unity as we observe, and below 0.39 
rad/sec it drops some more, leveling off at about 18% 
for lower speeds. Thus both the speed range and the 
size of the effect predicted agree in order of magnitude 
with our observed results for the large bucket, but no 
bucket size effect is embodied in the theory. 
Onsager” and Feynman," on the other hand, have 


advanced arguments in favor of the existence of 

LL, Landau and E. Lifshitz, Doklady Akad. Nauk U.S. S. R. 
100, 669 (1955), 

"EE. Lifshitz and M. Kaganov, J. Exptl. Theoret. Phys. 
U. S. S. R. 29, 257 (1955) [translation: Soviet Phys. JETP 2, 
172 (1956) ]. 

8 L. Onsager, Nuovo cimento 6, Suppl. 2, 240 (1949). 

4R. P. Feynman, Progress in Low-Temperature 
(Interscience Publishers, Inc., New York, 1955), Vol. 1. 
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vortex states in rotating liquid helium which are based 
on calculations using an explicitly constructed trial 
wave function for the liquid. It can be shown, for the 
bucket sizes and angular velocities used in this experi- 
ment, that an equilibrium distribution of vortices leads 
to an angular momentum and free energy which are 
indistinguishable from those of a classical liquid. 
Estimates of the excess free energy indicate that this 
model compares favorably with that of Landau and 
Lifshitz. If we assume that these arguments are essen- 
tially correct, then we must conclude from this experi- 
ment that the final state of the liquid in the stationary 
container is one of circulatory currents which can be 
maintained for nearly indefinite periods of time, 
somewhat in analogy to the persistent electrical 
currents which occur in superconductors.'® In order 
for this theory to give a satisfactory account of our 
results, therefore, it would be necessary to demonstrate 
the possibility of truly macroscopic metastable states 
in liquid helium II. 
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18 How these frictionless currents are generated in our experi- 
ment in the first place poses something of a conundrum. We tried 
to detect their presence by an adaptation of an old method due 
originally to Andronikashvili. At the end of a run the liquid in 
the bucket was heated from an external source of radiant energy. 
This converted superfluid to normal and, by virtue of the latter’s 
finite viscosity, should result in an observable torque transmitted 
to the bucket. However, disturbances created by the sudden 
evolution of vapor from the liquid in the bucket rendered the 
method unworkable. 
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The production of suprathermal particles in an agitated plasma bearing magnetic fields was discussed in 
a previous paper. Here we consider more refined models for the magnetic fields in the plasma and suggest 


that experiments be done to study this phenomenon. 





I. INTRODUCTION 


N a previous paper! (I) the generation of supra- 

thermal particles in an agitated plasma bearing 
magnetic fields was investigated for the case in which 
the turbulent fields were represented by hard-sphere 
scatterers. Application to thermonuclear reactions was 
discussed. In the present paper we shall develop more 
refined models for the agitated fields, suggesting 
experiments which can be performed to examine the 
properties of the suprathermal-particle phenomenon. 

The equation for the ion velocity distribution 
function in a plasma in which the thermal ions are 
being accelerated by the Fermi mechanism is 


df/dt= (0f/dt)c+(Af/dt) p, (1) 


where the Coulomb contribution (0f/dt)¢ and the 
Fermi contribution (0//0t)r are given by the Fokker- 
Planck equations 


af a dflof M 
QE 
Oso Codclc dc kT 


af & id 
e —) =3—[((Ac) fe]-—[(ae)fe], (3) 
ats pr dc dc 


using the same notation as in I. The average increments 
per unit time in speed (Ac) and in ((Ac)?) result from 
encounters of an ion with relatively moving regions of 
magnetic field borne by the disordered fluid velocity 
of the agitated plasma. For hard spheres, they are given 
by 


(Ac)=V2/L, ((Ac)?)=3cV?/L, (4) 


where V? is the mean square velocity of the fields and 
L is the mean free path for collision with the fields or 
spheres. 

Now the velocity field in a turbulent plasma is often 
a more continuously varying function of position than 
the discontinuities of the hard-sphere model will allow, 
particularly if no shock waves are present. Hence, in 
place of the hard-sphere velocity V, we should perhaps 
write V’, which is the effective fluid velocity difference 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

+ This work supported by the U. S. Atomicf[Energy Commission. 

1 E. N. Parker and D. A. Tidman, Phys. Rev. 111, 1206 (1958). 
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seen by a particle able to migrate a distance equal to 
its Larmor radius across a mean shearing gradient 
(|dV/ds|). Thus 

V’=(|dV/ds| )c/Q, 


where @ is the cyclotron frequency of the particle in the 
field carried by the plasma. Thus, replacing V with V’ 
takes account of the higher turbulent velocity seen by 
a high-speed particle able to penetrate farther across 
the shearing gradients of the turbulent plasma velocity 
field. If we let y=(|0V/ds|)*/Q?L, then 
(Ac)=ye?, ((Ac)*)= Fy. (5) 

On the other hand, it is obvious that a particle of 
sufficiently high velocity may have a Larmor radius in 
excess of the scale of the turbulent “eddies.” Thus it 
will penetrate rather than be totally reflected. If ce is 
the velocity necessary for penetration (c2/M4=L), then 
the effective collision velocity for all faster particles is 
reduced from V’ to something of the order of V’(c2/c). 
To investigate the consequences of this penetration, 
and reduction of effective collision violence, we replace 
V by V”, where V"=V’/(1+c/ce)* and is «1/c for 
¢>¢2. Thus we shall also use 

(Ac)=ye?/(1+¢/c2)*, ((Ac)*)=3yce/(1+¢/c2)*. (6) 

The next three sections list the various steady-state 
and time-dependent solutions of (1) for the cases of 
(4), (5), and (6). 

II], STEADY-STATE SOLUTIONS 


The general steady-state solution of (1) is 


© dpH 
F(c)=F(0) exp| ~ J al 


Ro f dp H(p) if dq? 
——exp|-— | ——— ———— 
a 0 1+ p*ho(p)I4o 1+¢*ho(q) 
@ dr H(r) 
xexp f _—_——_, 
0 1+9°h2(r) 
where Rp is the total flux of particles across c, and 
H(c)=Mc/kT—2/c+(dho/dce—hy), (8) 


he(c) =((Ac)?)/2a, (9) 
hy(c) =(Ac)/a. (10) 
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When c is large compared to the critical velocity co, so 
that the Coulomb interaction is small compared to the 
Fermi interaction, then (7) reduces to 


he(co) . h() Ro 
F(0)~F(¢)—— exp| i) dp - |- 
he(c) cy ho( (p) ah,(c) 


hy(p) hy(r) 
xen f OW. dy ex| - fa (11) 
co ho(r) 


As already shown the hard-sphere model, with /;(c) 
and /2(c) given by (4), yields 


F (c)=Cyé exp[— 1(Mco?/kT) arctan(u?/3') ], (12) 


when there is no net flux, Ro=0. C; is a constant, and 
u=c/co. The critical velocity cot is 1/d, or (La/V). 
For c rather less than co, we have the Maxwellian 
distribution 

F (c)=Cyvé exp(—Mc?/2kT). 


For c rather greater than co, we have 


F(c)=Cy? exp[— (V34/2)Mce?/2kT ]. 


For the case where the penetration across the 
turbulent velocity gradient is allowed for, 4; and A» are 


given by (5), and we have 


F(c) =Cyw?(1 +w?) Mc12/12kT- 4 (1+w*) Mci?/4kT 


Xexp{— (Mc?/2v3kT) arctan[(2w?—1)/v3]}, (13) 


where w=c/c; and ¢,;°=3a/y. For c rather less than cy, 
we have 
arctan[_ (2w?— 1)/v3 Y — ba+ $v3w?+ iv3wt+ ---, 
(1+ w*) Mer"/4kT exp (Mc*/4kT) 
X {1+0[(Me2/kT) (2/c") }}. 

Thus we obtain the Maxwellian distribution 
F (c)=Ci(c/e1)? exp(— Meyr/12v3kT) 

Xexp(— Mc?/2kT){1+0[ (Me c?/c;*) }}. 
When ¢ is rather larger than c;, we have 
ir Mc? 1 


F(c)=C, exp( AV3RT), 


which is a constant. 

Finally, for the case that the particles of sufficiently 
high velocity may penetrate the turbulent elements, 
hy and hy are given by (6). We have 


c) 
la" Je 


where w=c/¢2, {= Mc?/kT, and &= (c2/c1)®. For c less 
than cs, we have the previous case given in (13). For 


fw— 2/w— 4iw, (1+w)* 
ao » 
1+ gw*/(1+w)* 


PARTICLES: 11 


Fic) 


0.1 








10 
C/c, or c/c, 





Fic. 1. Steady-state solution for hard-sphere model Eq. (12), 
penetration-sphere model Eq. (13), and penetrated-sphere model 
Eq. (15) with V3 Mcg?/2kT =2Mc,2/v3kT = 10, and c2=200¢,. 


c greater than c. and 
co\*/ kT \3 
(=) (- >, 
C1 Mc? 


exp(—aMc,?/4v3kT). 


we find 


(15) 


F()&Cic ‘C2)4 


The three distribution functions given by (12), (13), 
and (15) (for Ro=0) are plotted in Fig. 1. 

Now consider the steady-state solutions when Ry¥0. 
For velocities below the critical speeds ¢o or c,; we have 
essentially just the Coulomb interaction. It is obvious 
from (2) that in this case f/ is constant, or 


F (c)= — (Ro/a) (RT/M)c? (16) 


On the other hand, when c is rather greater than co, we 
have from (11) that 


F (c)&(3Ro/2a)eo' 1 — 2 (17) 


9 
Co’) 


for hard spheres. The term in c? contributes no flux and 
so may be omitted. For the case of variable penetration, 
given by (5), we have from (11) that 


F (e)&(3Ro/2y) (1/2 — 1/7), (18) 


the term 1/c? contributing the flux. When the pene- 
tration is extreme, so that /,; and Az are given by (6) 
with c>¢ce2, we have 

F (c)=(3Ro/ 2yc2") (19) 


[(c C2)? — (€ ‘c2)*], 
the term in (c/c2)? contributing the flux. 
Ill. STEADY STATE WITH DISSIPATION 


Now consider the steady-state solutions when we 
allow for the fact that the suprathermal particles may 
escape from the region. If we represent such a loss by 
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the addition of a term —F(c)/r(c) [where r(c) is the 
mean life ] to (3), we have 
a _ @ F(c) 
0=—[ho(c)F (0c) ]——Ln (0) F(d) J- (20) 
dc . 


dc at(c) 


for the suprathermal particles. 

The simplest case would be where the particles 
perform a random walk out of the region of Fermi 
acceleration in steps of length Z. Then if the mean 
distance to the boundary is /, they will escape in steps 
where n/*/L. Hence they will have a mean life 


7(c)=nL/c=P/Le. (21) 
(Note that 7« 1/c corresponds also to loss by stopping 
in nuclear collisions, etc., with velocity-independent 
cross section.) If in addition we suppose that L is of 
the order of the Larmor radius c/Q, then 


7r(c)=PO/e. (22) 


Since the suprathermal particles are supplied by 
Coulomb interaction from thermal velocities, we seek 
solutions of (20) which vanish at infinity. Thus the two 
cases (21) and (22) yield 


‘ cK (3co®L, al’) §(¢ Co) | 
5<Fia) 
coK iL (3co°L/al*)* | 
(c/co)* expl— (3co®L/al*)!(c/co) |] 


” (12¢o8L/P) Kf (3c08L/al®)*) 


~ C 
cK xsl (3c0"/aP’2)*(c/co)*] 


F(c) = F(c¢))————_ —_- 
coK 2 aL (307, aPQ)* |} 


' (c Co)! expl— (3c0’, aPQ)!(c¢ co)*] 


= F (co) ¥ P 5 
(12¢97 ‘?al?Q)'K» al (3c07, al’Q)* } 





(26) 


for hard spheres. Allowing for penetration across the 
turbulent velocity gradients yields 


F (c) =F (ca) (cx/c) 4084/7, (27) 


e1K of (12¢1/yPQ)*(c/c1)*] 


cK of (12¢,/yPQ)*] 





(¢1) (28) 


(c,/c)** exp[— (12¢,/yPQ)*(c/e1)*] 


~ F(¢,)—— (29) 
(48¢,, ryPQ)*K of (12¢ PQ)" ] 





from (5). Finally, for c so large that the particles com- 
pletely penetrate the magnetic fields carried by each 
eddy in the turbulent plasma motion, we use (6) with 
>, obtaining 


F (c)&F (c2) (c/c2) exp{ (3L/4yP)4(1— (c/c2)* }}, (30) 


AND = Me 


TIDMAN 


and 


2)7/4 exp—[(12c2 
OP van i lie 
(48c2 252*yPQ)'K 2 s[ (12ce 


Note that an observer outside the region of Fermi 
acceleration sees particles escaping from the region of 
production at a rate F(c)/7(c) per unit volume. 


IV. TIME-DEPENDENT SOLUTIONS 


Consider the solution of the Fermi equation (3) 
subject to the boundary condition that F(c,¢) is initially 
zero beyond the critical velocity (co, ci, cz as the case 
may be) and either a constant particle flux Ro, or 
density Fo, is maintained at the critical velocity. The 
solution of (3) is then effected by standard Laplace 
transform methods? upon using the identity 


T 
K,[x exp(+ix/2) ]=—— 


{Lexp(+#ivr/2) cosyr 
2 sinvr 


—exp(+iva/2) |J,(x)—exp(Fivr/2) sinvrY,(x)}, 
(33) 


for nonintegral values of v. The flux of particles across 
cis 


R(c)=al (hy—dhy dc) F (¢) — hed F/ de ]. (34) 


The solutions for hard spheres were given in the 
original paper.’ Allowing for varying penetration across 
the turbulent plasma motions, we use (5) and obtain 


F(c,t)=Fo(e oF 1+2(c/c) 


® exp(—B,2cryt/12)J of Bn(c1/c)* | 5 
zeman Ns 











Fic. 2. Time-dependent solution from Eq. (35) for 
constant F= Fp at c=¢;. 


2H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1947), pp. 280-282. 
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where the 8, are the positive roots of 

Jo(B,)=90. 
We have plotted (35) in Fig. 2 for cryyf=0.12 and 1.2. 
For constant flux Ro, 


Ficj)= (3Ro 2yc1") (a1 oH 1—8&(c¢ C) 


zs exp(—8,2cryl 12)J of Baler c)*] 


Bn?J (Bn) 


, (36) 


n=l 


where the 8, are now the positive roots of 
J:(B,)=0. 
In the limit as /— ~, we see that 
F (cy,t) = Fo= 3Ro/ 2yc:?. 


At such high particle velocities that the deflection 
by each moving region of field is small, we have c>c2 
in (6). We obtain 


F(c,t)=Fo(c a 1+(2 T)(C, C2) 


— exp(—S*yco't/3) 
8 


Jo, 3( 8c!) Y> 3( 28c,4) - Y> 3\ 28c) J» 3( 382!) | ( 
—_——. - —_—————}, (37) 
J» #°(38c2!)+ V2 3° (38¢2!) 
and 

F(c,t) = (3Ro/2yc2") (¢ a 

2% dg 
xf — exp(—6*yc2't/3) 

o & 


J» 3(98c!) V5 3(¥8c2!) — Y 9/3( 28c) J, 3\ 28c2!) 
JT 5;3?(38C24) + V 5/3" (3 8c2!) 


i—(4 To!) (c C2) 


(38) 


PARTICLES: 1% 


In the limit as :—> « we have 


F( Co,t) = Fo= (3Ro, 2c"). 


V. CONCLUSIONS 


Virtually all plasmas of physical interest are in 
motion and involve trapped magnetic fields. At present 
we know little of what goes on in such plasmas. Basi- 
cally we would like to have the following information: 


(i) the velocity distribution of the various atomic 
components, i.e., the protons, electrons, and heavy ions; 

(ii) the structure and velocity spectrum of the 
macroscopic motions in the plasma; for example, how 
does the magnetic field vary through an eddy or shock 
wave in the plasma? 


We have given results for the ion distribution func- 
tion for three simple models representing different 
scattering properties of the inhomogeneities in the 
magnetic fields. An experimental study of the supra- 
thermal particle phenomenon would thus give infor- 
mation on the structure and velocities of these fields, 
and probably suggest better theoretical models to 
describe the phenomenon. We suggest as examples 
several obvious effects to be examined. The first would 
be to try to observe by some means the behavior of the 
suprathermal-particle spectrum as one deliberately 
agitates the plasma to different degrees of violence, 
varies the magnetic fields involved, and mixes different 
heavy ions with the plasma. This last scheme might 
allow the easiest observation of the effects of varying 
depth of penetration idealized by (5) and (6). 

It might also be of interest to probe the agitated 
plasma with a beam of high-speed particles. Not only 
would the irregular deflection of the beam yield detailed 
information of the internal magnetic fields, but it might 
also be made to serve as an injection mechanism so that 
the Fermi acceleration could be studied independently 
of the Coulomb interactions at low energies. 
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Beam-Plasma Interaction 
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(Received July 29, 1958) 


Measurements have been made of plasma electron concentration and oscillation intensity through some 
inhomogeneous low-pressure hot-cathode discharges traversed by electron beams. A strong tendency has 
been found for oscillations to grow in amplitude when a beam moves down a plasma concentration gradient, 


and to die out when a beam moves up a gradient. 


LTHOUGH it has been known for many years! 
that excitation of plasma electron oscillations is 
an important step in randomization of momentum of 
electron beams in a low-pressure plasma, it has proved 
singularly difficult to determine the exact conditions for 
their production. Recently, Spitzer? has proposed that 
similar processes may also occur in pinched discharges. 
Considerable interest therefore attaches to a suggestion 
by Allis? that the concentration gradient of plasma 
electrons is a controlling factor, theory indicating that 
oscillations are most likely to grow in amplitude if 
propagated down a concentration gradient. Allis 
pointed out that the growth condition was probably 
satisfied near the hot cathode of some discharges we 
have studied,‘ where oscillations are known to occur. 
We have now made simultaneous Langmuir probe 
analyses and oscillation measurements in 15 further 
discharges of this kind. The plasma was in mercury 
vapor ; pressures were about 1 micron, voltages 15-30 v, 
and currents 20-40 ma, drawn from a plane oxide 


cathode 8 mm in diameter. About half the discharges , 


were of “meniscus” type,‘ with a quiescent plasma for 
a few mm in front of the cathode; the other half were 
of a type with oscillations through the whole inter- 
electrode space.® Some 50 gradients of plasma electron 


1]. Langmuir and L. Tonks, Phys. Rev. 33, 195 (1929). 

2 L. Spitzer, Nature 181, 221 (1958). 

3 W. P. Allis, paper presented at the 1957, Boulder, Colorado, 
meeting of the Union Radio-Scientifique Internationale (unpub- 
lished). 

4See Allen, Bailey, and Emeleus, Brit. J. Appl. Phys. 6, 320 
(1955). 

5K. G. Emeleus and D. W. Mahaffey, J. Elec. 4, 301 (1958). 


concentration occurred in these discharges; for at least 
85% of these, Allis’ criterion was found to hold. The 
frequencies of the oscillations were close to those 
calculated from the concentrations at the principal 
maxima of plasma electron concentration. 

These results must be taken with some reserve until 
more is known definitely about the current-voltage 
characteristics of Langmuir probes exposed to oscillating 
plasmas and beams, and about how oscillations are 
picked up by probes. The general shape of the electron 
concentration contours found by single probes was, 
however, reproduced by the ion currents drawn by 
both single and double probes, while the agreement 
between measured and calculated frequencies also gives 
an indication that the results may be reliable. 

In any event, Allis’ proposal has at least indicated 
a method of attack on this difficult problem, and gives 
a pointer as to how the ionization balance equations for 
quiescent plasmas have to be modified when oscillations 
occur. It may also partly explain why oscillations are 
relatively easily excited when a primary beam is 
reflected along its original path, since either the direct 
or the reflected beam will necessarily traverse any 
concentration gradient in the correct sense for exci- 
tation. 
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Frisch has shown that certain properties of certain isolated physical systems approach equilibrium 
values in time. The present paper strengthens Frisch’s result by showing that under the same conditions 
all observable properties, including a suitably defined phase density function, approach equilibrium values 


in time. 


E consider an ensemble of identical physical 

systems at some initial time ‘=0, whose states 
are distributed in phase space according to an ensemble 
density {(0,w;0), where w and @ represent action and 
angle variables, respectively. At a later time ¢>0 the 
states of the systems will have changed according to 
the laws of motion and will be distributed according to 
an ensemble density {(6,w;?¢). We are concerned with 
the behavior of f(0,w; ¢) as time increases; in particular 
we want to know whether the systems approach 
thermodynamic equilibrium. 

Frisch! has shown for a restricted class of systems 
that the “local macroscopic properties” approach 
equilibrium values as time increases, although the 
ensemble density is periodic in some of its variables. 
The properties referred to are averages over the action 
variables, such as the mean energy, velocity, tempera- 
ture, and pressure, all being functions of the angles and 
time. Convergence to equilibrium in this sense he calls 
“weak convergence,” as opposed to the convergence of 
the density function itself, which would be “strong 
convergence.” 

The purpose of this note is to point out that not only 
certain averages but even the cumulative distribution 
function approaches equilibrium under the same 
conditions Frisch assumes, namely, that the density be 
continuous and that the period depend on the action. 
The proof follows from the observation that in Frisch’s 
equation (15), the upper limit may be made finite, say 
w,, Without violating the conditions of the Riemann- 
Lebesgue theorem. Thus, if we set 4(w)=1, we have that 


@1 
f f(0,w; t)dw 


—o 


1H. L. Frisch, Phys. Rev. 109, 22 (1958). 


converges to equilibrium. Integration of this over the 
region 6<6, gives the cumulative distribution function 


F(01,01; 1) = ff f(0,w; t)dwd?, 


6<61 w<wl 


which approaches a limiting function F(6,w;). This 
function contains all the information necessary for the 
calculation of statistical properties at equilibrium. 

If the derivatives exist, a unique density function for 
the system is defined by’ 


Thus, the convergence to equilibrium of the systems 
under consideration is stronger than “weak convergence”’ 
and might be called ‘‘almost-strong convergence.” 

As Frisch points out, if the initial distribution is 
“sharp” in the action variables, then no equilibrium 
can occur. (We have ruled out this case by requiring 
the initial distribution to be continuous.) This would 
not be true in a quantum-mechanical theory since, if 
the action were given precisely, then the corresponding 
angle would be uniformly distributed. No periodicity 
could be observed; equilibrium would exist. 

The author was led to consider this problem by 
Dr. Joseph Ford of these Laboratories, who treats the 
problem from a different viewpoint in a forthcoming 
paper. 


? There is no paradox in the fact that {(@,w) may exist, although 
limz4,,f(0,w; #) does not; the difference is in the order of differen- 
tiating and taking the limit of F(0,w; ¢). 
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A system of bosons interacting by 2-body forces is treated in momentum space in the Heisenberg represen- 
tation, assuming a statistically homogeneous and stationary state. The principle of weak statistical depend- 
ence of different momentum modes, previously applied to turbulence dynamics, is used to obtain an exact 
expansion expressing quadrilinear (2-body) time-displaced correlation functions of the second-quantized 
field variables in terms of bilinear time-displaced correlation functions and average impulse-response 
functions. The last-named functions are defined in terms of the exact Green’s operator, for infinitesimal 
sources, of the nonlinear Heisenberg equations of motion. A set of coupled integral equations are then 
obtained which determine both the bilinear correlation functions and the response functions. By retaining 
in these equations only the lowest terms in the cited expansion, a theory is obtained which includes particle 
“self-energy” interactions with the medium of all orders. A modification of the theory is briefly outlined 
which includes, at finite temperatures, all the processes described at absolute zero by the Brueckner approxi- 
mation and, in addition, 3-body effects, iterated to all orders, which are omitted in that approximation. 


SELF-COUPLED boson field is treated here by 

statistical methods previously applied to turbu- 
lence dynamics.'* The 2-body correlation function is 
expanded in a series whose lowest terms include the 
effects of individual particle interactions with the 
medium to all orders. A modification of the theory 
includes at finite temperatures all the processes de- 
scribed at absolute zero by the Brueckner approxima- 
tion for the ground state.* 

We consider the Hamiltonian 


H=> >: Ange* gut} ) eee V kprsQk "Gp Gre; (1) 
where A\y=#?/2m (m=mass, h=1), gx, gx* are destruc- 
tion, creation operators for the momentum mode &, 
and the 2-body interaction coefficients obey Viprs 
=V pire=Vreep, are real, and vanish if k+p#r+s. 
The sums are over all momenta allowed in a large con- 
figuration volume 2. We consider a statistically station- 
ary and homogeneous state and define the modal time- 
correlation functions Ry(r)=(qi*(t)qu(t+7)), Rit (7) 
= (gi(t+7)ge*(t)), where ( ) denotes expectation value 
average over an ensemble or over a small neighborhood 
in k space. These functions are complex and obey 

Ri(- 7r)=R,*(r), Ryt(- 7r)=R,** (7), 

R,*(0)=R,(0)+1. 
From the Heisenberg equation of motion 
Og: ‘Ot+1dge= — 1 ais ViepreG@p Gre; 
we have (letting dots denote 0/dr) 
RitaRi=Lpre V agroS tre, 
Rit+iarrRit= > pre Vira)’ kpresy (4) 
where 
Siprs(7) = —i(gi* (t— T)Gp*(t)qr(t)ge(t)), 
Stipre(7) = —i(qp* (t)gr(t)qe(t)qu* (t—7)). (5) 


* Supported by the Air Force Office of Scientific Research under 
Contract AF49(638)-341. 

1R. H. Kraichnan, Phys. Rev. 109, 1407 (1958); 111, 1747 
(1958); J. Fluid Mech. (to be published). 

? R. H. Kraichnan, Phys. Fluids 1, 358 (1958). 

5K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 


We now obtain an exact closure of (4) by using the 
principle of weak dependence of different momentum 
(wave-vector) modes! to evaluate S;,,.. The principle 
states that the dynamical coupling and _ statistical 
dependence among any finite number of individual 
modes go to zero as 2—* and the total number of 
modes in any momentum range becomes infinite. This 
follows from homogeneity and can be seen from the 
fact that as Q—>° any finite number of modes appear in 
an infinitesimal fraction of the terms on the right of (3). 
An immediate consequence of the principle is (in the 
limit) 

Skpkp(T) = Skppe(7)= —iR,(0)R: (7), 
S*kpep(T)=S*ippe(7)=—iR,(O)Rit (7), (R¥p). (6) 
Sixee Makes a negligible contribution to (4) in the limit 
and may be ignored. The Sirs with k, p, r, s all different 
describe the 2-body correlation effects. To evaluate 
them, we consider the various irreducible sets of elemen- 
tary interactions which can induce a correlation among 
k, p, r, s. (We define an elementary interaction as the 
terms in H containing any particular V (all indices 
unequal) and its symmetric permutations; we define 
irreducible sets here as all those which, taking once each 
elementary interaction included, can create a pair in 
modes k, p, destroy a pair in modes r, s, and create and 
destroy any number of “intermediate particles,” but do 
not contain subsets with the same properties.) By weak 
dependence, as 2+ the irreducible sets represent 
infinitesimal perturbations of all modes involved, and 
it can be shown that cross-terms between different sets 


(a) (b) 


Fic. 1. Representations of (a) a first-order irreducible contribu- 
tion to Siprs, (b) a second-order irreducible contribution, (c) a 
“simple self-energy” interaction. The closed loop represents a 
“medium” particle which returns to its initial momentum state. 


(c) 
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are collectively negligible. Thus, each set may be 
treated independently as a perturbation on the actual 
state of the system and its contribution to S;,,. thereby 
evaluated. This procedure’ leads in the present case to 
Skpre=2V kpral — ge (Rp ** RRs) +8n* O (Ryt*R,R,) 
+R,* 0 (g,*R,R.—R,*g-Rs— Rp*Rr*g,) J+ --:, 

(k, p, r, s all different), (7) 

where 


u «oe f u(r—s)w(s)ds, 


0 


xz 
vows f u(s—7)w(s)ds. 
0 


Here the complex response function g, is defined by 
gx(t—s)=(ar(t,s)Bx(t,s)), (625), gx(—7)=ge*(r), where 
a,, 8; are such that the response to an arbitrary infini- 
tesimal source &;(¢) introduced in (3) at t=0 is 


t 
igult)= f ax (t,s)&x(s)8e(ts)ds, (¢t>0). 

0 
The terms explicitly shown on the right of (7) result 
from the first-order set represented by Fig. 1(a). The 
second-order set of Fig. 1(b) gives a contribution 
proportional to VinrmV pmen, each term containing two 
time-integrations, two g factors, and four R factors. 
Higher-order sets give correspondingly more compli- 
cated terms. To obtain S*;,,. from (7), change R,* 

to R.** and (R,**R,R,) to (R,*R,*+R,*). 

Equations of motion for the g, may be obtained from 
the weak dependence principle as consistency conditions 
on the system response to arbitrary external perturba- 
tions.' The result for the present case is 
GitiPt2Q0 5 VipepR (0) lex 

= 2 Dore (Viepre)* ge (8p*RRe 

— R,*g,R.—R,"R;*g.) + ---; 
(k, p, r, s all different). (8) 


Only the first-order contributions have been written out ; 
as in (7), there are also contributions from higher- 
order irreducible sets. It can be shown that 
ge= Ret — Ry. (9) 
This results in some simplification of the theory. In 
general, R,+ and R; have not the same 7 dependence. 
Equations (4), (6), (7), and (8) are, formally at 
least, a complete and exact set for the gx, Rx, Re* when 
Q—-«. With conditions (2), and g,(0)=1 (which 
follows from the definition of g.), we may expect that 
solutions of physical interest are uniquely specified by 
the mean particle-density Q2-'>> R.(0) and mean 
energy-density 27> AcRe (0) +3 DY epreSkpre(O) ]. The 
temperature corresponding to a given solution may be 
found by treating, with the methods above, an arbitrary 
infinitesimal coupling to a suitable thermometer system 
and finding the thermometer temperature such that 
the new terms thereby introduced in (4) preserve 
stationarity. This procedure leads to the condition 
Ry (we) = (Ae*l*—1)"B (ew), (10) 
where R,(w) and %,(w) are the Fourier transforms of 
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R,(r) and g,(r), 6 is the thermometer temperature in 
appropriate units, and A is a normalizing parameter 
determined by the particle density and independent of &. 

Iteration shows that by keeping in (7) and (8) only 
the explicitly shown terms we include to all orders in 
ordinary perturbation theory the medium -“‘self-energy”’ 
effects which, in the ordinary theory, can be represented 
by replacing, ad infinitum, all particle lines with “simple 
self-energy parts” [Fig. 1(c)]. This 1st-order theory 
does not include repeated interaction of a pair, and for 
strong repulsive forces classes of higher-order terms in 
(7) and (8) must be included. One way to effect this is 
to apply our closure method a step higher in the correla- 
tion-equation heirarchy, expressing 3-body quantities 
of type (g*g*g*gqq) in terms of 1-body and 2-body 
quantities and appropriate response functions, and 
retaining only lowest-order terms in the resulting 
expansion. This gives both “‘vertex’’ and ‘‘self-energy”’ 
corrections of all orders, as in the Brueckner approxi- 
mation for the ground state.* The vertex corrections, 
however, include iterated 3-body effects, which are 
omitted in the Brueckner approximation. 

Omitting in (4) all S;p-. with all-different indices or, 
in the modified theory just outlined, omitting all 
(q*q*q*qqq) with all-different indices yields the Fourier 
transforms of x space equations recently described by 
Martin and Schwinger‘ in which, respectively, 2-body 
or 3-body correlations are ignored. In either case, this 
means also neglecting the medium effects we include. 

Details of the investigation described will be pre- 
sented later, including the extensions to nonstationary 
states and to fermion systems. The theory has also been 
worked out in the Schrédinger representation by 
applying the weak dependence principle in the 3.- 
dimensional & space of an .V-particle system.° 

Note added in proof.—It can be shown that the first- 
order theory obtained by retaining in (7) and (8) only 
the explicitly shown terms gives an exact description of 
a modified dynamical system in the limit Q-«. This 
system is constructed by completely randomizing the 
signs of the individual interaction coefficients Viprs 
within every small k, p, r, s neighborhood, subject to 
the symmetry conditions stated after (1). The new 
coefficients V’,»-, then obey the statistical relations 
{(V'xprs)?} = {(Vieprs)*}, where { } denotes average over 
an arbitrary small k, p, r, s range, but otherwise they 
are effectively randomly related to the original coeffi- 
cients. The significance of this interpretation is to indi- 
cate that the first-order theory represents a self-con- 
sistent approximation and, in particular, that it yields 
correlation functions which fall properly to zero at 
infinite + and have non-negative frequency-spectra. 
The second-order theory including vertex corrections, 
which is outlined briefly in the text, describes exactly 
a modified system whose coefficients have more detailed 
statistical correspondence to the actual coefficients. 


*P. C. Martin and J. Schwinger, Bull. Am. Phys. Soc. Ser. II, 
3, 202 (1958). 
5 R.H. Kraichnan, Phys. Rev. 112, 1056 (1958), following paper. 
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Statistical Mechanics of Coupled Particles in the Schrédinger Representation* 
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A perturbation treatment is presented for the operator u(#) giving the evolution of the state vector of a 
system of N particles coupled by 2-body forces. The total Hamiltonian is divided into a diagonal part Ho 
and off-diagonal part H; in the representation with N-particle plane-wave states as basis. An effective 
pair-interaction operator Hi, is defined which includes ‘‘vertex” corrections of all orders, and the off-diagonal 
part of u is expressed exactly by an expansion which involves only HM, and the exact diagonal part of wu. 
A closed set of equations determining 7, and the diagonal part of u are obtained by retaining only the 
leading terms in the expansion. These equations include all the corrections included in the Brueckner 
approximation and, in addition, they contain 3-body effects, iterated to all orders, which are omitted in that 
approximation. No one-to-one correspondence between the eigenstates of Ho and those of the total Hamil 
tonian is appealed to, and the ground state plays no special role. The connection with statistical mechanics 
follows the fact that the partition function is Tr[(—i/kT)]. The theory simplifies greatly for very large V. 


PERTURBATION method for coupled particles 
recently described in the Heisenberg representa- 
tion! is adapted here to the Schrédinger representation. 
The resulting formal simplification allows us to give very 
compactly the general form of the second-order theory 
which includes at finite temperatures the processes 
described at absolute zero by the Brueckner ground- 
state approximation.” 
We consider the time-dependent Schrédinger equa- 
tion 


OV /di+7(Hot+ A, )Vv=0, (1) 


where h=1, WV is a sum over .V-particle (boson or 
fermion) plane-wave states ®,, Ho is the total diagonal 
part of the Hamiltonian in the ® representation, H, has 
nonzero matrix elements only between ®’s differing in a 
single particle-pair, and Ho, H, are Hermitian* and 
time-independent. For any operator A we shall denote 
by A, that part which has nonzero matrix elements 
only between states @,, ®g such that (a| H,"|8)#0 and 
(a| H,"""| 8)=0; that is, ®, and %g separated by m pair- 
interactions. Ao will denote the diagonal part of A in 
the ® representation. 

For ¢>0 we define the actual and “uncoupled” 
response, or evolution, operators u(#) and w(/) by 


du/dt+i(Hot+H;)u=0, (2) 

dw/dt+iHww=0, (3) 

with u(0)=1 and w(0)=1. Then by iteration we can 
obtain the perturbation expansion 

u=w—wxkilw+wxilwxihyw----, 


or, formally, 


(4) 


U=W(1+iHW)-, (5) 
where * denotes convolution and U(p), W(p) are the 


* Supported by the Air Force Office of Scientific Research, 
Contract AF 49(638)-341. 

rR. rie Kraichnan, preceding paper [Phys. Rev. 112, 1054 
(1958) ]. 

2K. A. Brueckner, Phys. Rev. 100, 36 (1955); L. S. Rodberg, 
Ann. Phys. (N. Y.) 2, 199 (1957). 

3 However, we add a tiny negative imaginary part to Ho in 
order to define any poles in subsequent expressions. 


Laplace transforms of u(t), w(t). Now we shall present 
an alternative expansion in which only the actual 
response operator appears on the right. It follows from 
the principle of weak dependence! of the Fourier modes 
®, that the off-diagonal elements of « can be found by 
treating the contributing irreducible sets of elementary 
couplings among the ®, as independent perturbations 
about the actual Hamiltonian. In this way we can 
obtain 


U=Irr, Up(A+iH Uo)", (6) 
where Irr, has the following meaning: in the expansion 
of the right side we omit all terms representable by 
process graphs in which there are ‘“‘self-energy parts” 
[ Fig. 1(a)], or disconnected parts without external 
lines. We shall reserve for elsewhere all discussion of the 
weak dependence principle and the derivation of (6). 
It suffices here to note that the exact formal validity of 
(6) is easily verified by carrying out the expansion, 
then using (5) to expand U», and comparing with 
expansion (5) for U. 

We obtain a first-order theory by retaining only the 
leading term in expansion (6) for U;. Thus, using (2), 


we have 
U,;=—iU HW, (7) 
(pti) Uo=1—i(MU1)o. (8) 


This approximation includes the corrections of all 
orders representable, in expansion (5), by replacing 
particle lines, ad infinitum, with simple self-energy 


KX 
Pim 


Fic. 1. Process graphs for (a) self-energy part, (b) simple self- 
energy part, (c) vertex part, (d) and (e) simple vertex parts. The 
dashed circles stand for any nontrivial graphs yielding the 
external lines shown. Particles enter at the bottom and leave at 
the top. The ends of incoming and outgoing lines for “medium” 
particles which return to their initial states are joined here, and 
do not count as external lines. 
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parts [Fig. 1(b)]. It does not include the repeated 
interaction of a pair of particles, and for singular forces 
we must retain classes of the higher-order terms in 
expansion (6) for U;. We effect this here by closing off 
our equations a step higher, expressing U2 in terms of 
Uy and U;. To do this we introduce an effective inter- 
action operator H,(p) such that (7) is exact with H, 
replacing H;. Thus we take 
AM,=iUlUWUe. 
Since AZ, includes all “vertex corrections,” this suggests 
replacing (6) by 
U=Irrz Uo(1+iH Uo) = Ire Uo(1— UU), 


(9) 


(10) 


where Irr, means that in the expansion all terms 
representable by graphs containing self-energy parts, 
vertex parts [ Fig. 1(c) ], or disconnected parts without 
external lines are omitted. The formal validity of (10) 
may be verified by expanding, then expanding U, by 
(6), and comparing with expansion (6) for U. 

Retaining in (10) only the leading term for U2, and 
using (2), we obtain the second-order equations 


U.= (UU VU)», (11) 
(p+iHo)Ui= —iH Uo—i(MUi):—t( AU 2). (12) 


The simultaneous set (8), (11), and (12) incorporate all 
corrections representable, in expansion (5), by replacing 
lines and vertices, ad infinitum, with simple self-energy 
parts and simple vertex parts [ Figs. 1(d), 1(e) ]. Type 
(e) corrections represent 3-body effects, repeated and 
interlocked to all orders; unlike the type (d) terms, 
they are not included in the Brueckner approximation.* 
From (8), (9), (11), and (12) we can obtain the equiva- 
lent coupled set : 
(p+iHo)Uo=1— (HU oll) Vo, 
Ay=H,—i(MU Ay) t+ (AU) UV oll 
—[H\U (AU oAy)eh. (12’) 


Upon iteration, the second term on the right of (12’) 
yields corrections of both classes (d) and (e). The third 
term cancels redundant corrections generated by the 
second term. The last term yields those higher class (e) 
corrections which are not generated by the second term. 

The number of irreducible graphs contributing to 
either (6) or (10) eventually increases very rapidly 
with order. Consequently, it seems almost certain that 
neither expansion can converge in the p domain. The 
hope is that they may provide valid asymptotic 
expansions and, in particular, that the leading terms, 


(8’) 


‘The iterated type (e) corrections correspond to terms of all 
orders in the “linked-cluster” expansion. Among other effects, 
they describe the interaction of two particles by momentum 
transfer along an arbitrarily long chain of intermediate particles. 
The inclusion of such interactions may be important, for example, 
near the condensation point, and it is essential in the treatment 
of the correlation energy of an electron gas [M. Gell-Mann and 
K. A. Brueckner, Phys. Rev. 106, 364 (1957) ]. The apparent 
importance of certain processes involving type (e) corrections in a 
fermion system at absolute zero has been asserted by N. M. 
Hugenholtz and L. van Hove, Physica 24, 363 (1958). 
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employed in the approximations presented above, are 
good approximations in cases of physical interest.® On 
the other hand, we conjecture, on the basis of some 
simple examples, that in general (6) and (10) do 
converge for any finite ¢ when transformed to the ¢ 
domain, provided H, is finite. 

The connection with statistical mechanics may be 
made, as in the Heisenberg form of the theory,’ by 
introducing an infinitesimal coupling to a suitable 
thermometer system and examining the conditions 
for stationarity. For this purpose we must introduce, in 
addition to the response operator u, the covariance 
matrix of the amplitudes of the @,. In more standard 
fashion, we shall instead note that the partition 
function and the density of states p(£) are given by 
Tr u(—i/kT) ]and x Tr[ Re U(—iE) ]. In the present 
approach no one-to-one correspondence is appealed to 
between the ©, and the eigenstates of the actual 
Hamiltonian Ho+H;, on the basis of an adiabatic 
switch-on of the interaction. However, the weight with 
which ®, appears in actual eigenstates in the range 
AE is proportional to Sag Re Uaa(—iE)dE. The 
ground-state energy appears as the low-E cutoff for 
p(E). Otherwise, the ground state plays no special role 
in our formulation. 

The analysis so far does not require that .V be large; 
moreover, expansions (6) and (10) are formally valid 
with Hamiltonians for which their derivation by the 
weak dependence principle is inapplicable. However, a 
great simplification is possible when J is very large, as 
we shall illustrate with the first-order theory. Com- 
bining (7) and (8) and writing out matrix elements 
we have 


(pt+iHoaa)l ‘aa= 1— 30 8| Hias|?UoaaV ops. 


Since ®, and ®g connected by H, differ in only two 
particles, we may expect their diagonal response 
functions to become identical for V2. Setting 
Uoss=Uoaa in (13), we obtain a simple quadratic 
equation for each Upaa. This may be solved immediately 
and an expression written for the partition function. 
An analogous simplification occurs in the second-order 
theory. 

The theory as presented here is formally much simpler 
than in the equivalent Heisenberg form,! but it may 
be less useful. The evaluation of the partition function 
in the present form requires summation over all the 
N-particle states ,, while the Heisenberg form requires 
the solution of several 4+-dimensional integro-differential 
equations to obtain equivalent information. 

The detailed presentation of the investigation de- 
scribed in this note will include a discussion of the 
interpretation of the formal operator manipulations 
employed, and will take up questions of the con- 
vergence properties of the expansions (6) and (10). The 
relation to renormalization theory will be pointed out. 


(13) 


5 In this connection, see the note added in proof to reference 1. 
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++ 


The electron paramagnetic resonance of Mn 


in hexagonal ZnO and CdS single crystals has been ob- 


served. The values of the crystal field parameters were obtained from the spectra and the signs of the 
parameters were determined from the temperature dependence of the intensities of the peaks. In addition 
to the expected thirty resonances for Mn** in CdS, superhyperfine splittings of each peak were observed 
which result from an interaction of the Mn** electrons with the nearest neighbor cadmium nuclei. 


INTRODUCTION 


HE paramagnetic resonance of Mn** in various 
host crystals has been a common effort of 
research.' There are no reports of the resonance in the 
hexagonal binary crystals with the exception of some 
observations on powders.’ Because of the growing 
interest in the nature of the local crystal fields of such 
crystals,’ the crystal field parameters, the nuclear 
spin-electron spin interaction constant, and the g values 
for Mn** in single crystals of ZnO and CdS have been 
measured. 


THEORY SUMMARY 


The theory of the electron paramagnetic resonance 
of Mn** in various crystal fields has been developed 
by numerous people.?:*? In particular Matarrese and 
Kikuchi have considered in detail the resonance of 
Mn** in cubic ZnS. They have also discussed the 
general form for the crystal field for hexagonal binary 
crystals such as ZnS, ZnO, and CdS which have the 
space group Cs,*(C6mc). The crystal field potential is 

V (r,0,¢)=aV + B{V $4(10/7)(V24+V)}, (1) 
where a=Ze?(5/4m)!, B= (28/27)(9/4r)'Ze, and Y,” 
is the appropriate spherical harmonic. The indetermi- 
nate sign arises from the two inequivalent cation sites. 

The configuration of Mn** is 3d° ®S and one expects 
that there should be no interaction of the ion with the 
crystal field. In all compounds studied thus far, there 
have been small crystal field splittings of the ground 
state in the order of 0.02-0.001 cm. The usual as- 
sumption is made that the crystal field is a small 
perturbation on the Zeeman splittings of the ®S; ground 
state. Equation (1), therefore, must be transformed 
into a coordinate system in which the Zeeman terms 
are diagonal. This is most easily done by using the 

1K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 343. 

2B. Bleaney and D. J. Ingram, Proc. Roy. Soc. (London) 
A205, 336 (1951). 

3 FE. E. Schneider and T. S. England, Physics 17, 221 (1951). 

*W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
(1952). 

5 J. L. Birman, Phys. Rev. 109, 810 (1958). 

6 L. E. DeKronig and C. J. Bouwkamp, Physica 6, 290 (1939). 

7L. M. Matarrese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 


rotation operator.* The appropriate matrix elements for 
"s® and Y,° can be obtained from Stevens” paper on 
operator equivalents with the exception of the multi- 
plying factors which are assumed to be arbitrary 
parameters to be fitted by experiment. The Zeeman 
term in the Hamiltonian is BS-g-H. The energy levels 
given by the total Hamiltonian are calculated using 
perturbation theory, and the resulting transitions for 
AM =1 are 
Mya: H=H )—4DF\—32(D*/Ho)F2 
+ (Db Hy) F3;—4aF 4, 
H=H,—2DF\+4(D*/Ho)F»2 
-— (5 4)(D* Ho) F3+5aF 4, 
H =H +16(D*/Hy)F2—2(D°/Ho)F;, (2) 
H=Hot+2DF\+4(D*/Hy)F 2 
—(5 4) (DP Ho) F3—5aF,, 
H = Ho+4DF,—32(D*/Hy)F:2 
+ (D* Ho) F.+-4aF 4, 
where Ho=hv/g8 is the resonance condition in the 
absence of fine structure, D and a are the common 
factors and crystal field parameters of the second and 
fourth order terms, respectively, and 
F,=4(3 cos*6,—1), 
F.=cos’6, sin?6;, 
F;=sin‘#,, 
F =} (35 cos‘#,— 30 cos*@,+3+ 20v2 sin*#, cos3y,). 
6, is the angle between the c axis and the magnetic field 
and y, is the other Eulerian angle necessary to describe 
the orientation of the crystal with respect to the 
magnetic field. 

Each of the transitions given in Eq. (2) is complicated 
by the electron spin-nuclear spin interaction of Mn®, 
The eigenvalues of the hyperfine structure Hamiltonian, 
AI-S, are well known for Mn* and are given by" 
E(M,m)= AMm- (A*/2g8Ho){ M[J ([+1)—m?] 

—m[.S(S+1)—M?]}, (4) 


M;,. oy: 


M. }e Rs 


i 


BT 4..-4: 


(3) 


® For instance see M. E. Rose, Elementary Theory of Angular 

Momentum (John Wiley and Sons, Inc., New York, 1957), Chap. 4. 
°K. W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952). 
10 Hurd, Sachs, and Hershberger, Phys. Rev. 93, 373 (1954). 
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where m is the nuclear magnetic quantum number, 
gBH, is the energy of the transition between the 
unperturbed Zeeman levels of the free ion, and /=S=. 

The intensities of the transition are proportional to 
(S+M)(S—M-+1) and for an axial field will occur in 
the ratios of 5:8:9:8:5 at room temperature. At helium 
temperature (4°K) the lower levels will be more popu- 
lated and the intensities which correspond to the 
transitions among these levels will be stronger. This 
affords a means of determining the sign of D. 

EXPERIMENTAL 

All the experiments were performed at 1.25 cm 
wavelength. The magnetic field produced by a 12-in. 
Varian electromagnet is modulated at 165 kc/sec by 
means of a small loop of wire in the microwave cavity 
which is the load of a 10 watt power oscillator. The 
depth of this modulation is less than 0.5 gauss. When 
the microwave power is absorbed by the crystal, it is 
modulated at 165 kc/sec. This signal is detected by a 
crystal; the 165 kc/sec signal is amplified and detected 
with a phase-sensitive detector. The resulting signal is 
displayed either on a chart recorder or an oscilloscope. 


TABLE I. Experimental parameter values for the paramagnetic 
resonance of Mn** in ZnO and CdS.* 


A X104, DX104, a X104, 


Temp, 
cm™ em™ K 


Crystal ra 
ZnO 


CdS 


—2.0+0. 


2.0016 +0.0006 - . ‘ 5 77 
+ 8, ; —14+0.5 300 


—76.0+0.4 
2.0029 +0.0006 4 


—65.3 +0 


* Keller, Gelles, and Smith, Phys. Rev. 110, 850 (1958) have recently 

reported results for hexagonal ZnS with A =65 X10~*cm™'!, D = ~—106 X10™* 
cm~! and a = —2.5 X10~4cm™., The ratio of the cubic field parameter given 
here to that given for simple cubic crystals (reference 12) is —}. 
For the latter presentation the magnetic field is also 
modulated to a depth of several gauss depending on the 
width of the resonance at a frequency of about 20 cps. 
The cavity operates in the To; mode and can be 
rotated so that the variations of the signal with crystal 
orientation can be observed. This provides an accurate 
method for determining the position of the crystal when 
the ¢ axis is perpendicular to the magnetic field. 

The magnetic fields were measured by means of 
proton resonance. The frequency of the proton reso- 
nance was determined by beating it with a standard 
frequency generated by a BC 221 signal generator. In 
the case of the ZnO crystal the proton resonance was 
also checked with a Hewlett-Packard 524B_high- 
frequency counter. 

The ZnO crystal was a natural, light pink, single 
crystal approximately one millimeter on an edge. 
Because it was the only sample available, no analysis 
was done, but from the color of the crystal and the 
resonance intensity it is estimated that the crystal 
contained about 0.1 mole % manganese. 

The CdS crystal was grown from the vapor phase at 
1170°C. Spectroscopic analysis of the crystal showed 
that there was 0.1 mole % manganese present. Other 
impurities were less than 0.001% with the exception of 
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Fic. 1. Recorder chart showing derivative of absorption versus 
magnetic field strength for Mn—ZnO. The angle between the 
c axis and H is 0°. The asymmetry of the central peaks is caused 
by saturation of the amplifier. 


zinc which was less than 0.01%. An x-ray analysis of 
the powder showed that the crystal was hexagonal. 

The c axis of the crystal was determined by cleaving 
a small piece off the crystal, and observing the cleavage 
plane with a microscope. CdS has a preferential cleavage 
in the a(1120) plane! and ZnO cleaves in the c(0001) 
plane. The crystal was fixed to a polyethylene rod and 
placed in the cavity so that as the cavity was rotated 
around an axis perpendicular to the dc magnetic field, 
orientations of the crystal with the ¢ axis perpendicular 
and parallel to the magnetic field were obtained. Since 
a position can always be found where the ¢ axis is 
perpendicular to the magnetic field, measurements were 
made of the absorption at this orientation and checked 
with the parallel orientation to assure that the crystal 
was properly aligned. 

The ZnO crystal was very lossy to microwaves. It 
required a large power input into the cavity (about 
20 mw) and liquid nitrogen temperature to see a 
resonance from this crystal. The CdS crystal did not 
affect the Q of the cavity very much and measurements 
were made at power levels considerably less than for 


ZnO. 
EXPERIMENTAL RESULTS 


The general procedure for fitting the experimental 
results to the energy levels of Eqs. (3) and (4) has-been 
described by several authors.” The crystal field 
parameters, D, a, the nuclear spin-electron spin inter- 
action term, A, and the g values for each of the crystals 
are given in Table I. A photographic copy of the chart 
recording of the spectrum for Mn-ZnO with the mag- 
netic field parallel to the c axis is shown in Fig. 1. There 
was no observable anisotropy in the g values. No 
attempt was made to measure the fourth-order crystal 
field parameter by measuring the doublet structure at 
the angles 6;=7/3, ¥:=7/3 because the fine structure 


TABLE II. Experimental widths and intensities of the 
resonances observed for Mn** in ZnO. 


Width of transition Relative intensity 
(in gauss) of transitions 
of ZnO at 77°K 


35 
24 
15 
26 
42 


Transition 


"E. S. Dana, A Textbook of Mineralogy (John 
Sons, Inc., New York, 1948), fourth edition, p. 426. 
2 W. Low, Phys. Rev. 105, 793 (1957). 
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Fic. 2. Recorder chart tracing of the derivative of the absorption 
versus magnetic field strength for a single 1 _j; transition of 
Mn—CdsS. The spacing between peaks is about 0.82 gauss and 
the width is about 0.55 gauss. 


levels overlap the M_;.; peaks at this angle of 6. It is 
seen that the M_;.,; transitions are very strong and one 
should not assume that six equally spaced peaks is 
indicative of a cubic structure. The widths and relative 
intensities of the various transitions are given in Table 
IT. 

For the Mn-CdS crystal it was observed that each of 
the thirty expected peaks is split into several “super- 
hyperfine” peaks as shown in Fig. 2 for one M_jW; 
transition. The width of each peak is about 0.55 gauss 
and the separation between each peak is 0.82 gauss. 
The ratio of intensities of the peaks is - - -0.9:3.2:7.7: 
13.5: 16.0: 12.7:7.7:2.9:1.0---. Insufficient gain was 
available to distinguish more than eleven such peaks. 
No anisotropy was observed with orientation of the 
crystal. 

The usual interpretation of superhyperfine lines is 
that the magnetic electrons spend a fraction of their 
time on the neighboring anions. For CdS this explana- 
tion cannot be valid because the only natural isotope 
of sulfur with nonzero nuclear spin is but 0.47% of the 
natural sulfur abundance. However, there are two 
natural isotopes comprising 25% of the natural cad- 
mium, Cd" and Cd"*, which have nuclear spins of 3 
and approximately equal nuclear magnetic dipole mo- 
ments. All other cadmium isotopes have zero nuclear 
spin. If it is assumed that the ion goes into the crystal 
substitutionally for a cadmium ion, then it will have 
twelve nearest cadmium neighbors as shown in Fig. 3. 
Six of the cadmium neighbors are arrayed at the corners 
of a hexagon whose plane is perpendicular to the c axis 
and contains the manganese ion. The other six will be 
at the apices of equilateral triangles, one above and the 
other below the hexagon plane. The c/a ratio for CdS 
is 1.623 which is close to the theoretical value for 
hexagonal close-packed crystals, 1.633. If it is assumed 
that the crystal is ideal, then it can be shown that there 
is an additional term in the Hamiltonian of the form 


Aca > (In—Ir)-S, 


where I refers to the possible spin combinations for 
the cadmium nuclei in the hexagon and Ir on the tri- 
angle. The summation is over all possible arrangements 
of the spins. There are 25 possible distinct spin combi- 
nations with the ratios of their probabilities 
- + +0.05:0.27: 1.11: 3.46: 7.00: 13.44: 16.05: 

13.44: 7.00: 3.46: 1.11:0.27:0.05---, 


where the largest number is for )> I=0. The agreement 
between the observed intensities and the calculated 


DORAIN 


probabilities is good. If one assumes that the manganese 
is an interstitial ion, there is no agreement between the 
calculated and the observed intensities. 


DISCUSSION 


The values of the parameters of the crystal field in 
the Hamiltonian for Mn** in ZnO are similar to those 
obtained for the hydrated salts of manganese. The 
results for Mn** in CdS are interesting because of the 
very small second-order crystal field term. There are 
two proposed mechanisms to account for D." One 
involves the spin-orbit interaction to second order and 
the axial crystal field of a single d electron and the 
cubic field to fourth order. The other mechanism pro- 
posed by Pryce mixes some 3d‘4s configuration with the 
3d° configuration. These two mechanisms produce con- 
tributions of about 10~' cm™ and of opposite sign. For 
CdS, the two mechanisms appear to be about equal. 

The superhyperfine interaction in CdS is similar to 
that observed in other crystals,‘ but differs in that it is 


ED 


Fic. 3. Crystal structure of 
cadmium sulfide showing with 
open circles the locations of the 
cadmium ions and the solid 
circles, the sulfur ions. The 
light lines indicate bonds while 
the heavy lines indicate cad- 
mium ions in the same plane. 


o—. 
an interaction of the Mnt? wave functions with the 
cadmium nuclei which are 4 A away from the manga- 
nese nuclei. The direct magnetic contribution given by 
uca/a@® amounts to only 0.04 gauss, or about 75 of the 
measured value. The other contribution probably comes 
from the s-electron contact interaction because there is 
no observable anisotropy in the superhyperfine split- 
tings. It would be interesting to carry out a calculation 
similar to that Tinkham did for Mn*? in ZnF». 

The values of A and the g values for these crystals 
are in agreement with those previously reported on 
powdered samples.'® Van Wieringen has discussed the 
narrowing of the hyperfine splitting by covalent bond- 
ing. His experimental value of A for Mn*? in CdTe is 
about 55X10 cm~ and he estimates that the co- 
valency is about 40%. It would be interesting to see if 
a larger value of Acq is obtained in such a crystal and 
if an analysis of the superhyperfine interaction gives 
agreement with the covalency given above. 
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18 For a general discussion see M. H. L. Pryce, Suppl. Nuovo 
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Wave functions to order &? are presented for electrons in metallic cesium. The calculation is an application 


of the cellular method to a potential adapted from previous work of Sternheimer. 


INTRODUCTION 


N the course of a calculation of electron energy bands 

in cesium, wave functions were obtained to order k?.' 
‘The value of F, (the coefficient of k* in the expansion 
of the energy is powers of k) obtained in this work was 
so large in magnitude that a thorough check of the 
calculations prior to publication of the wave functions 
seemed desirable. Consequently, the calculation was 
repeated employing an electronic calculating machine. 
The results, which are in good agreement with the 
previous work, are presented here. 


THEORY 


The wave function and energy of an electron of wave 
vector k are expanded in powers of k according to the 
procedure of Silverman.? We have, for a state of wave 
vector k, 

Uy = Uo tthP yu, + 2 (u2P2+ 0), (1) 
in which P; and P» are the first and second Legendre 
polynomials and the functions mo, ™, M2, and @po are 
radial functions. Similarly, the energy is 

E(k) = Eot+ Exk?+ Egk'+ ---. (2) 
Terms proportional to odd powers of & are absent in 
(2) for reasons of symmetry. Terms which have cubic, 
rather than spherical, symmetry may be present in the 
expansion of the energy, but cannot be obtained by 
this method. 

The function “» which appears in (1) is the wave 
function of the electron whose wave vector is zero and 
whose energy is Eo. It satisfies the boundary condition 

(0uo/Or)r,=0. (3) 


Vi =e'™ uy, 


The quantity 7, is the radius of the sphere whose volume 
equals that of the atomic cell (Q). For m, 
ui = fp(r)— uo, (4) 


where f, is a p-state solution of the radial wave equation 
for E= E . The boundary condition on 1; is 


u(r.) =0. (5) 

The other functions are given by 
Uo= 3ru\+ 3ruotcafa, (6) 
bo= 4ru;t+hruot E2(duo/ dF), (7) 


~ * Supported by the Office of Naval Research. 
1 J. Callaway and E. L. Haase, Phys. Rev. 108, 217 (1957). 
2 R. A. Silverman, Phys. Rev. 85, 227 (1952). 
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in which fq is a d-state solution of the wave equation 
for E=E >. These functions satisfy the boundary 
conditions 


(Ou2/O0r)r,= (0gbo/ Or)r,=0. (8) 


The boundary condition on #, determines Ca: 


dfa —2E, 
«o(—*) — ie (9) 
dr Jr 1,7tho(Ts) 


The function (0/0) satisfies 


1 d d OUg 
-—-(#—)+0-£ —— = ho, (10) 
r dr dr OE 
subject to the condition that 
OUg 
fu—ar=0, (11) 
o OF 
which implies that uo is normalized for all E. The 
boundary condition on ¢o determines 2: 
r df, 
E2=}r,?uc?(r,)] ——| . (12) 
Jp dr rs 
Now define the functions 
Ro=ru, Ri=rm, Re=ru2,, Qe=ruo. (13) 


These functions are tabulated in Table I. The function 
Ry is normalized so that 


f Redr=1. 


In order to determine £,, it is necessary to obtain u3 
and 4. This has been done by Silverman, whose result is 


2 4 E? r dfa\™ 
E,y=-12E.—— —43(— —) 
3 15 y fa dr 


yE, [E2 /Auo rUo(Te) - 
fncinsnrnend (=) -——~f Piir| (16) 
u(r Ly \OE/+r,.20 P(r.) Yo 
in which P= rfp, y=4reur(r,). 


In terms of the function (13), the normalization 
integral for y, is, to order F’, 


(14) 


(15) 


Ts 


J ivel*dr= f |wx|*dr=4e[1+4(R142J3)], (17) 
2 


Q 




















JOSEPH 


TABLE I. Wave functions for cesium. 


r (atomic 


units 


0.000 


0.00. 


0.010 


0.01 


0.020 0.03285 


0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 


0.12 
0.14 
0.16 
0.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 


0.35 
0.40 
0.45 
0.50 
0.55 


0.60 


0.7 
0.8 
0.9 


1. 
1. 
1. 


Ree SO 


o0 $0 (0 S50 G0 BO FS FO FO PO tt 
CMARNODARNODAH 


Eo= 
E2= 1.3932 


3) Ro Ri Q: 


0.00000 
—().01288 
—0.04478 
—0.08745 
— 0.13476 


0.00000 
5 0.02484 
0.03594 
5 0.03760 


0.03878 
0.05600 
0.05831 
0.05043 


+0.01768 
— 0.01840 
—0.04720 
— 0.06864 
— 0.08097 
— 0.08411 
— 0.07895 
— 0.06688 


—0.2265 
—0.2978 
—0.3392 
— 0.3487 
—0.3290 
— 0.2849 
—0.2220 
—0.1462 


+0.01276 
—0.01179 
—0.03396 
—0.05040 
—0.05590 
— 0.06254 
—0.05910 
— 0.05071 


—0.02837 

+0.02199 
0.07926 
0.12706 
0.1608 
0.1785 
0.1803 
0.1676 
0.1427 

+0.1079 


+0.0232 
0.1882 
0.3262 
0.4252 
0.4810 
0.4949 
0.4715 
0.4172 
0.3389 
+0,2437 


—0.02403 
+0.00832 
0.03937 
0.06469 
0.08200 
0.09060 
0.09088 
0.08386 
0.07092 
+0.05354 


— 0.0048 
—0.1266 
—0.2326 
—0.3087 
—0.3493 
—0.3545 


—().0283 
—0.2913 
—0.5013 
— 0.6403 
—0.7062 
— 0.7069 


—0.00012 
— 0.05438 
— 0.09800 
—0.12587 
—0.13707 
—0.13317 


—0.2736 
—0.1078 
+0.0983 
0.3102 
0.5056 
0.6717 


—0.5585 
—0.2925 
+0.0116 
0.3032 
0.5560 
0.7602 


—0.09117 

—0.02377 

+0.04913 
0.11491 
0.1672 
0.2039 


0.8941 
0.9699 
0.9203 
0.7789 
0.5765 
0.3378 
+0.0805 
— 0.1830 
— 0.4441 
— 0.6968 
—0.9375 
— 1.1637 
— 1.3737 
— 1.567 
— 1.744 
— 1.906 
— 2.054 
— 2.188 
—2.312 
— 2.425 
— 2.531 
—2.631 


1.0230 
1.1246 
1.1172 
1.0479 
0.9495 
0.8436 
0.7415 
0.6484 
0.5661 
0.4947 
0.4332 
0.3799 
0.3334 
0.2921 
0.2546 
0.2194 
0.1860 
0.1533 
0.1208 
0.0884 
0.0552 
0.0216 


0.2319 

0.2110 

0.1581 

0.0876 
+0.0098 
— 0.0687 
—0.1444 
—0.2154 
—0.2809 
—0.3406 
—0.3947 
— 0.4434 
— 0.4872 
—0.5266 
—0.5622 
—0.5945 
— 0.6244 
—0.6522 
—0.6787 
—0.7045 
—0.7300 
—0.7559 
— 2.695 


—0.7740 0.0000 


Parameters and Integrals 


r,=5.735 atomic units 
— 0.4156 ry 


E,=—3.615 


~ 0.00000 


R: 


0.00000 
0.00025 
0.00186 
0.00580 
0.01270 


0.03653 
0.07395 
0.12351 
0.1827 
0.2484 
0.3175 
0.3870 
0.4545 


0.5742 
0.6640 
0.7169 
0.7307 
0.7064 
0.6472 
0.5577 
0.4434 
0.3099 
+0.1629 


—0.2309 
—0.6121 
—0.9378 
— 1.1844 
— 1.3426 
— 1.4124 


— 1.3126 
— 0.9642 
— 0.4584 
+0.1269 
0.7349 
1.3279 


2.383 
3.200 
3.772 
4.138 
4.346 
4.446 
4.474 
4.457 
4.412 
4.352 
4.288 
4.225 
4.169 
4.124 
4.092 
4.076 
4.079 
4.102 
4.147 
4.218 
4.312 
4.435 


4.537 


So'Rvdr = 2.0150 
JSo"*R#dr =76.81 
So" RoQedr = 3.186 


CALLAWAY 


n= f Rydr, 2 -f RQaedr. 


0 


“in which 
(18) 


CALCULATIONAL DETAILS 


The potential used in this calculation was adopted 
from one given previously by Sternheimer.’ This 
potential is given in reference 1. The wave function 
for the 6S state in the free atom has been computed 
by Sternheimer using his potential.‘ 

The experimental radius, 7,, in cesium varies from 
r,=5.58 atomic units at 0°K to 5.79 atomic units at 
300°K.® It is not obvious what value should be chosen 
for r, for the wave functions to be most useful. The 
value used here, r,=5.735 atomic units, is an inter- 
mediate one. An energy Eo=—0.4156 Rydbergs was 
taken from the previous work.! The calculated uo 
for this energy satisfied its boundary condition at this 
point. 


COHESIVE ENERGY AND KNIGHT SHIFT 


The band parameters for r,=5.735 atomic units are 
Eo= —0.4156, Rydbergs F.= 1.3932, and Ey= — 3.64. 
The cohesive energy, computed in the standard way® 
from these parameters, including the correlation energy 
according to Wigner’s expression, is 22.3 kcal/mole. 
The experimental value of the cohesive energy is 18.8 
kcal/mole. The result of this work differs from that of 
reference 1 in that the “4 term has been included. 

A value for the Knight-shift parameter & has been 
obtained from these wave functions as was done in 
reference 1: 


= |Wr(0)|?/ pa (0) ?, (19) 


in which Wp is the wave function for an electron on the 
Fermi surface, and 4 is the wave function for the 
lowest valence electron state in the free atom. We find 
Wr(0) ?= 2.89.7 From Sternheimer’s calculation,‘ y4?(0) 
=2.6. The ratio is §&=1.1. Benedek and Kushida find 
experimentally that = 1.13.° 
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Single crystals of sodium chloride, copper sulfate, and Rochelle salt exhibit sharp resonance dispersions 
in dynamic shear compliance in the range from 100 to 5000 cps. The resonances are similar to those previously 
reported for polycrystalline metals, crystalline polymers, fused quartz, and single crystals of quartz. The 
data can be analyzed and fitted closely by means of a generalized stress-strain relation involving a linear 
combination of the strain and its first and second time derivatives. Inclusion of the third derivative leads 
to an antidissipative term which can be used to account qualitatively for a negative absorption or induced 
emission observed over a narrow frequency range in sodium chloride. The negative absorption seems to be 
connected with static clamping stresses applied to the sample, decreases slowly with time, and can be 
reactivated by restressing. The results in general are consistent with a tentative explanation which assumes 
the resonances correspond to exchange frequencies for energy passing back and forth among only a few 
of the available modes of vibration of the crystal lattice. 


I. INTRODUCTION 


ECHANICAL resonance dispersions at audio- 

frequencies have been found in previous investi- 
gations of the dynamic shear compliance of polycrystal- 
line metals,' crystalline polymers,’ single crystals of 
quartz‘ and fused quartz.* These measurements of 
dynamic shear compliance (J*=J’—i/”) have now 
been extended to single crystals of sodium chloride, 
copper sulfate, and Rochelle salt. For Rochelle salt, 
measurements have been made both above and below 
the transition temperature of 24°C. 

A number of investigators have determined the 
elastic moduli of sodium chloride at several frequencies 
between 50 and 100 kcps using a composite oscillator 
method*~? while others have used ultrasonic pulse 
techniques to measure velocity and attenuation at 10 
and 30 Meps for a number of alkali halides including 
sodium chloride.’ The effects of x-irradiation on the 
elastic modulus (~1/J’) and logarithmic decrement 
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(~J”/J’) of sodium chloride measured at 70 kcps and 
85 keps in both amplitude-independent and amplitude- 
dependent regions of strain recently have been re- 
ported." In all of these measurements the experi- 
mental methods used were not conveniently suited for 
continuous frequency variation or measurements at 
closely spaced frequencies. Hence the existence of sharp 
resonance dispersions could not have been detected, 
and in fact, no dispersion was found. More recently, 
however, a slight velocity dispersion in sodium chloride 
amounting to about 4% has been reported as a result 
of measurements at 10, 30, 50, and 70 Mcps.” This 
broad relaxation dispersion was obtained for the 
velocity of compressional waves propagated in the 
[100] direction provided the sample was deformed in 
compression. Before deformation negligible dispersion 
was observed. 

The aim of the present investigation was; first, to 
determine if sharp resonance dispersions in mechanical 
compliance were present in single crystals of relatively 
simple structure such as sodium chloride. If present, 
a quantitative explanation might then be feasible since 
the nature of the interatomic forces and the physical 
properties of sodium chloride are well known. A second 


TABLE I. Sample dimensions. 


Copper Rochelle 
sulfate salt 


Sodium 
Material chloride 


Sample No. . 33 42 34 


Dimensions 
Length (in.) 
Width (in.) 
Thickness (in.) 


oe 0.331 
Lae 0.331 
1583 0.197 


2.82 


0.612; 
0.61 1, 


0,371 
0.371 
0.201, 


3.48 


0.969; 
0.969, 


2.09 
0.680; 
0.678 


Sample coefficient* (cm) 
Weight (grams) 


® Ai/hi+A2/h2™2A/h where A is the cross-sectional area and h the 
thickness of the sample. 


TD. R. Frankl, Phys. Rev. 92, 573 (1953). 


1 R. B. Gordon and A. S. Nowick, Acta Met. 4, 514 (1956). 
® Granato, de Klerk, and Truell, Phys. Rev. 108, 895 (1957). 
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Fic. 2. Variation of complex shear compliance (J*=J’—iJ”) with frequency for sodium chloride at 25.1°C. 


Dynamic shear in [100] direction. 


aim was to investigate the effect of crystal symmetry 
on the resonances by comparing the results for a 
triclinic crystal such as copper sulfate with those for a 
cubic crystal (sodium chloride). Rochelle salt introduced 
another crystal structure and provided a third test, 
ie., the possible effect of crystal transitions on the 
resonance dispersions” as measurements could readily 
be made above and below the transition temperature. 
In order to accomplish these objectives, measurements 
of the storage compliance, J’, and loss compliance, J”’, 
in shear have been made for the materials cited at 
closely spaced frequencies (10-cps intervals) in the 
range 100 to 5000 cps, and at various temperatures and 
static stresses. 


II. MATERIALS STUDIED 


The single crystals of sodium chloride were obtained 
from the Harshaw Chemical Company and cut into the 
shape of a rectangular parallelepiped with edges in the 
directions of the cubic axes of the crystal. The samples 
were approximately $ in.X% in.X} in. thick and the 
shearing stress was applied on the §X § in. faces in the 
[100] direction (see Fig. 1). 

Samples of copper sulfate were cut from the center 
of a large single crystal grown especially for these 
tests. It was thus possible to cut the crystal samples 


18 Measurements on Rochelle salt were made at the suggestion 
of R. Pepinsky. 

‘These samples were furnished by the X-Ray and Crystal 
Structure Laboratory of R. Pepinsky. 


Solid points, J’; open points, J”’. 
, 


from a flawless region of the large crystal with the 
following orientation in the Groth notation'®: length, 
[001]; width, perpendicular to [001] and [110]; and 
thickness, [110]. The shearing stress was then applied 
in the [001 ] direction. 

In order to minimize changes in static stress in 
passing through the transition temperatures the 
Rochelle salt crystals’ were cut in the form of rec- 
tangular parallelepipeds with the edges in the directions 
of the orthorhombic crystal axes, but with the plane of 
the bc axes parallel to the sample holders in which the 
crystals are clamped for measurement (see Fig. 1). 
Thus the transition which results in the angle between 
the 6 and ¢ axes changing from 90° 0’ to either 90° 2’ 
or 89° 58’ (at random)!* produces a minimum change 
in the direction of the @ axis (thickness). The shearing 
stresses were in the direction of the 6 axis of the ortho- 
rhombic form. 

The faces of all of the crystals were finished by 
lapping against a glass plate and the exposed faces of 
the Rochelle salt were coated with vaseline to prevent 
dehydration during the measurements. These samples 
were also kept immersed in kerosene when not being 
actually tested. A summary of the sample dimensions 
is presented in Table I. 


16 P, Groth, Chemische Krystallographie (Verlag Von Wilhelm 
Englemann, Leipzig, 1908), Vol. II, p. 419. 
16 A. R. Ubbelhode and I. Woodward, Nature 155, 170 (1945). 
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Fic. 3. Variation of complex shear compliance (J*=J’—iJ”) with frequency for sodium chloride at 25.1°C and 
approximately 2.5 hr after clamping. Solid points, J’; open points, J”. 


III. EXPERIMENTAL RESULTS TABLE IT. Summary of resonances in sodium chloride 
(dynamic shear in [100] direction). 


1. Experimental Method 


: Approximate Resonant Loss compliance 
Measurements of complex shear compliance were time after frequency maxima or minima 


made by means of an electromagnetic transducer an = saath: oe 
apparatus which has been described previously.'7 The 53 an 0.76 
samples are clamped between metal surfaces and isan aaa 
sheared by a sinusoidally varying stress in a direction 1950 0.12 
perpendicular to the static, clamping stress. From Yi 2650 0.10 
readings of an electrical bridge circuit at balance it is — . 
possible to calculate the storage compliance, J’ (defined 2800 0.40 
as the ratio of the amplitude of the strain component 3210 0.21 
in phase with the stress divided by the amplitude of poe = 
the stress) and the loss modulus, J” (defined as the shi 
ratio of the amplitude of the strain component 90° out oes aoe 
of phase with the stress divided by the stress amplitude) 5370 0.06, 
with a usual precision of +3%. J’ is a direct measure 645 0.75 
of the elastic response or energy stored per cycle of 1525 0.08 
deformation, while J’ is proportional to the energy = Par 
loss per cycle. 2710 0.10 
The static clamping stresses are estimated to vary 2885 46 
from 10° to 10’ dynes/cm? (~15 to 150 psi) while the 2910 —0.10 
dynamic stress amplitudes were less than 5X10° — ia 
eco 37 
17 FE, R. Fitzgerald and J. D. Ferry, J. Colloid Sci. 8, 1 (1953). - —— ‘ a ~ a 
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Fic. 4. Variation of complex shear compliance (J*=J’—iJ”’) with frequency for the sodium chloride of Fig. 3 
approximately 508 hr after clamping. Solid points, J’; open points, J”. 


dynes/cm? (~0.08 psi) resulting in strain amplitudes 
of 10-* to 10-7. The results were independent of.ampli- 
tude within 0.1% over a twofold range in stress (and 
hence strain). 


2. Sodium Chloride 


The variation of J’ and J” with frequency for a single 
crystal of sodium chloride is shown in Figs. 2 and 3. 
The data from 100 to 2000 cps in Fig. 2 were taken 
about 53 hours after the samples were placed in the 
apparatus and clamped; the points from 4000 to 5700 
cps were obtained at approximately 80 hours. The 
results in Fig. 3 from 2000 to 4000 cps were actually 
obtained first (at about 2.5 hours in the region around 
2900 cps) and then were repeated at about 508 hours 
with the results shown in Fig. 4. In these later measure- 
ments the minimum value of J” is reduced to —0.10 
X 10~-* cm?/dyne from its original value of —0.40X 10~° 
cm?/dyne found just after the samples were clamped in 
place. A summary of the resonant frequencies observed 
is given in Table II. The data from 100 to 2000 cps 
were retaken at 536, and 1328 hours and from 400 to 
800 cps at 1664 hours. The main change in the data 


from that shown in Fig. 2 was a slight shift in the 
resonance originally at 635 cps to 655 cps after 1664 
hours. Additional measurements in the vicinity of 
2900 cps at 1180 and 1663 hours revealed no further 
changes from the data of Fig. 4; the minimum value 
of J” remained at —0.10X 10~* cm*/dyne. 

The effect of changing the static clamping stress was 
next studied. The static stress originally at some value, 
S,, was increased to a larger value, S2, by turning the 
sample holder screw one-eighth turn (see reference 1) 
and then reclamping. The results at this increased 
stress are shown in Figs. 5-6. The resonance at 655 cps 
moved to 680 cps and changes occurred in the reso- 
nances between 1500 and 2000 cps. The resonance at 
2885 is practically unchanged but the negative absorp- 
tion near 2900 cps increases so that the minimum value 
of J” is —0.27X10~ cm*/dyne (taken 52 hours after 
reclamping at increased stress). A further increase in 
static stress to S; (corresponding to an additional 
one-eighth turn of the sample screw) shifted the reso- 
nance at 680 cps to 740 cps, but produced only small 
changes in other parts of the spectrum. Measurements 
at S; were completed 697 hours after the establishment 
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Fic. 7. Effect of static clamping stress on the first (lowest) resonance in sodium chloride at 25°C S;<S2<5S3; 
S,:=S1', Sx=S2'. Sequence of measurements 5), S2, S;, Ss’, Si’. Solid points, J’; open points, J”. 


of this static stress and then the stress was reduced 
successively to values of S2’ and S;’ corresponding 
approximately to the original values of S: and S;. The 
resonance which had shifted to 740 cps at S; shifted 
back to 705 and 650 cps at S2’ and S;’. Thus its variation 
with static stress proved to be reversible. The behavior 
of this particular resonance as a function of static 
clamping stress is demonstrated in Fig. 7. A summary 
of the effects of static stress changes on the principal 
resonances in sodium chloride is presented in Table ITI. 


3. Copper Sulfate 


Data on copper sulfate are adduced in Fig. 8. In 
this case measurements from 100 to 5000 cps at 25.0°C 
revealed only very small resonances at 730, 1515, and 
4520 cps and one large resonance at 2965 cps. These 
measurements were carried out during a 60-hour period 
after clamping. The region from 2500 to 3400 cps was 
remeasured at 528 to 530 hours and no changes found. 
An increase in static stress (corresponding to one-eighth 
turn of the sample-holder screw) produced no shift in 
the 2965-cps resonance, but an additional, small reso- 
nance appeared at 2860 cps. 


4. Rochelle Salt 

Results of complex compliance measurements on 
Rochelle salt above (~25.5°C) and below (20.2°C) 
the transition temperature at 24°C are shown in Figs. 
9-10 and 11-12, respectively. Data from 4000 to 5000 
cps were also taken in each case but showed no disper- 
sion. After measurements at 25.5°C were completed 
(0-50 hours), the temperature was lowered to 20.2°C 
and measurements were carried out from 73 to 145 
hours. At 25.5°C resonances were found at 440, 665, 
900, 1525, 1725, 1980, 2720, 2910, 3250, and 3565 cps. 
The large, broad resonance centered at 900 may 
actually have been superimposed on a number of smaller 
resonances at 760, 800, 850, and 875 cps. At 20.2°C 
resonances remain at 440, 1535, 1735, 2000, 2830 
(probably a doublet), 2920, 3300, and 3620 cps corre- 
sponding closely to resonances found at 25.5°C. How- 
ever the large, broad resonances at 900 cps disappears 
and is replaced by a much smaller doublet at 1125 and 
1210 cps which is again broad although reduced in 
magnitude. When the temperature was raised again 
(to 26°C) the compliance did not return to its former 
frequency dependence at 25.5°C but remained close to 
the results found at 20.2°C. A medium-sized, broad 
resonance appeared at 1125 cps with a maximum value 
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4700 


4900 


’—iJ’’) with frequency for copper sulfate at 25.0°C. 


Solid points, J’; open points, J’’. 


of J” of 0.30 10-* cm?/dyne and the general level of 
the background compliance remained at the level 
assumed at 20.2°C rather than rising to the higher 
level originally found at 25.5°C. 


IV. DISCUSSION 
1. Analysis of Dispersion Data 


It has been demonstrated that resonance dispersion 
of the type under consideration here can be fitted 
closely by the assumption of a generalized stress-strain 
relationship of the form‘ 


da @a 
s=koat+kh;—+k.—, 
dt 


dt? 


(1) 


where s is the stress, a, the strain and ko, k;, and k are 
constants. Then for a sinusoidal stress of the form 
$=59sinwt which results in a corresponding strain 
a= dy sin(wi—6), it can readily be established that the 


components of the complex compliance are 
1 (1—w?/w,) 
Fi = J q'+ % ar ’ 
ko (1—«*/w,?)?+u?r? 
(3) 


ky (1—w?/oZ)? +e"? 


where r=k1/ko, w= (Ro/k2)', and J,’ and J,” take into 
account possible background compliances arising from 
a different source. Figures 13 and 14 illustrate the 
exactness with which the data can be fitted by these 
expressions. 

Attention has already been called to the negative 
absorption observed in the region from 2890 to 3000 
cps in sodium chloride (Figs. 3, 4, 6) and similar results 
have been observed in quartz.‘ An extension of the 
generalized stress strain relation of Eq. (1) to include 
the third derivative provides the possibility of an 
antidissipative resonance. Thus if 

da da da 
$= koa+ki—+ ko—+k3—, 
dt df dé 


(1’) 
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Fic. 10. Variation of complex shear compliance (J*=J’—iJ”) with frequency for Rochelle salt at 25.3°C. 
Solid points, J’; open points, J” 
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Fic. 11. Variation of complex shear compliance (J*=J’—iJ’’) with frequency for the Rochelle salt of 


Figs. 9-10 at 20.2°C. Solid points, J’; open points, J”. 
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Fic. 12. Variation of complex shear compliance (J*=J’—iJ”’) with frequency for the Rochelle salt of 


Figs. 9-10 at 20.2°C. Solid points, J’; open points, J”. 
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Fic. 13. Comparison of calculated values of compliance based 
on the generalized stress-strain relation and Eqs. b-G) (solid 
lines) and experimental results for the first resonance in sodium 
chloride at 25.1°C (Fig. 2). Solid points, measured values of J’; 
open points, measured values of J’’. The calculated curves are 
based on the empirical constants listed in Table IV (column 1). 


the compliance expressions become 


1 (1—w*/w,”) 
J'=J'+— — 


Ro (1—w?/w,?)?+ (wr? ly,2)? 





(wr—w*/w,*) 





1 
J"=J ” le -» 


ko (1—a?/w,’)?+ (wr —w*/wn')? 


(3’) 


where w,*’=ko/k3. It is clear that terms involving the 
seventh, eleventh, etc., derivatives would be anti- 
dissipative also, although not likely to be of much 
importance at low frequencies.!* While the analysis of 
these negative absorptions will not be attempted here, 
it is worthwhile to note the interesting physical aspects 
of these emission frequencies; after the imposition of a 
static stress on a crystal it is apparently possible to 
derive energy from the sample over a narrow frequency 
range, and for relatively long periods of time. Re- 
stressing the sample seems to re-energize the emission 
to some extent (compare Figs. 4 and 6). 

Values of the constants of Eq. (1) selected to fit the 
experimental data for various resonances in sodium 
chloride are listed in Tables IV—-V and the corresponding 
quantities for copper sulfate are given in Table VI. 
(See Figs. 13-14.) The changes in the resonant fre- 
quency at 635 cps with time observed in sodium 
chloride are seen to result from decreases in the value 
of the second derivative constant, ke, while changes in 
this resonant frequency with static stress appear to 
result from increases in the modulus, ko. While reso- 
nances occur at frequencies of 2885 and 2965 cps in 
sodium chloride and copper sulfate, respectively, values 

18 The possibility of antidissipative terms arising from this sort 


of generalized stress-strain relation was pointed out by W. F. G. 
Swann (private communication). 
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of both &o and k2 are much larger for copper sultate 
than for sodium chloride. 

Because of the complex nature of the results for 
Rochelle salt no attempt at analyzing these data has 
been made. 


2. Origin of the Generalized Stress-Strain 
Relation; Nonequipartition of Energy 

In the preceding section a generalized stress strain 
relation involving the strain and its first and second 
derivatives was used to account for resonance disper- 
sions appearing in the compliance. Sets of values for 
the coefficients ko, k;, k2 can be chosen to give close 
fits to the experimental data, but the central question 
of why this particular form of stress dependence is 
present must still be answered. In connection with the 
results previously found for quartz‘ and other materials 
an explanation along the following lines was proffered: 
(1) in crystalline solids, because of the nonlinear nature 
of the binding forces, equipartition of energy among 
the various modes of vibration does not take place; 
instead energy actually is passed back and forth among 
relatively few of the available modes; (2) the frequency 
of the energy exchange, in contrast to the lattice 
frequencies themselves, may be very low, e.g., in the 
audio-frequency range; (3) the observed resonance 


TABLE III. Effect of static stress changes on the principal reso- 
nances in sodium chloride (dynamic shear in [100] direction). 


Loss 
compliance 
Resonant max or min 

Static frequency (107% 
stress* cps) cm?/dyne) 


0.66 


0.04 
0.08 


Loss 
compliance 
max or min 

(107% 
cm?/dyne) 


Resonant 
frequency 
(cps) 


Static 
stress® 


S; 655 
1525 
1640 
1950 0.11 
2710 0.10 
2885 4.6 
2910 —0.10 
3235 0.15 
3500 0.20 
3710 0.06 


0.73 
0.08 
0.14 


S,’ 650 
1510 
1600 
1650 0.11 
1810 0.04 
2895 4.9 
2920 


680 0.53 
1515 0.09 
1570 0.10 
1655 0.07 

~ 1880 0.25 
2650 0.20 
2895 7 
2910 —0.27 
3220 0.23 
3480 0.24 


740 0.45 
1500 0.02 
1590 0.06 
1670 0.06 
1740 0.14 
2710 0.08 
2905 4.0 
2925 —0.10 
3260 0.10 
3580 


® S3>S2>S1; SimSi’, Sa&S1’. 
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Fic. 14. Comparison of calculated values of compliance based on the generalized stress-strain relation and Eqs. (2)—(3) (solid lines) 
. . . . aa C . * . . . . ” 
for the principal resonance in copper sulfate at 25.0°C (Fig. 8). Solid points, measured values of J’; open points measured values of J”. 
The calculated curves are based on the empirical constants listed in Table VI. 


dispersions occur at frequencies corresponding to these 
various acoustic exchange frequencies. This explanation 
was suggested by the results of calculations of Fermi, 
Pasta, and Ulam for nonlinear systems in which no 
tendency toward equipartition of energy was evident.” 
Recently Liebermann has considered the absorption 
occurring as a result of weak coupling between vibra- 
tions in the acoustic and optical branches of the spectra 
of solids.” A large acoustic absorption is predicted when 
the two branches overlap in frequency and the exchange 
frequency (rate of energy transfer) between the acoustic 
and optical modes is low. Thus for lattice and optical 
vibrations (~10" cps) resonating in the overlapping 

Fermi, Pasta, and Ulam, Los Alamos Scientific Laboratory 
Report LA-1940, 1955 (unpublished). 


*” L. Liebermann, Paper D2 of the Program of the Acoustical 
Society of America (Washington Meeting, May 7-9, 1958), p. 9. 


region, exchange frequencies of about 10’ cps are 
observed in benzene, i.e., the absorption in a single 
crystal of benzene was found to be abnormal at 10’ cps. 
While these results have no direct bearing on the 
mechanical resonances at audio-frequencies cited here, 
they are of interest in indicating that energy exchanges 
between modes of high frequencies can lead to increased 
absorption at low frequencies. 

If the true state of a solid is one in which a large 
portion of the vibrational energy is periodically being 
passed back and forth between only a few modes, then 
it is to be expected that the stress will depend on various 
time derivatives of strain as well as the strain itself. 
The corresponding case in mechanics is evidently that 
of a compound pendulum in which energy is transferred 
from one type of oscillation to another at a much lower 
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TABLE IV. Analysis of dispersion data for sodium chloride based on Eqs. (2)—(3). 


Si 
53 
635 


Static stress* 


Approx. time after clamping (hr) 
Resonant freq. f, (cps) 
Retardation time, 7 (sec) 
Modulus, ko (dynes/cm? 

1/ko (cm?/dyne) 

First derivative constant, k; (dyne-sec/cm? 
Second derivative constant, ke (dyne-sec?/cm*) 
Background compliance (cm*/dyne) 


Ja’ 
Je 0 


® S3>S2>S1. 


TaBLE V. Analysis of dispersion data for three 


Resonant frequency f, (cps) 

Retardation time, 7 (sec) 

Modulus, ko (dynes/cm*) 

1/ko (cm?/dyne) 

First derivative constant, k; (dyne-sec/cm?) 
Second derivative constant, ke (dyne-sec?/cm?) 
Background compliance (cm*?/dyne) 


J." 
a 


rate or frequency than that of either oscillating mode. 
The response of such a compound pendulum to alter- 
nating stresses at frequencies in the neighborhood of its 
transfer frequency would then be pertinent to the 
present problem. 


3. Effect of Crystal Structure 


The presence of resonances in both sodium chloride 
(cubic) and copper sulfate (triclinic) indicates that 
crystal symmetry is not an important factor in the 
origin of the phenomena. Resonances also occur in 
Rochelle salt in both its orthorhombic and monoclinic 
phases. Above 24°C and below —20°C Rochelle salt is 
orthorhombic and piezoelectric while from — 20°C to 
24°C it is ferroelectric and monoclinic.” In the ferro- 
electric region the single crystal is broken up into many 
small domains or subcrystalline units with their a axis 
in common but which have the angle between the 6 
and ¢ axis either 90° 2’ or 89° 58’ at random.'* The 
domain structure can be altered by stressing or heating 
above 24°C and then recooling.”” Thus the measure- 
ments on Rochelle salt were conceived as a test of the 
dependence of the resonances on the presence of do- 


TABLE VI. Analysis of dispersion data for copper sulfate 
based on Eqs. (2)—(3). 


Resonant frequency, f, (cps) 

Retardation time, 7 (sec 

Modulus, ko (dyne/cm?) 

1/ko (cm?/dyne) 

First derivative constant, k; (dyne-sec/cm?) 
Second derivative constant, ke (dyne-sec?/cm?) 
Background compliance (cm?/dyne) 


21 A. R. Ubbelhode and I. Woodward, Proc. Roy. Soc. (London) 
A185, 448 (1946); 188, 358 (1947). 
* T. Mitsui and J. Furuichi, Phys. Rev. 90, 193 (1953). 


0.65 X 1075 
5.3 X10" 
0.19 107 
3.4 X10 
3.33 X 108 
1.4 X10" 


Ss 
48 
740 
0.63 X 1075 
7.1 10" 
0.14 10-" 
4.5 105 
3.25 X 10° 
ii x 
0 


Si 


1664 
655 
0.65X 10-5 
5.3 10” 
0.19X 107” 
3.4 105 
3.14 X 108 
1.1 K10~° 
0 


S: 

10 

680 
0.64 10° 
6.2 10" 
0.16 10-" 
4.0 «105 
3.45 X 108 
1.2 x10°" 

0 


536 
645 
0.65 X 1075 
5.3 X10" 
0.19 10-" 


3.2; X 108 
1.2 X10-" 
0 


resonances in sodium chloride (Fig. 4) based on Eqs. (2)-(3). 


3505 
5.5 1077 
42 x 10° 
0.024X 107 
23 xX 104 
8.66 X10? 


2885 
1.7 X107 
7.1 10" 
0.14 10~" 
1.2 X10. 
2.16 X16 


3235 
SO Xi" 
66 x 10” 
0.015X 10°” 
33 xX 104 
16.0 X10 
0.70X 10-" 
0 


mains or other subcrystalline units which might occur, 
for example, as a result of dislocations. While certain 
marked changes occurred in the resonances when the 
temperature was lowered to 20.2°C from 25.5°C (Figs. 
9-12), more resonances occurred above the transition 
(where no domains were present) than were found 
below the transition. The irreversible nature of the 
results is even more puzzling; when the temperature 
was raised again to 26°C and finally to 30°C, the 
frequency spectrum of the compliance continued to 
resemble that for 20.2°C much more closely than the 
original spectrum observed at 25.5°C. As a result it 
must be concluded that the changes noted in dropping 
from 25.5°C to 20.2°C are not directly related to the 
crystal transition. Much more work, including measure- 
ments below — 20°C, needs to be done before additional 
inferences can be drawn from the Rochelle salt meas- 
urements. 
Vv. CONCLUSIONS 

Measurements of the complex shear compliance of 
single crystals of sodium chloride, copper sulfate, and 
Rochelle salt have resulted in the discovery of resonance 
dispersions at audio-frequencies similar to those previ- 
ously reported for polycrystalline metals, crystalline 
polymers, and quartz. 

In sodium chloride small changes in the positions of 
some of the resonances occur over long periods of time, 
but these changes are much less than the time variations 
previously noted for metals and polymers. Increases in 
static clamping stress shift one resonance to higher 
frequencies; subsequent reductions in stress cause the 
resonance to return to its former position. In the 
frequency region around 2900 cps a negative absorption 
or induced emission appears to take place. This effect 
decreases with time but appears to be increased again 
by a reapplication of static stress, 
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Irreversible changes occur when Rochelle salt meas- 
urements are taken above and below the transition 
point of 24°C. These changes are not understood. 

The data can be analyzed and fitted closely by use 
of a generalized stress-strain relationship in which the 
stress is a function of the strain and its first and second 
time derivatives. Inclusion of the third derivative leads 
to an antidissipative term which can be used to account 
for the negative absorption found in sodium chloride. 
The resonances are tentatively explained by assuming 
that they correspond to exchange frequencies for energy 
passing back and forth among only a few of the available 
modes of vibration of the crystal lattice as previously 
described.‘ 


RESONANCE 


DISPERSION 1075 

The results presented here together with those previ- 
ously reported for metals, polymers, and quartz, indi- 
cate that the phenomena of low-frequency resonance 
dispersion in the mechanical properties of crystalline 
solids are of general occurrence. 
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Radiation-Induced Changes of Dimensions, Index of Refraction, 
and Dispersion of Lithium Fluoride* 


WILLIAM PRIMAK 
Argonne National Laboratory, Lemont, Illinois 
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Deuteron, electron, gamma ray, and x-ray irradiated specimens were examined by a photoelastic method 
and by interferometric methods. In addition to the increase in physical dimensions, there were found an 
increase in refractive index and an increase in dispersion, and these were measured. The results agree with 
the classical dispersion formulas if it is assumed that the effects are caused by a change in the refractivity 
of the base material due to the introduction of vacancies and holes and a change in the refractivity due to 
the F centers and the 450 centers, the size of the vacancies being about that of the absent ions and the oscil- 


lator strength of the F centers being near unity. 


INTRODUCTION ‘ 


IREFRINGENCE observed by Primak, Delbecq, 

and Yuster' in nonuniformly irradiated alkali 
halides was interpreted by them as due to strain, and 
from it they calculated the radiation-induced expansion 
which they inferred had taken place. The calculation 
involved the assumption of plane stress and strain. 
This was certainly only an approximation because of 
the small sizes of the specimens and, in some cases, 
because of the unsymmetrical geometry. The effects 
were explained as related to the color centers but the 
results deviated from proportionality to the color-center 
concentrations reported by them. The present investi- 
gation stemmed from an attempt to resolve these 
difficulties and has led to new results. 


EXPERIMENTAL 


All of the specimens used for interferometric obser- 
vation were cleaved from a single block of lithium 
fluoride originally supplied by the Optovac Corporation. 
It was ground and polished approximately flat and 
parallel on two opposite faces which were then 1.20 cm 
apart. The cleaved blocks possessed an area of these 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
1 Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 


polished surfaces about 1 cm by several millimeters. 
The fringes formed by normally incident light (546 my) 
reflected from the front and back surfaces (Fizeau 
interferometer) will be termed F fringes in this paper. 
The better specimens showed less than one such fringe, 
some of the poorer ones used in the later work, 2 or 3. 
Attempts to grind and polish several other specimens 
to this degree of perfection have thus far proven un- 
successful, and it is believed the original specimen 
possessed an unusually perfect crystallization. Some 
strain was introduced into the crystal by grinding and 
polishing and was evidenced by a narrow zone of bire- 
fringence parallel to this face which could be observed 
when viewed parallel to the polished surfaces with 
polarized light. Although no birefringence could be 
seen with light incident perpendicularly to the polished 
surfaces in the usual mode of examination, the strain 
present in the unseen perpendicular planes would cause 
some modification of the results through the intro- 
duction of shears. Some random cleavage scraps 
(unground and unpolished) of lithium fluoride from the 
Optovac Corporation and the Harshaw Chemical 
Company were employed for absorption measurements 
and observation of birefringence. 

Three specimens were irradiated with deuterons, 
about 21 Mev, perpendicularly incident on a cleavage 
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Fic. 1. Relative fringe orders 
seen along a central plane parallel 
to the line of sight and the deu- 
teron direction in the irradiated 
region of three specimens bom- 
barded for dosages in the ratios 
1:2:4; crosses: Twyman-Green 
interferometer fringes (in trans- 
mission), circles: Fizeau fringes. 
The vertical displacements of the 
curves have no significance even 
for the members of a set. 


RELATIVE FRINGE ORDER 











DISTANCE FROM SURFACE 
(mm) 


face perpendicular to the polished faces for dosages in 
the ratios 1:2:4. The beam was swept over the crystal 
to achieve uniformity of irradiation, and hence the 
bombardment data did not give the dosage; but by 
comparison with other irradiated specimens, it was 
determined that the dosage of the most strongly ir- 
radiated specimen was 2} wa sec cm. The fringes 
formed when the specimen is inserted into one leg of a 
Twyman-Green interferometer whose mirrors are 
equally perpendicular to the incident parallel light will 
be termed flat-field transmission Twyman-Green fringes 
and will be abbreviated TG-f fringes. The relative orders 
of the F and the TG-f fringes seen across a chosen 
nearly-central plane parallel to the deuteron path are 
plotted against distance across the specimens in Fig. 1. 
As pointed out by Twyman and Perry? (the relative 
orders Any and An, of the F and TG fringes, respec- 
tively ; medium of refractive index N and thickness D) 
since Any depends on A(ND) while An, depends on 
A[(N—1)D], it is possible to solve for AN and AD 
independently ; thus, 


AN= NX An.— N-(N—1)Any ]/ 2D, 
AD=(Anys—An,)/2. 


There is no reference point in these samples where NV 
and D are known, and, further, the fringes are packed 
too closely at the end of the range to connect them 
across the boundary of the irradiated region. It is 
evident, however, that AD is of about the magnitude 
of variations in D before irradiation. In the unirradiated 
region the values of AD were not inconsistent with 
the absence of appreciable change in refractive index. 
In the irradiated region, the large changes in relative 
order, which are the same for the F and TG-f fringes 
can only be interpreted as being due to a change in the 
refractive index accompanied by relatively negligible 
dimensional change. While the relative change in 
refractive index along the range is readily computed 
from the above curves, the absolute change cannot be. 


“2 F, Twyman and J. W. Perry, Proc. Phys. Soc. (London) 34 
151 (1922). 


PRIMAK 


An increase in the length d of the Twyman-Green 
interferometer leg in which the specimen was inserted 
caused the fringes in the irradiated zone to move 
toward the beginning of the range, hence the refractive 
index was greatest at the end of the range. 

The fringes formed with the specimen inserted in one 
leg of a Twyman-Green interferometer, one of whose 
mirrors is inclined to form fringes which are parallel 
to the direction of the deuterons in the field surrounding 
the specimen, will be designated TG-i fringes. Their 
appearance is sketched in Fig. 2. As shown in the figure, 
a fractional order displacement of the fringes was seen 
near the end of the range when rotating the plane of 
polarization and is in accord with the existence of 
birefringence. It is thus evident that the index of 
refraction changes here are an order of magnitude 
greater than the birefringence. The locations of the 
central white-light fringes seen at the beginning of the 
ranges when a white-light source replaced the filtered 
mercury arc source and an unirradiated specimen was 
used as a compensator in the other leg, are also shown 
in Fig. 2. The central white-light fringe could not be 
used to identify the zero-order fringe because the shift 
of this fringe was out of all proportion to the known 
ratio of effects along the range; and also, although this 
could not be determined with certainty because the 
fringes were so closely packed there, the fringe so 
identified seemed to alter its color value along the range. 
A change in dispersion thus seemed likely. To allay 
any questions concerning the possibility of a spurious 
result from confusion of the incident and reflected wave 
fronts in the Twyman-Green interferometer, a set of 
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Fic. 2. Sketches of the Twyman-Green fringes seen with inclined 
mirror with the three respective deuteron-irradiated specimens 
alternately in one arm and a compensator crystal (unirradiated) 
in the other arm. Only the achromatic (or nearly-achromatic) 
fringes are drawn full, the location of the others being shown along 
one surface. In each case, the curved fringe is in the irradiated 
zone. For the intermediate dosage, the displacement seen on ro- 
tating the plane of polarization is easily indicated on this scale and 
is shown. The fringes near the end of the range of the most highly 
irradiated crystal were too closely packed to distinguish detail 
reliably. 
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observations were made with a Mach-Zehnder inter- 
ferometer. Within the precision of measurement, the 
fringe displacements were just half those seen for TG-i 
fringes, hence further observation with the Mach- 
Zehnder instrument was abandoned in favor of the 
more easily manipulated Twyman-Green instrument. 

To relate the fringe orders in the irradiated and 
unirradiated regions, specimens were required that 
possessed a less abrupt boundary for the irradiated 
zone. Specimens of this kind were prepared by moving 
a wedge between the deuteron beam and the crystal. 
However, it was found that more satisfactory gradients 
yet were obtained on bombardment with 1.1-Mev 
electrons. The TG-i fringes observed on three successive 
irradiations of the same specimen are shown in Fig. 3. 
The location of the central white-light fringe is also 
shown, and it is seen that its order shifts with respect 
to the fringe order in the same direction as the fringe 
order. The fringe order m, observed in a compensated 
Twyman-Green interferometer of physical path differ- 
ence Ad (taken positive when the leg containing the 
irradiated specimen is longer), when the specimen is 
compensated by an unirradiated specimen of the same 
thickness and refractive index as the irradiated speci- 
men possessed before irradiation, is 

n= 2d" (N—1)AD+ DAN + Ad ]. 
The position of the zero-order fringe occurs at 
Ady= —[(N—1)AD+ DAN], 


displaced Ady from the position where the zero-order 
fringe and the achromatic white light fringe would 
have been located had the specimen not been ir- 
radiated. Since the interferometer is no longer com- 
pensated, a truly-achromatic fringe no longer exists. 
However, a nearly-achromatic fringe is seen where 


dn 


2 
0=——[(V-1)AD+DAN+4d] 
aa 


2 dN dAN 
+- (av —~+)D -), 
r dx dy 





Fic. 3. Sketches of 
fringes seen with the 
arrangement de- 
scribed for Fig. 2, 
but for the three re- 
spective successive 
electron irradiations 
of a crystal. The 
achromatic (or 
nearly-achromatic) 
zone is dashed, 
having been located 
by the nearly-achro- 
matic portions 
(shown circled) of 
the fringes. Only the 
achromatic (or 
nearly-achromatic) 
fringes and their 
neighbors are shown. 
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Fic. 4. The refrac- 
tive index changes 
(dashed) and the di- 
latations computed 
from the _ birefrin- 
gences (solid) for 
electron-irradiated 
specimens (lower 3) 
and for the deuteron- 
irradiated specimens 
(upper 3), shown as 
a function of distance 
from the irradiated 
face along a central 
plane parallel to the 
irradiation beams 
and the line of sight. 
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and hence when 


— Ad,= (N-—1)AD+ DAN —AAD(dN/dd) 
+AD(dAN/dd), 
and at the fringe order 


n= 2[AD(dN/dy) +D(dAN/dd)]. 


Over the restricted range (mainly from green through 
near red for visual observation) it is permissible to take 
N=A+B/¥ and AN=AA+AB/X’; 
hence 

Na= —4\. *(BAD+DAB). (1) 
The value calculated for the dispersion constant B 
using the above formula is very sensitive to Ag. Un- 
fortunately the intensity of an incandescent source 
falls rapidly at the wavelengths of greatest perception, 
and absorption in the optical system is apt to cause a 
further change in Aq. The correct value to use was 
therefore determined. The value of V for unirradiated 
lithium fluoride was taken as 


N=1.3857+2.15X 10-"/)’, (2) 


obtained by fitting the data given in the American 
Institute of Physics Handbook An _ unirradiated 
lithium fluoride specimen was placed in the leg of the 
Twyman-Green interferometer and rotated slowly 
from the normal position, the meanwhile moving the 
mirror inward decreasing d to retain the nearly- 
achromatic fringe in view. As this was done, the nearly- 
achromatic fringe was gradually displaced to lower 
order and the change Ad recorded when the displace- 
ment seemed an integral order; this amounted to about 
0.001 cm. Here AB is zero, z= —1= —4BAD/\* where 
AD=-— Ad/(N—1), hence \ was about 600 my. This 
is a rather high result, but the lamp filament was at 
about 1400 to 1700°C and the silver coating on the 


3 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 6-24. 
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(a) 


Fic. 5. Sketches of several fringes seen with the arrangement 
described for Fig. 2, but (a) before irradiating, (b) after irradi- 
ating with soft x-rays incident as shown by the arrow. 


dividing plate was, at this time, partially changed to 
sulfide, which renders it brownish. From Fig. 3 it is 
seen that the fringe shift of the nearly-achromatic 
fringe in the irradiated region is about 5/3 of the dis- 
placement of the zero-order fringe from its position in 
the unirradiated portion. It was shown that the increase 
in refractive index caused the zero-order fringe to shift 
to lower order according to the convention employed 
here. The change in dispersion has caused the white 
light fringe to shift further in the same direction which 
from Eq. (1) is seen to denote a positive value for AB, 
since BAD is negligible in this case. Thus the dispersion 
defined as B or as —d.V/d) has increased as a result of 
irradiation. The refractive index changes, calculated 
on the assumption that upon irradiation the zero-order 
fringe is displaced 0.6 of the displacement of the nearly 
achromatic fringe, are plotted in Fig. 4. The changes in 
dispersion are obtained from Eq. (1) by assuming that 
nq is 0.4 of the displacement of the nearly-achromatic 
fringe from its original coincidence with the zero-order 
fringe in the unirradiated material, the term involving 
AD being negligible as pointed out above. The order of 
magnitude of AB then proves to be 10~", two orders of 
magnitude smaller than B, and this may be compared 
to AD, four to five orders of magnitude smaller than D. 

That the effects described above were not related to 
bombardment by particles was demonstrated by 
securing similar results by means of x-ray irradiation. 
An interferometric specimen was irradiated with soft 
x-rays incident on one face perpendicular to the 
polished faces. The appearance of the TG-i fringes 
before and after irradiation is shown in the sketch, 
Fig. 5. Further work with x-ray irradiated specimens 
was abandoned because the specimen was partially 
colored throughout (i.e., there was no unirradiated 
zone), and because the large gradients near the speci- 
men edge were not convenient for measurement. 

The birefringence of the deuteron- and electron- 
irradiated specimens was determined along a central 
plane by the method described previously! and the 
results are plotted in Fig. 6. The strain-birefringence 
was redetermined as 0.15 by using dead weight loading 
and a calibrated quartz wedge, the elastic constants 
employed previously being assumed correct. The 
dilatation calculated from the theory given previously, 
plane stress and strain being assumed, is plotted in Fig. 
4. The polished faces of the deuteron-irradiated speci- 
mens were examined interferometrically by making 
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them the mirror of a Twyman-Green interferometer, 
an unsilvered flat being used as the mirror in the 
perpendicular leg, and poorly coherent light being used 
to avoid confusion from the other specimen face. The 
appearance of fringes formed with the mirrors inclined 
to produce fringes parallel to the deuteron direction is 
shown in Fig. 7. The thickness variations across the 
specimen faces are seen to be very small, in accord with 
the large F and TG-f fringe displacements being due to 
variations in refractive index. It is evident that the 
dilatation, at least in the direction examined, i.e., 
perpendicular to the polished face, has been largely 
confined by the unirradiated region. The dilatation of 
interest (and the one to be compared with the dilatation 
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Fic. 6. Retardations along a central plane parallel to the line 
of sight and the irradiation beams as a functions of distance from 


the irradiated face; (a) the three deuteron-irradiated specimens, 
(b) the three successive electron irradiations of a specimen. 
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calculated from the birefringence) is the dilatation 
observed in the absence of elastic confinement. This 
was determined by using two adjacent cleaved speci- 
mens as end standards whose lengths were compared 
interferometrically. One mirror holder of the Twyman- 
Green interferometer was replaced with a special fixture 
which permitted adjustment of the inclination of the 
one specimen and the lateral motion of the other as 
well as inclination of both simultaneously. Thus, one 
end of each specimen was adjusted to be in the same 
plane as determined with the achromatic white-light 
fringe. The fixture was then reversed, and the relative 
displacement of the opposite ends was determined. One 
of the specimens was irradiated with gamma rays by 
placing it near an intense cobalt source for several 
intervals and a progressive increase in length was noted 
which was 0.38 fringe at the end of the second irradi- 
ation and 0.62 fringe at the end of the third irradiation. 
The refractive indices could not be compared because 
the specimens were not connected. However, the 
displacements of the nearly-achromatic white-light 
TG-i fringes were 3 fringes after the second irradiation 
and 6 fringes after the third irradiation, and the same 
displacements were seen with a yellow filter, proving 
that the result was not a spurious one due to absorption 
by the yellow-irradiated specimen. Thus the radiation- 
induced expansion of the alkali halides is easily observed 
by interferometric methods. However, because of the 
elastic deformation, a localized physical expansion is 
not observed at the boundary of an irradiated zone, 
and hence it would be difficult to observe the expansion 
in a magnified small area of an irregular face in the 
manner attempted by Smith, Leivo, and Smoluchowski.4 

The major absorption of the crystals consists of a 
band with a maximum at about 248 my, the F band, 
and one with a maximum at 447 mu, termed here the 
450 band and considered by some to be an M band. 
These absorption bands were determined with a Cary- 
Model-11 recording spectrophotometer. The peak 
optical density was taken as the optical density at the 
maximum less the background optical density found 
at about 350 mu. For nearly all the specimens, the full 
450 band could be traced by the instrument which read 
to optical densities about 3.5. This was not possible for 
many of the F bands whose short-wavelength shoulders 
in some cases extended beyond the wavelength scale 
of the instrument, 200 mu. For the F bands, the width 
from center (assumed unshifted) to the long-wavelength 
shoulder, where it appeared at the highest optical 
densities which could be read by the instrument, was 
taken. The ratio of peak optical density to this optical 
density above background was obtained from a graph 
in which the width of the long-wavelength shoulder 
from band center (taken in wave numbers) was plotted 
against this ratio for an F band which was completely 
within the instrument scale bounds. The method was 


4 Smith, Leivo, and Smoluchowski, Phys. Rev. 101, 37 (1956). 


CHANGES IN LiF 





Fic. 7. Sketch of two ad- 
jacent fringes formed by 
making the respective faces 
of the deuteron-irradiated 
crystals the mirror (in- 
clined) of a Twyman-Green 
interferometer. Deuterons 
were incident perpendicular 
to the bottom edge, and the 
uppermost specimen was 
most highly irradiated. The 
fringe disturbance at the 
internal irradiated zone 
boundary was, for the re- 
spective crystals, (a) 1/10 
to 1/20 fringe, (b) 1/10 to 
1/15 fringe, and (c) 1/40 
fringe. 











tested by comparing a thick specimen with a thin plate 
cleaved from it and reasonable agreement was obtained. 
However, although graphs of peak widths (in wave 
numbers) to the ratio were about the same for deuteron 
and short electron irradiations, they were noticeably 
different for gamma-ray and long electron irradiations. 
Thus the peak shapes (which were close to Gaussian 
when plotted in wave numbers but which deviated 
sufficiently to make a calculation of peak height on this 
basis incorrect by 20-50% in particular cases) may alter 
somewhat with irradiation and the conditions of ir- 
radiation. The calculation of peak optical densities by 
this method is probably reliable to 20%. The peak 
optical densities of the specimens described above are 
given in Table I. For the deuteron- and electron- 
irradiated specimens they were measured in the 
direction of the beam, and thus represent the total 
absorption through the nonuniformly colored section. 
Several deuteron-irradiated specimens were measured 
in this same manner and then cleaved into sections 
(lettered A, B, C, etc.) perpendicular to this direction, 
and each section measured to learn something about 
the variation along the range. It is evident that the 
ratio of the F peak to the 450 peak is not constant. It 
decreases with dosage and is different, in addition, for 
the different irradiations. There is no consistent 
relationship of this variation to the kind of irradiation 
or to the rate of coloration. Rather, it seems related to 
the temperature of the lithium fluoride. The magnitude 
of the effect is shown by the fact that the gamma-ray- 
irradiated sample was most affected, and its tempera- 
ture could not have been more than 40-50°C. 

The widths of the bands of several specimens were 
measured at half-maximum optical density above 
background. For the F band, results from 6100-6500 
cm (0.75 to 0.80 ev) were obtained, a somewhat lower 
value than the 0.82 ev used previously,! and for the 
450 band 1700-1900 cm (0.21-0.234 ev) was obtained, 
about the same as the 0.22 ev used previously.! The 
ratios of F band to 450 band half-widths obtained here 
was thus 3.2 to 3.8 to be compared to the previous 3.7. 
In the calculations to be given in this paper, the half- 
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TaBLE I. Absorption data for deuteron-, electron-, and gamma-ray-irradiated specimens. 








450 peak 


F peak 
In(Jo/J)® In(Jo/J)® 


Thickness 


450 absorption 


F absorption 
em In(Jo/J) 


(cm) em In(Je/J) 





Deuteron-irradiated 


SSSSNESSSf Rey yee 
BUBB OPaQvewwoinin 
— Ub re 


0.19 
0.041 


0.037 
0.031 
0.029 
0.035 


0.038 
0.031 
0.031 
0.034 


Electron-irradiated 


949 IIIs-4 
946 
947 
948 
920 


Gamma-ray-irradiated 


907° 12 
900 0.23 
901 A 
902 22 
2.6 


902A 11.2 


0.466 220 29 


190 38 
170 40 


0.580 
0.066 














* Ratios were calculated from the original data before rounding off. and hence may not accord exactly with the data in the table. 


> The value of In(J/J) is 2.3 times the optical density. 
© These specimens were used for interferometric observation. 
4 Irradiated with lower beam intensity for a longer time. 


width of the F band will be taken as 6300 cm™ and of 
the 450 band as 1800 cm~, giving the ratio 3.5. 


DISCUSSION 


The absorption and index of refraction are related 
to each other through the classical dispersion theory.*~ 
They are also related to the number of centers, which 
should be related to the dilatation. The relation of the 
absorption to the number of oscillating centers can also 
be derived quantum mechanically. The latter calcu- 
lation gives the same proportionality constant as the 
classical calculation,®* but since a set of energy levels 
and transition probabilities are employed, the theory 
can accommodate any kind of absorption band shape, 
while the classical theory starting with a particular 
kind of oscillator leads to a particular absorption peak 
shape, the Lorentz one. The actual peak shapes are not 
simple, but they do not differ greatly from the Lorentz 
shape. The classical form will be used here in accord 
with other work in this field.” 

5 A. Smakula, Z. Physik, 59, 603 (1930). 


6J. C. Slater and N. H. Frank, Introduction to Theoretical 
Physics (McGraw-Hill Book Company, Inc., New York, 1933), 


. 278. 
3 7F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 662. 
8 M. Lax, J. Chem. Phys. 20, 1752 (1952). 
®C. J. Rausch and C. V. Heer, re Rev. 105, 914 (1957). 


© A.B. Scott and M. E. Hills, J. Chem. Phys. 28, 24 (1958). 


The application of dispersion theory to this subject 
is due to Smakula® and was made at a time when the 
F center was believed to be formed through the capture 
of an electron by a vacancy already existing within the 
crystal. He therefore assumed that the formation of the 
F center left the refractivity of the base crystal es- 
sentially unchanged and that there was an increase in 
refractivity due to the oscillators which had been added, 
i.e., the F centers. It has been shown! that the dilatation 
has a sharp boundary at a sharp boundary in color 
center concentration, that it is nearly proportional (this 
is confirmed here and more completely demonstrated 
below) to the color center concentration, and that it 
largely vanishes on optical bleaching. These facts have 
been interpreted! to mean that the vacancies in which 
the color centers are formed are not present in the 
crystal to begin with and that they do not diffuse into 
the crystal from the boundaries, but that they are 
largely generated in the crystal during irradiation, and 
that they are stabilized (at least at these temperatures) 
by trapping electrons to form color centers. More 
recently it has been shown” that initially there is a 
period of “rapid coloration” during which the dila- 
tation may be much smaller, but that at about 10" 
centers/cm* the coloration rate declines and the dilata- 
tion increases to the rates found here. This has been 


1H. Rabin, Bull. Am. Phys. Soc. Ser. II, 3, 126 (1958). 
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interpreted to indicate that, in the initial period, centers 
are formed by trapping electrons in vacancies already 
present in the crystal. However, since for most of the 
irradiations for which quantitative results are given 
here the color center concentrations are two orders of 
magnitude greater than for the initial period, it will be 
disregarded in the present discussion. 

Since the vacancies which form the color centers are 
now assumed to be generated during coloration, it is 
necessary to modify Smakula’s theory starting from 
the equations obtained when the complex refractivity 
is resolved into its real and imaginary components: 


nifi vor— v2 
R=R,+>, —— (3) 


3m om (ve2—v?7)?+ per? 


nifie j 
———_k,=— - F —- | (4) 
(N?+2)? 3n m (vo? —v7)?+ piv? 

where R= (N?—1)/(N?+2), the refractivity per unit 
volume; R, is the refractivity of the base material 
including vacancies and holes but not including the 
oscillators in the following terms; m; is the number of 
oscillators of class i having oscillator strength f;, peak 
frequency vo;, and damping constant #;; e is the elec- 
tronic charge (esu); m is the electronic mass; N is the 
refractive index; and k;=ajc/4rv;, the extinction 
coefficient above background, where a; is the optical 
density per cm above background (absorption coeffi- 
cient), and c is the velocity of light. Equation (4) is the 
same as that derived by Smakula because the absorption 
which is measured is generally that above background, 
so that changes in the base material and effects due to 
the tails of nearby bands, even if they are significant, 
are neglected. Equation (3) differs from Smakula’s in 
that changes in R, will not be neglected. Since 
AR=[6N/(N?+2)? JAN, then 


(N?+2)? nfie vor— vi 
AN =AN,+——_ 7. — | | (5) 
6N 34 mk (v02?—v7)?+ piv? 





6N 





The change in refractive index of the base material 
due to the introduction of vacancies AN>, is easily 
computed in the irradiation case since the positive and 
negative ion vacancies must be introduced in equal 
numbers. The resulting fractional change in refractivity 
AR/R must therefore be, closely, the negative of the 
dilatation = AV/V where V is the volume, and hence 


(N2—1)(N2+2) AR, 
— = —0.4398. 
6N R, 


— eee 


The fluoride ion contributes about 90% of the refrac- 
tivity of the crystal, as can be seen by consulting a 
table of molar refractivities, and the hole, which is an 
F°, would possess a refractivity about 10% less than 
that of the fluoride ion. Thus AN, is about 10% larger 
(in the negative direction) than AN w. 
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It is readily shown that p; is the peak width at half- 
maximum. Equation (4) is greatly simplified when 
v;= vo and can then be solved to give 

nifi & (N?+2)? aoicp; 


—_— —_—_—__ = —__, (6) 
3rn m 6N 4 

the constants required in Eq. (5). Thus AN can be 
calculated from the measured dilatation and the meas- 
ured absorption bands without making any assumptions 
regarding the number of centers or their oscillator 
strengths. Further, Eq. (6) can be solved for nf; which 
gives the result known as “Smakula’s formula.” The 
dispersion can be obtained by differentiating Eq. (5). 
For each term of the sum there is obtained a term 


(—) aoips (vor—v7)— PPro? 
arent shanties sere 
dx F Qr [( Yor— ve) +piv? P 





For the term describing the base material it was as- 
sumed that 


(—) (=) AN, 200X0.446 

dJ, \a/, N 139” 

the value of (dV/dA), being taken from Eq. (2) using 
\= 600 mu and the value of AN, calculated above. The 
change in dispersion thus calculated for the base ma- 
terial was more than two orders of magnitude smaller 
than the changes due to color centers and was therefore 
neglected. 

It is convenient to express the results in terms of the 
F-peak absorption coefficient a and the ratio @ of the 
450- to F-peak absorption coefficients. Then, if it is 
assumed that besides those effects taken into account 
in considering the changes in the base material, only 
the 450 and F bands contribute significantly, the 
number of centers and the changes calculated from the 
above equations are 


¥ ni fi=0.90X 10"a(1+0.298), (7) 
AN =3.85X 10-%a(1+2.36) — 0.486, (8) 
AD=2.44X 10-%a (1+ 10.76). (9) 


It has been thought that the 450 band represents 
about half an oscillator strength, additional absorption 
from this oscillator being hidden by the F band. 
Further, it has been believed that there are two nega- 
tive-ion vacancies associated with this center. Then, 
the number of vacancy pairs v introduced into the 
crystal to make these centers should very closely be 


v=0.90X 10"%a (1+ 1.158) f-, 


since the contribution of the 450 band is quite small. 
In the previous paper,! it was assumed that the volume 
of the crystal pre-empted by these vacant lattice sites 
was the same as if they were normally occupied; i.e., 
that the dilatation was given by an expression of the 
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following kind (the numerical values may differ slightly 
here) : 

6=1.5X 10~“a (141.158) f, (10) 
since there are 6X 10” lattice sites/cm*. In this previous 
work a459 Was measured, 6! was assumed to be 10, and 
f unity; and good agreement of the dilatation (deter- 
mined from the birefringence assuming plane stress and 
strain) with that calculated was obtained at the end 
of the deuteron range, but not at the beginning where 
the observed dilatation was considerably, perhaps 
twice, as great as that calculated. From the present 
work it is evident that @ is not constant along the range 
and can indeed vary by the factor needed to make 
agreement along the whole range equally satisfactory. 
The approximate values of the local absorption coeffi- 
cients could be estimated for some of the specimens 
described here from the data which are given; and the 
calculated dilatation agreed with the birefringence- 
measured dilatation, being apparently randomly greater 
or smaller within about 20%. The results of the direct 
measurement of the expansion are in similar agreement 
with that obtained from the birefringence. The accumu- 
lated errors of the various determinations are at least 
this great. 

Some of the experimental ratios which were deter- 
mined afford, in addition to the kind of comparison 
with theoretical estimates made above, a comparison 
of the relative effects of the F band and the 450 band. 
The displacement of the zero-order fringe as a result 
of the irradiation is (2/A)DAN orders and the nearly- 
achromatic fringe is displaced a further 2D(dAN/d)) 
=2DAD orders. The ratio of the displacements is then 


No AN 


Not+Ne AN+AAD 


where A is the wavelength at which the index of re- 
fraction is measured, 546 mu. Then from Eqs. (8)—(10) 
there is obtained, if f is taken as unity, 





No 


NotNa 
3.85(1+2.30) —0.72(1+1.156) 


~ 3.85(1-+2.30) —0.72(1+1.150)-+1.33(1+10.76)’ 


which is quite insensitive to reasonable values for /. 
The function varies from 0.36 to 0.70 over the range 
@- varying from 0 to ~, and for the values of @~ of 
interest here, 7.5 to 25, it is in the range 0.57 to 0.65, 
thus justifying the use of 0.6 for all the specimens as 
determined above for specimen 949-III. For this 
specimen 6! had the value 13 and the function is thus 
0.605. Thus the agreement seems to be excellent. 
Unfortunately, in the highly irradiated specimens there 
enters an experimental error in determining the nearly- 
achromatic fringe, and this is discussed below. 

The other ratio determined experimentally was that 
of the dilatation to the birefringence as shown in Fig. 4. 
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From Eqs. (8) and (10), 
5 1.5(1+1.156) f— 


AN 3.85(1+2.38)—0.72(1-+1.150) f 





If f is assumed unity, this function is 0.21 for @"=0 
and increases as #~ increases, approaching 0.48 asymp- 
totically as @-'— «; over the range of interest of 6 
it varies from 0.4 to 0.46. The experimental ratios for 
the electron-irradiated specimens shown in Fig. 4(b) 
are a little greater than 3. This could be explained by 
an oscillator strength a little less than unity, but the 
experimental data cannot be considered precise enough 
to reach such a conclusion. No corrections have been 
made for variations in thickness for the AN data (about 
2% in AN) nor for original birefringence in the speci- 
men. The latter is especially important here because of 
the small effect measured. The appearance of the experi- 
mental ratio for each of the deuteron-irradiated 
specimens [Fig. 4(a)] shows the correct behavior 
qualitatively for the changing ratio 6, but the pro- 
gressive change along the range is quantitatively 
greater than predicted. It is not to be explained by the 
bending of the specimens because correcting for bending 
would increase the birefringence at the beginning of 
the range relative to that at the end, i.e., in the wrong 
direction. The large birefringence measured for the 
deuteron-irradiated specimens probably made the 
original birefringence of little importance. However, 
the asymmetric shape of the extinction band would 
have introduced some error in locating it. More serious 
are the interferometric observations by which AN was 
determined. The large index of refraction gradients, 
especially toward the end of the range, distorted the 
wave fronts noticeably and altered the fringe pattern 
shapes somewhat. Further, it is to be noted that the 
experimental ratio 6/AN at the beginning of the range 
increases for the successively longer irradiations in 
opposition to that predicted, the value of AN becoming 
too low in comparison to 6. For these specimens, the 
values of AN at the beginning of the range were ob- 
tained from the displacement of the nearly-achromatic 
fringe, in the use of which three difficulties appear. 
First, it is usually very difficult to estimate fractional 
order displacements of the nearly-achromatic fringe, 
and thus an error of half an order can always be present. 
Second, as the displacement of the nearly-achromatic 
fringe from the zero-order fringe increases, the nearly- 
achromatic fringe becomes successively less achromatic 
and more difficult to identify. Third, the fringe which 
is judged to be nearly achromatic is quite strongly 
dependent on the color value of the light employed, 
for it depends inversely on the third power of the 
appropriate mean wavelength, and thus the displace- 
ment observed becomes increasingly less than the 
calculated one as the irradiation is extended and 
absorption is introduced at the blue end of the spectrum. 
It is this effect which accounts for the low value of the 
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refractive index change and of the dispersion change 
found experimentally for the gamma-ray-irradiated 
specimen 907, 30% smaller than that calculated from 
Eqs. (8) and (9). 

It is apparent that the results are in good agreement 
with the modified dispersion theory introduced here, 
which assumes that the vacancies are generated during 
irradiation and are stabilized by the trapping of elec- 
trons to form color centers. The assumptions that the 
vacancies pre-empt a volume of the crystal about that 
of an equivalent number of occupied lattice sites and 
that the oscillator strength of the F centers is nearly 
unity, appear to be correct within the estimated pre- 
cision of the work, about 20%. The results lend addi- 
tional confirmation to the dispersion theory first intro- 
duced into the subject by Smakula® and modified 
somewhat here, and about which some question has 
recently been raised.’ The advantage of also measuring 
the real part of the complex refractivity which was done 
here, is that it is sensitive to the whole spectrum of 
effects which take place in the crystal, whereas the 
imaginary part of the refractivity which has been used 
exclusively in the past investigations is sensitive only 
to particular oscillators under investigation. Although 
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the relative precision obtained here was low, it is quite 
evident that there are no important contributions to 
the effects from oscillators outside of the range of the 
instruments used other than those that are summed 
by considering the refractivity changes in the “base 
material,” nor from very broad bands of small absorp- 
tion coefficient within the wavelength range of the 
instruments. Since unknown effects were being in- 
vestigated, the experiments were not designed to obtain 
specific information, but rather to elucidate the 
phenomena. It should now be possible to design 
experiments which would give specific information 
about the relationship of the number of centers to the 
dilatation and the absorption, and to the refractivity 
changes in the rest of the crystal, the “base material.” 
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Specific Heat of Gallium and Zinc in the Normal and Superconducting States*t 
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By using a He’ cryostat the specific heat of gallium has been measured between 0.35°K and 4.3°K, and 
that of zinc between 0.42°K and 4.2°K. Measurements on Ga in the normal state indicate that the coefficient 
of the electronic specific heat, y, is 0.601 millijoule/mole (°K)? while the Debye characteristic temperature 
6 at O°K is 317°K. For Zn, y=0.640 millijoule/mole (°K)?; 6=309°K. The electronic specific heat in the 
superconducting state, C,s, for both metals for T well below the transition temperature, 7, can be represented 
by the expression C,,=ayT.e*? 7, For Ga, T-=1.087°K, a=7.0, and b=1.35. The zinc sample measured 
has a broad transition, 7, taken as 0.852°K. Also for Zn, a2=6.4 and b=1.27. The magnetic threshold field 
curves are calculated from these specific heat results. The critical field at O°K for Ga is 59.4 gauss and for 


Zn, 53.4 gauss. 


In comparing these measurements with the calorimetric results of other superconductors a definite vari- 
ation is noted in the parameters a, 6, (Ces—Cen)/yTe at T-, and y72/V mH *. There appears to be a cor- 
relation between the magnitudes of these quantities and the transition temperature. 


INTRODUCTION 


N the past few years a great deal of evidence has been 
presented in support of the idea that in the super- 
conducting state there exists an energy gap in the 
single electron energy spectrum. One of the first experi- 
ments of this kind was the measurement by Corak e¢ al.' 
* This work was supported in part by a Signal Corps contract. 
t This paper is based partly on a thesis submitted by George 
M. Seidel to the Faculty of Purdue University in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy. 
1 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 96, 
1442 (1954); 102, 656 (1956). 


of the specific heat of vanadium. They found that in the 
temperature region 7<0.77, (7. being the transition 
temperature), the electronic specific heat in the super- 
conducting state could be represented by an equation 
of the form 


(1) 


where y is the coefficient of the electronic specific heat 
in the normal state. They also suggested that there may, 
indeed, be a law of corresponding states for super- 
conductors in which case the constants a and 6 would 
be the same for all superconductors. For vanadium and 


Ca = oF iF bP el t 
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for tin? the values found for these constants are a= 9.2 
and 6=1.50. When analyzed for an exponential tem- 
perature dependence, the data on the specific heat of 
other superconductors,* niobium,‘ —tantalum,®7 
indium, and thallium,’ can also be fitted within experi- 
mental error by the same constants. However, the 
results on aluminum." are quite different, the best 
values of the constants being a=7.6 and 6=1.32, and 
it appears that the law of corresponding states is of only 
approximate validity. The question then arises: Do the 
values of the constants for other superconductors show 
a similar variation, and if so does there appear to be 
any regularity in the variation? 

Many of the measurements mentioned above suffer 
from the fact that the lattice contribution is a major 
fraction of the total specific heat, thus making it difficult 
to obtain the electronic specific heat with sufficient 
accuracy. To avoid this difficulty, gallium and zinc 
were selected for investigation as the lattice specific 
heat of these metals is only a small part of the total 
specific heat in the superconducting state. However, 
since both Ga and Zn have low transition temperatures, 
only relatively low values of T/T can be obtained with 
the present apparatus. 

The theory of superconductivity recently proposed 
by Bardeen, Cooper, and Schrieffer” leads to an energy 
gap model of the superconducting state in agreement 
with many different types of experiments. One conse- 


quence of the energy gap is that for T well below 7, the 
electronic specific heat is given by Eq. (1). The theory 
also predicts a law of corresponding states with a=8.5 
and b= 1.44, values in quite reasonable agreement with 
experiment considering the approximations made in 
the theory. 


EXPERIMENTAL 


Temperatures down to 0.3°K are obtained in a 
cryostat employing a bath of liquid He’ as a coolant. 
Since the cryostat is described in detail in a previous 
paper,” only a few points of particular interest need to 
be mentioned here. 

The temperature dependence of a carbon resistance 

: W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
(1956). 

3 For an extensive discussion of these previous specific heat 
measurements see the recent review article by Biondi, Forrester, 
Garfunkel, and Satterthwaite, Revs. Modern Phys. 30, 1109 
(1958). 

4 Brown, Zemansky, and Boorse, Phys. Rev. 92, 52 (1953). 

5 Chou, White, and Johnston, Phys. Rev. 109, 788 (1958). 

6 Worley, Zemansky, and Boorse, Phys. Rev. 99, 447 (1955). 

7 White, Chou, and Johnston, Phys. Rev. 109, 797 (1958). 

8 J. R. Clement and E. H. Quinnell, Phys. Rev. 92, 258 (1953). 

9]. L. Snider and J. Nicol, Phys. Rev. 105, 1242 (1957). 

1B. B. Goodman, Conference de Physique des Basses 
Temperatures, Paris, 1955 (Centre National de la Recherche 
Scientifique, and UNESCO, Paris, 1956). _ ’ 

uN. E. Phillips, Proceedings of the Fifth International Con- 
ference of Low-Temperature Physics and Chemistry, Madison, 
Wisconsin, 1957 (University of Wisconsin Press, Madison, 
Wisconsin, 1958). . 

12 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

13 G. Seidel and P. H. Keesom, Rev. Sci. Instr. 29, 606 (1958). 
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thermometer attached to the sample is determined in 
different ways depending on the temperature range. 
Above 1°K the temperature is determined from the 
vapor pressure of He* (755 scale). The He* vapor 
pressure measurements of Sydoriak and Roberts" 
(based, in turn, on the 7'55~ scale) are used for cali- 
bration between 0.5°K and 1.0°K. Below 0.5°K the 
susceptibility of a paramagnetic salt is relied on for 
temperature calibration. 

The carbon thermometer used in these measurements 
is a 0.1-watt, nominal 10-ohm, Allen Bradley resistor 
which has a remarkable sensitivity below 1°K. At 
1.0°K the resistance is 400 ohms while at 0.30°K the 
resistance is approximately 60 000 ohms. 

On the average, 40 calibration points are taken in the 
course of each heat capacity experiment, 20 points 
above and 20 below 1°K. For convenience in handling 
the calculations the resistance R versus temperature T 
curve is broken up into two sections, one from 0.3°K 
to 1.3°K and the other, slightly overlapping the first, 
from 1.0°K to 4.2°K. Each section is then fitted by 
digital computer with the best curve in the least- 


TABLE I. Specific heat of zinc, in millijoules/mole (°K). 


Cc T (°K) Cc T (°K) Cc 
Before heat 
treatment 

3.295 4.57 

3.541 5.40 

3.756 6.02 

3.847 6.29 

3.940 6.94 

4.043 7.31 

4.145 7.80 

4.239 8.19 


After heat 
treatment 
0.7331 0.964 
0.7450 0.997 
0.7566 1.033 
0.7866 1.102 
0.7981 1.136 
0.8196 = 1.195 
0.8244 1.214 
0.8352 1.227 
0.8463 1.136 
0.8521 0.967 
0.8689 0.648 
0.8761 0.632 
0.8946 0.639 
0.9104 0.646 
0.9405 0.670 
2.054 1.881 
2.078 1.917 
2.099 1.953 
2.506 
2.548 
2.606 
2.678 
3.270 
3.364 
3.452 
3.851 
3.973 


Before heat 
treatment 
0.7952 1.138 
0.8063 1.160 
0.8064 1.157 
0.8187 1.210 
0.8232 1.201 
0.8306 1.227 
0.8396 1.221 
0.8432 1.170 
0.8492 1.027 
0.8591 0.749 
0.8627 0.748 
0.8735 0.639 
0.8891 0.632 
0.8892 0.630 
0.9053 0.630 
0.9183 
0.9462 
0.9723 
0.9915 
1,079 
1.141 
1.195 
1.288 
1.331 
1.370 
1.563 
1.577 
1.873 
1.897 
2.322 
2.352 
2.794 


Before heat 

treatment 
0.4207 = 0.277 
0.4236 0.279 
0.4253 0.285 
0.4279 0.288 
0.4365 0.302 
0.4458 0.317 
0.4654 0.352 
0.4735 = 0.366 
0.4816 0.380 
0.4900 0.396 
0.4970 0.408 
0.5163 0.451 
0.5278 0.473 
0.5387 0.499 
0.5474 0.515 
0.5556 0.526 
0.5651 0.550 
0.5762 ~=0..581 
0.5982 0.619 
0.6087 0.655 
0.6191 0.674 
0.6393 0.721 
0.6537. =—-0..752 
0.6672 0.797 
0.6809 0.820 
0.6938 0.859 
0.7047 =—-0..885 
0.7168 0.926 
0.7283 0.940 
0.7389 §=©0.981 
0.7440 ~—-:1.001 
0.7579 ~=1.022 
0.7712 ~=1.071 
0.7826 =: 11.108 
0.7851 1.110 
0.7948 
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4S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175 (1957). 
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squares sense of the form 


(logR)/T = ao+a, logR+a,(logR)*+<a3(logR)* 
+a,(logR)*. (2) 


Deviations of the individual points from the computed 
curves are at most 0.003°K at 4.2°K, 0.001°K, at 1°K, 
and 0.0004°K at 0.5°K. 

The heat capacity measurements are performed in 
the usual manner, by observing the resistance change 
of the thermometer while adding a known pulse of heat 
to the sample. From these raw data the calculations of 
the temperature and the specific heat of the sample are 
all performed by computer. The heat capacity of the 
addenda (thermometer, heater wire and adhesive) is 
estimated to be less than 0.3% of the total heat capacity 
of either the gallium or zinc sample used, and is ac- 
counted for in the calculations. 

Although a temperature of 0.3°K can be obtained 
with this He* cryostat, the specific heat measurements 
on zinc extend only down to 0.42°K and on gallium 
only to 0.35°K. Because of the degree of thermal 
isolation of the sample required for reliable heat 
capacity measurements, the small amount of heat 
developed in the thermometer (approximately 0.1 
erg/sec) is sufficient to keep the sample considerably 
above the temperature of its surroundings. 

To remove the possibility of the earth’s magnetic 
field affecting the measurements on the superconducting 
state, one of the vacuum cans surrounding the sample 
is coated with a layer of normal solder (50% lead, 50% 


TABLE II. Specific heat of gallium, in millijoules/mole (°K). 


T (°K) c 
0.6745 0.560 
0.6902 0.592 
0.6965 0.606 
0.7215 0.661 
0.7366 0.697 
0.7565 = 0.741 
0.7631 0.758 
0.7882 0.821 
0.8411 0.937 
0.8522 
0.8616 
0.8867 
0.9015 
0.9259 
0.9615 
0.9769 
1.012 
1.028 
1.041 
1.052 
1.056 
1.061 
1.070 
1.074 
1.091 


T (°K) Cc 
0.3532 0.0734 
0.3535 0.0744 
0.3567 


0.0761 
0.3601 0.0801 
0.3712 0.0914 
0.3750 0.0957 
0.3926 0.1108 
0.3997. 0.1203 
0.4030 0.1221 
0.4057 0.1257 
0.4204 = 0.1403 
0.4363 0.1673 
0.4387 0.1659 
0.4450 0.1726 
0.4657 0.202 
0.4690 0.204 
0.4821 0.221 
0.4855 0.228 
0.4886 0.232 
0.5103 0.262 
0.5138 0.266 
0.5370 0.302 
0.5402 0.310 
0.5434 0.310 
0.5723 0.634 
0.5753 0.365 
0.6028 0.420 
0.6064 
0.6268 
0.6357 
0.6559 
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Fic. 1. C/T vs T*. Specific heat of gallium in the normal 
and superconducting states. 


tin). This solder becomes superconducting somewhere 
above 4.2°K thus completely eliminating any magnetic 
field inside the can in the temperature range of these 
measurements. 

The gallium sample used is a 250-gram ingot obtained 
from Eagle-Picher Company and has a stated minimum 
purity of 99.999%. The zinc, weighing 200 grams, also 
has a stated purity of 99.999% and was obtained from 
American Smelting and Refining Company. Since the 
superconducting transition was not very sharp for zinc 
(discussed below), an attempt was made to anneal the 
sample. The sample was maintained at 340°C for 40 
hours and then returned to room temperature in 60 
hours. 

The results are given in Tables I and II. 


RESULTS AND DISCUSSION 
(a) Normal State 


As can be seen in Figs. 1 and 2 where C/T is plotted 
against 7°, the specific heat of both gallium and zinc 
in the normal state is not expressible simply as 
C=yT+aT*. This means, in effect, that the lattice 
specific heat is not proportional to 7* at these low 
temperatures where one would normally expect this to 
be the case. Consequently, the data are fitted by the 
best curve in the least-squares sense of the form 


C,=yT+aT*+86T*. (3) 


The first term on the right-hand side of this equation 
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Fic. 2. C/T vs T*. Specific heat of zinc in the normal 
and superconducting states. 


is assumed to be the electronic specific heat, C,,, while 
the last two terms together are taken as an empirical 
expression for the lattice specific heat, C,, below 4.2°K. 
(The 7* term is included in the lattice specific heat at 
low temperatures when the 7* term is insufficient alone 
since the density of normal lattice vibrations, g(v), at 
the low end of the frequency spectrum can be expressed 
as g(v)=ar’+br'+ ---. Thus Cr=al*+pT*+ ses.) 

The values found for the coefficients of Eq. (3) 
together with 70% confidence level limits are given in 
Table III. The large limits for zinc reflect the fact that 
the scatter of the results on zinc above 3°K is, for some 
inexplicable reason, larger than normally obtained. 
Nonetheless, these measurements are sufficiently ac- 
curate for the purpose, namely, to obtain a reasonable 
estimate of the lattice specific heat in the super- 
conducting state. The limits on the coefficients account 
for all the random error in the experiment but, of course, 
do not include any systematic error of measurement. A 
possible systematic error of significance could arise 
from inaccuracies in the temperature scale and in 
fitting the R vs T curve as is done by Eq. (2). But since 
it is felt that these errors should be no larger than 0.5%, 
they are not included in the limits of error. 

For comparison, the results of this work are expressed 
in terms of the Debye characteristic temperature 6 and 
listed in Table IV along with previous measurements 


TABLE III. Specific heat of Ga and Zn in the normal state. 
Coefficients of the equation C,=y7T+a7*+,T*. 





¥ a 8 
millijoules millijoules ( millijoules ) 
(= <A) (~— =n) mole (°K)¢ 
0.0608+-0.0008 0.00092 +-0.00004 
0.0660+0.0025 0.00039-+0.00014 





0.601+0.003 
0.640+0.008 








performed in the liquid helium temperature region. As 
can be seen from the table, these results on zinc agree 
reasonably well with the previous measurements, the 
differences being within the combined experimental 
errors. Unfortunately, nothing can be said concerning 
the disagreement in the value of y of gallium as Wolcott 
in his short abstract gives no information upon which 
to judge the accuracy of his work. 


(b) Superconducting State 


Before discussing the results of the specific heat 
measurements on the superconducting state, it should 
be pointed out that the measurements on gallium are 
more satisfactory than those made on zinc. This is not 
due to inaccuracies in the zinc measurements but is 
due rather to the following: (1) Considerably lower 
values of reduced temperature, ‘= 7/7, were obtained 
for Ga than for Zn, a fact that makes the analysis of 
the exponential temperature dependence of the elec- 
tronic specific heat much more certain. And (2) the 


TABLE IV. Specific heat of Ga and Zn in the normal state expressed 
in terms of the Debye characteristic temperature 0. 


6 (0°K) @ (4°K) 
°K) (°K) 


i 
( millijoules ) ( 
mole (°K)? 

0.601 317 295 
Wolcott* 0.75 333 

Zn: This work 0.640 309 300 
Smith? 306 300 
Silvidi and Daunt* 0.66 296 296 
Keesom and Van den Ende® 0.65 321 321 


Ga: This work 


* N. M. Wolcott, Bull. Am. Phys. Soc. Ser. II, 1, 289 (1956). 

» P. L. Smith, Phil. Mag. 46, 744 (1955). 

© Data recalculated by P. H. Keesom and N. Pearlman, Handbuch der 
Physik, edited by S. Flugge (Springer-Verlag, Berlin, 1956), Vol. 14. 


transition from the normal to the superconducting state 
is much sharper for Ga than for Zn. As can be seen from 
the data listed in Table I, on decreasing the temperature 
the specific heat of the zinc sample begins rising at 
0.90°K but does not reach a maximum until approxi- 
mately 0.84°K. The attempt to anneal the sample, 
described in the foregoing, did not change this broad 
transition whatsoever. While the temperature of the 
onset of the superconducting transition is in good 
agreement with the value of 0.905°K found by Goodman 
and Mendoza," 7, was chosen as 0.852°K for this 
sample. This is the temperature at which the specific 
heat is the average of the maximum value in the super- 
conducting state and the minimum value in the normal 
state. 

The gallium sample, on the other hand, has an 
extremely sharp transition. The transition is complete, 
as far as these measurements can tell, in at least 
0.006°K, between 1.084°K and 1.090°K. Thus 7, is 
assumed to be 1.087°K for this sample, a value slightly 
lower than the 1.103°K reported by Goodman and 


16 B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1951). 
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Mendoza." (It will be noted that in Table II there is a 
point which has an average temperature of 1.091°K 
but has a large heat capacity. This is due to the fact 
that while the average temperature of the point is 
above 7, the temperature before the heat pulse was 
added is below 7,.) 

To determine the electronic specific heat in the super- 
conducting state, C,,, the lattice specific heat, Cz, 
deduced from the measurements on the normal state 
above the transition er a is subtracted from 
the total specific heat, C,; ie., Ces=C,—Cx. Since Cr 
is at most 5% of C, for both Ga and Zn in the tempera- 
ture range measured, the accuracy of C,, is essentially 
that of C,. When C,, is plotted as indicated in Fig. 3, 
the measurements on Zn for 7./T>1.6 and those on 
Ga for T,/T>1.9 can be seen to satisfy the equation 


(1’) 


Cu =oyT ett. 
The values found for the constants a and b for Ga and 
Zn are listed in Table V along with reliable values found 
for other superconductors. For comparison, the pre- 
dictions of the theory of Bardeen, Cooper, and Schrieffer 
(BCS) are also tabulated. While the results for Ga and 
Zn are in reasonable agreement with the measurements 
of Phillips on Al, the differences in the constants appear 
to be outside experimental error. Of greater significance, 
however, is the larger difference between the values of 
the constants for Al, Ga, and Zn and those found for 
other superconductors. Therefore, there can be no 
doubt that the law of corresponding states does not 
hold exactly in its present statement. 

To check the accuracy of these measurements, the 
electronic entropy in the normal state, S,,, and in the 
superconducting state, S,,, are derived from the specific 


TABLE V. 


y 


millijoule 8 
(- T. Ho 
mole (° K)? 


@ (O0°K) 
(°K) 
28.7 
53.4 
59.4 
104 


0.71 
0.640 
0.601 
1.36 
2.8 ? 


300 
309 
317 
420 

88 
109 
Sn* 195 
Ta> 255 
Vi 338 
Pbi 95 
Nb* 320 
BCS! 


Cd» 
Zn° 
Ga* 
Al? 
Tle 
In! 278 
303 
780 
1310 


1944 


superconductors, e.g., Nb. In almost all cases the quantities (Ces —Cen) 


> See reference 16. Since the transition found by Samoilov is rather broad, 


¢ This work. 
4 See references 10 and 11. 
© See reference 9, Also, W. 
f See reference 8. 
® See reference 2. 
b See reference 7. 
' See reference 1, 
iJ, R. Clement and E, H. Quinnell, Phys. Rev. 85, 502 (1952); 
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Fic. 3. C.,/yT, vs T/T. Triangles—zinc. Circles—gallium. To 
avoid confusion only representative points are indicated for low 
values of T/T. 
heat data. Since S= fo7(C/T)dT, has Sen=yT- 
S-. is obtained by graphically integrating the smoothed 
C,,/T vs T curve which is extrapolated to T=0°K in 
accordance with Eq. (1) using the appropriate constants 
listed in Table V. It follows that (S.n—Ses)/Sen 
evaluated at 7, is less than +0,4%, in good agreement 
with the fact that in the absence of a magnetic field the 
superconducting transition is not of the first order. 
This check does not imply, however, that C,, necessarily 
decreases to zero according to Eq. (1). Serious devi- 


one 


ations from this equation could exist at temperatures 


lower than those measured without appreciably 


affecting the entropy. 


Tabulation of thermodynamic data determined from calorimetric measurements. * 


( yT?2 
=] 
0.19 
0.177 
0.170 
0.18 


mS 


0.176 
0.159 
0.167 
0.164 


ARDS wD | 


Nm bh. 


- Da 


0.159 
0.170 
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4 
tN 


1.44 


® The values of 7. and Ho may differ somewhat from those anited by other — since calorimetric and magnetic results are in variance for some 
yTe|re and y7 
Te is re-estimated in the manner used for zinc in this work. 


‘2@/VmHo? are our calculations from the original data. 


i both these references are preliminary reports we can expect better results on Al in the near future. 
. Keesom and J. A. Kok, Physica 1, 175, 503, 595 (1934). 


Malakker, and Daunt, Phys. Rev. 88, 1182 (1952). 


* See reference 5. In view of the inaccuracies in this measurement, we feel that the quoted deviations for Nb of Ce. from an exponential dependence on 


1/T at high 7./T (see Fig. 6 of reference 7) are not significant. 
| See reference 12. 
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critical fields from quadratic temperature dependence. The curve 
for vanadium is taken from reference 1. The curve for tin is taken 
from reference 2. 











The magnetic threshold field curve is determined 
for these superconductors by graphically integrating 
the expression 


Te 
H2=(89/Vm) f (Sen—Ses)dT, (4) 
- 


where V,, is the molar volume. To illustrate the tem- 
perature dependence of the resulting .critical field, the 
quantity [1—(7/T.)*—H-./Ho] is plotted against 
(T/T. in Fig. 4. This quantity is a measure of the 
deviation of the critical field from a quadratic tem- 
perture dependence 


H.=Hd1—(T/T.)*], (5) 


H, being the critical field at 0°K. While the magnitudes 
of the deviations are somewhat larger, the general shape 
of the curves for Ga and Zn in Fig. 4 is quite similar 
to that found for many other superconductors. 

The only extensive magnetic measurements on 
gallium and zinc are those of Goodman and Mendoza" 
who found that, to the accuracy of their data, the 
critical field of both metals could be represented by a 
quadratic temperature dependence, Eq. (5). For Zn 
they obtained Hop=52.5 gauss whereas we find 53.4 
gauss, values in good agreement. However, for Ga they 
obtained H»o=50.3 gauss while these measurements 
yield 59.4 gauss. This-large discrepancy is likely due, 
in part, to the fact that Goodman and Mendoza 
extrapolate H, to 0°K by using a quadratic temperature 
dependence. It is, nonetheless, surprising that the 
discrepancy in H» for Ga is so large since the calorimetric 
determinations of H» for Zn, Cd,'* and Al " agree quite 


16 B. N. Samoilov, Doklady Akad. Nauk S.S.S.R. 86, 281 (1952). 
Also see J. R. Clement, Phys. Rev. 92, 1578 (1953). 


AND P. H. KEESOM 


well with the magnetic values obtained for these metals 
by Goodman and Mendoza. 

The data on the superconductors listed in Table V 
for comparison with these measurements on gallium 
and zinc are the results of calorimetric determinations 
only. Magnetic measurements of the critical field curve 
are, for the most part, of insufficient accuracy to be of 
use in this comparison. 

The quantities (Cy,—Cen)/y7-\7- and y72/V»Hé 
are tabulated for reference to the BCS theory. In terms 
of this theory (C.,—C.n)/yT-|7- is a measure of the 
rate of change of the size of the energy gap with 
temperature at 7,, and y7T2/V,,H@¢ is primarily de- 
pendent upon the size of the gap at absolute zero. 
While the theory in its present form predicts that these 
quantities should be the same for all superconductors 
(law of corresponding states), this is definitely not the 
case. In fact, there appears to exist a tendency for a, 6, 
and (C,.—Cen)/yT | 7. to increase and for y72/V,,H¢ 
to decrease with increasing transition temperature. 
Although these trends are not without deviation, there 
seems to be a correlation between the transition 
temperature and these various parameters. 

The explanation of these variations is not immedi- 
ately obvious. The simplest picture one can construct 
does not appear to be adequate ; namely, to assume that 
the energy gap expressed in units of k7, is not a 
universal function as predicted by BCS. Using the 
experimentally determined variation of y72/V,iH¢ 
and the expression for this quantity given by the BCS 
theory, a dependence of the energy gap at 0°K on 7, 
can then be calculated. The resulting variation of a 
and 6 with 7., while having the correct sign, is much 
smaller than that observed. 

Perhaps a more serious concern, however, is the 
following. While the majority of specific heat measure- 
ments on superconductors, including these on Ga and 
Zn, indicate that C,, is exponentially dependent on 
1/T for T well below 7,, there exists some experimental 
evidence that this may not be the case for large values 
of T/T. The measurements of Goodman" on aluminum 
and of both Goodman" and Zavaritskii'* on tin indicate 
that C,, does not obey a simple 1/7 exponential 
dependence. But as Biondi ef al.’ carefully point out, 
these measurements for various reasons lack the 
precision necessary to make the results convincing. 
The answer to the question—what really is the correct 
temperature dependence of C,,—may have to await 
further experimental evidence. 
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The ranges of protons of 1 to 6 Mev in Al have been determined experimentally. Combining these results 
with earlier experimental data, the range can be represented by the following analytic functions: for 
1<E<2.7 Mev, R=3.837E!*8: for 2.7<E<20 Mev, R=2.837E?/(0.68+logio£), with E in Mev and R 
in mg/cm?, A tentative comparison with the theory of stopping power was made. The neutron thresholds 


for proton bombardment of C™, F, and Na® were obtained as an incidental result. 


I. INTRODUCTION 


RANGE-ENERGY table for protons from 1 to 

20 Mev in Al was obtained from the results of 
experimental range measurements at Princeton.' The 
region from 1 to 6 Mev had to be covered by extrapola- 
tion with the aid of the theory of stopping power,’ 
which requires the knowledge of the shell corrections 
cx and c,. Both of these corrections have been derived 
theoretically by Walske,’ but the ZL-shell corrections 
are reliable only for elements with Z>30. In view of 
this situation it seems desirable to actually measure 
proton ranges at low energies, and this in turn would 
allow a determination of the L-shell corrections, which 
are largest at these energies. The Rice Institute electro- 
static generator covers the desired energy region, and 
the analyzing magnet allows the accurate determination 
of proton energies. The close spacing of experimental 
measurements makes possible an accurate analytic 
representation of the results. Difficulties in the evalua- 
tion of multiple scattering allow only a preliminary 
comparison with Bethe’s theory.’ 


Il. MEASUREMENTS 
Range and Line-Up 


For the range measurements the Princeton counter 
was available,’ and the methods used were the same as 
described in the earlier paper.' Great care was taken in 
the machining of the relatively thin foils. A more 
accurate, automatic balance’ was available. for the 
weighing of the foils and an accuracy of +0.03 mg was 
achieved. Estimates of the errors in the surface densities 
will be given later on. 

The procedure for the line-up of the counter with 
respect to the proton beam was greatly simplified 

+ Supported in part by the U. S. Atomic Energy Commission. 
A preliminary report was given in Bull. Am. Phys. Soc. Ser. II, 2, 
15 (1957). 

* Now at the University of Washington, Seattle, Washington. 

1 Bichsel, Mozley, and Aron, Phys. Rev. 105, 1788 (1957). 

2 See e.g. E. Segre, Experimental Nuclear Physics (John Wiley 
and Sons, Inc., New York, 1952), Vol. I, Part 2. 

3M. C. Walske, Phys. Rev. 88, 1283 (1952), and 101, 940 


(1956). 
‘IT am grateful to Princeton University for the loan of the 


equipment. 
5 Distributed by Mettler Instrument Corporation, Hightstown, 


New Jersey. 


through the adjustable regulating slits of the beam- 
analyzing system of the accelerator: the slits were kept 
wider than the entrance hole of the counter (2 mm in 
diameter). Then the shadow of the entrance hole would 
be observed on a quartz plate at the wall of the last 
counter through a hole of 3-mm diameter, concentric 
with the counter axis. The counter axis was moved 
until the shadow of the entrance hole was concentric 
with the hole at the back end of the counter. Then the 
regulating slits were closed to approximately 1 mm”. 
It was necessary to remove stopping foil and entrance 
foil of the counter for this line up. 


Energy 


The analyzing magnet of the accelerator deflects the 
proton beam by 90°. Through the use of two slits about 
1 mm wide both before and after the magnet a well- 
defined proton energy was obtained. For the calibration 
of the magnet the proton beam was directed upon a 
lithium target. The threshold for the Li’(p,) reaction 
(at 1.8810 Mev) was then determined in terms of the 
magnetic field at a point near the proton path.® The 
field was measured with a proton magnetic resonance 
probe. In order to eliminate hysteresis effects of the 
iron, care was taken to always approach the threshold 
from low proton energies, and the magnet was always 
brought close to saturation (18 000 gauss) before the 
current was turned off. 

In principle it would be possible to determine other 
proton energies from the relation’ 

E 


2 


1+E/2M?2 
where £ is the kinetic energy of the particle, Mc? its 
rest energy, f the Larmor frequency of the proton in 
the magnetic field, and & a constant. Saturation effects 
will tend to reduce & for higher fields. To determine the 
magnitude of this effect k was measured for the Li(p,7) 
threshold mentioned above and then at about twice the 
frequency for the same threshold, measured by bom- 


6 Bonner, Kraus, Marion, and Schiffer, Phys. Rev. 102, 1348 
(1956). 

7 Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 
(1955). 


1393 


1089 





HANS BICHSEL 


TABLE I. Neutron thresholds (Mev). 


Kington et al. 


3.236+0.006 
4.240+0.008 
5.053+0.010 


Reaction 


CB (p,n) 
F (p,m) 
Na®* (p,n) 


Present data 


~ 3.241-4.0.006 
4.242+0.005 
5.051-+£0.006 





bardment with a molecular beam HH?*. The ratio of 
the two constants was 1.0042. A linear interpolation 
was used to obtain & for other energies between 1.88 
and 7.5 Mev; and below 1.88 Mev & was assumed to 
be constant. As a control for the interpolation the 
thresholds for the following reactions were determined: 
C¥(p,m), F%(p,n), and Na*(p,n). Table I shows a 
comparison with the results of Kington ef al.? 

While for the present measurement new Li and Na 
targets were prepared for each run by evaporation in 
place and new F® targets were used, the C" targets 
had been used before, and therefore may have been 
covered with pump oil, requiring a somewhat higher 
proton energy. The errors in the thresholds were esti- 
mated to be smaller than Kington’s because the satura- 
tion effects were smaller. 

For the range measurements it was necessary to 
decrease the proton beam current considerably. This 
was achieved by putting a thin Al foil (~2 mg cm”) 
before the first slit of the analyzing system. It was then 
necessary to regulate the Van de Graaff voltage manu- 
ally. Elastic deformations of the slit system upon 
interchange of lithium target and range counter were 
checked with dial gauges and, if necessary, corrected. 

Ill. EXPERIMENTAL RESULTS 

The transmission curves obtained for the present 
experiment are similar to the ones obtained at Prince- 
ton. The energy for which 50% transmission is achieved 
is used as the energy belonging to the mean range given 
by the thickness of stopping material. Maximum 
transmissions between 98% and 99% were reached 
except for proton energies below 2 Mev. Multiple 
scattering in the entrance foil became important there. 
A total of 16 runs of range measurements were made. In 
each of the first eight runs, at least one of the threshold 
measurements mentioned above was made together with 
measurements in the 2-, 3-, 4-, and 5-Mev Al foils. 
Later on these measurements were used as standards 
for the energy calibration of all the other foils. The 
energies corresponding to the 50% transmission point 
for these four foils were reproduced to +0.06% rms. 

An accurate experimental determination of the effects 
of the counter filling was necessary, because its con- 
tribution to the energy loss was relatively large (about 
10% at 1 Mev, about 1% at 5 Mev). The counter was 
filled with pressures of 25, 50, 100, 150, and 200 torr 
(=mm Hg) of argon at several different proton energies. 
For each pressure the energy for 50% transmission was 
determined, then the energy for 0 pressure was found 
through extrapolation. 


The energies thus determined agreed within the 
experimental error of about 4 kev with the calculated 
energies, using the known stopping power of argon, 
and the thickness of the counter; except for proton 
energies below 2 Mev, where unexplainable differences 
of up to 15 kev appeared. The experimental extrapo- 
lated values have been used in this energy region. For 0 
pressure, the range R (which is equal to the absorber 
thickness) is given by (a) the thickness of the entrance 
foil and (b) the thickness of the stopping foil. 


Entrance Foils 


Commerical, pure aluminum foil of 3.5X10~-in. 
thickness was used for the entrance foils. The average 
surface density of 10 samples measured was 2.37+0.03 
mg cm~*. The homogeneity of the foil thickness could 
not be determined, but the use of a new foil for each 
run should give a fair average for this effect. In addition, 


TABLE II. Experimental results.* 


R* 
(mg cm~*) 

4.66 
6.19 
8.08 
8.28 
10.73 
12.59 
12.59 
18.32 
22.81 
35.74 
52.09 
60.50 
73.05 
226.15 
342.74 
467.31 


* R is the range measured experimentally for a proton of energy E. The 
Princeton values are added as a convenience. No correction for multiple 
scattering is included in R. R* is computed from E with the interpolation 
formulas given in the text. 


a piece of this foil was used as a stopping foil for 
E,=1.13 Mev. It showed less than 0.2% variation in 
thickness over the surface area. 


Stopping Foils 


The 2.1-, 3-, 4-, and 5-Mev foils were weighed three 
times, and their areas measured as often. The other 
foils were measured once or twice. The errors of the 
surface densities are about +0.06 mg cm. The 
homogeneity in the thickness of the foils was measured 
experimentally, and corresponding corrections applied. 
The corrections never exceeded 0.4%. 

The experimental results are given in Table II. The 
error for the range is estimated to be +0.07 mg cm~, 
the error for the energy was produced by (a) absolute 
error in energy due to uncertainty in thresholds, and 
magnet calibration, about +0.12%, and (b) error due 
to pressure extrapolation, about +4 kev. 





EXPERIMENTAL 


IV. EVALUATION 


It is not possible to find one relatively simple analytic 
function for the experimental range covering energies 
between 1 and 20 Mev. 

For 1.13<£,<2.677 Mev a least squares fit for the 
logarithms gives R= 3.837E!" within +0.4%. For 
2.677<E,<18 Mev the experimental ranges can be 
expressed with 


R=2.837E2/ (0.68+logiE), 


within +0.2% except the point at 5.038 Mev (with a 
difference of 0.4%), with E in Mev and R in mg cm~. 
A list of ranges computed from these formulas is 
presented in Table III. It can be used for the determi- 
nation of proton energies from range measurements with 
apparatus similar to the Princeton equipment. For 
comparison the values obtained by Whaling* and Smith® 
are also listed. Whaling’s data are obtained from the 
integration of stopping power values which are based 
on a theoretical extrapolation of experimental values 
measured below 1 Mev. These experiments are accurate 
to only about +5%. Therefore the ranges will show an 
error of about this magnitude. In addition a systematic 
error of several percent is introduced by the neglect of 
the shell corrections in the theoretical formula used. 

Smith uses an J value of 150 ev for his computations. 
It is derived from Wilson’s experiments" which have an 
accuracy of about 2%. Therefore Smith’s calculations 
cannot be expected to be more accurate than 3% 
around 4 Mev. Many of the later tabulations have used 
Smith’s values." 

A comparison of the data with Bethe’s theory’ was 
made. The main difficulty in the evaluation lies in the 
uncertainty of the multiple scattering correction. Pre- 
liminary values for it have been computed; more 
reliable calculations are under way. 

If Walske’s corrections for the K shell* are used, it is 
possible to fit the theory to the experimental data 
corrected for multiple scattering by choosing an J value 

8 W. Whaling, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1958), Vol. 34, p. 208. 

9 J. H. Smith, Phys. Rev. 71, 32 (1947). 

1 R. R. Wilson, Phys. Rev. 60, 749 (1941). 

1M. Rich and R. Madey, University of California, Radiation 


Laboratory, UCRL-2301 (unpublished), may be consulted for 
further references. 
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OF PROTONS IN Al 


TABLE III. Range-energy table for Al.* 


(mg cm~) Whaling Smith 


3.89 3.45 


7.14 6.69 


00 D nim b> 


11.2 
16.1 
21:7 
27.9 
34.9 
51.1 
70.0 
91.5 

{ ; 115 
9 142 
10 168.9+0.2% 1714+5% 
11 199.4 

12 232.2 

13 267.3 

14 304.5 

15 343.9 

16 385.5 

17 429.2 

18 475.0 

19 522.9 

20 572.8 

22 678.9 

24 793.2 

26 915.4 

28 1045.6 

30 1183.7 


wn 
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« R is the experimental range. Smith and Whaling give path length. 


of 164 ev, and using Z-shell corrections which are 
within a factor of two of the corrections suggested by 
Walske. More detailed theoretical considerations will 
be published at a later date. 

Straggling has not been investigated because the 
effects of microscopic scratches on the foils might con- 
tribute considerably to the straggling. No excessive 
straggling was observed though (at E=3 Mev, AR/R 
=2%, at E=1.2 Mev, AR/R=5%). 
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In the Born-Oppenheimer approximation atomic force constants determine the elastic and vibrational 
behavior of crystals for small nuclear displacements. In this paper the first- through third-neighbor force 
constants in the copper crystal are found as the components of the change in force produced on the nuclei 
when in equilibrium positions by the infinitesimal unit displacements of one nucleus. By Feynman’s theorem 
quantum-mechanical forces can be calculated directly from the electronic and nuclear charge distribution 
by Coulomb’s law. The Slater-Koster formalism developed for localized perturbations in crystals is used to 
find the change in conduction electron charge density resulting from the infinitesimal unit displacement of 
a nucleus. Free-electron wave functions are used, and most of the perturbation energy matrix elements are 
neglected. Calculations are made for small crystals with up to 2048 atoms and two different shapes (Born- 
von Karman boundary conditions): First-order perturbation theory gives exact results for atomic force 
constants. An approximate Thomas-Fermi calculation is also carried out for the perturbation in conduction 
electron density and simple approximations of this perturbation are discussed. The ion cores are assumed 
to move nearly rigidly, and their closed-shell repulsion is chosen so that the calculated atomic force constants 
lead to the values of the elastic constants found experimentally. The nine calculated atomic force constants 
are quite different from the values Jacobsen inferred from thermal diffuse x-ray scattering from a copper 


crystal. 





1, INTRODUCTION 


E wish to investigate the dynamical properties of 

metal crystals at the atomic level. From these 
microscopic properties we can not only predict macro- 
scopic elastic and thermal vibration behavior and the 
interaction of the crystal with electromagnetic radia- 
tion but also obtain insight into various types of dis- 
tortion of the perfect lattice. 

In this paper, we develop a method of calculating the 
atomic force constants! of a simple metal independently 
of the elastic constants from the basic properties of the 
crystal. In most of the theoretical literature on thermal 
vibration spectra and specific heats of metals the 
atomic force constants (afc)! are chosen in a semi- 
empirical manner, usually to match the elastic con- 
stants.2 Often somewhat arbitrary assumptions are 
made: e.g., central forces between atoms, or various 
limitations on the type and amount of electronic con- 
tribution to the afc. Since there are but a few elastic 
constants, in this approach the afc between higher order 
neighbors are assumed to be zero. 

The core of our approach is to calculate forces be- 
tween nuclei directly using Feynman’s theorem.’ Other 
papers in which afc in metals have been calculated 


* Based in part upon a thesis submitted to the Massachusetts 
Institute of Technology Physics perpen in 1955 in partial 
fulfillment of the requirements for the Ph.D. degree; supported 
in part by the Office of Naval Research. 

5 address: Graduate School of Industrial Administra- 
tion, Carnegie Institute of Technology, Pittsburgh, Pennsylvania. 

1 Hereafter, “atomic force constants” will often be abbreviated 
as afc. 

2 E.g., J. de Launay, J. Chem. Phys. 21, 1975 (1953); R. Leigh- 
ton, Revs. Modern Phys. 20, 166 (1948); H. B. Rosenstock, 
Phys. Rev. 97, 290 (1955); G. K. Horton and H. Schiff, Phys. 
Rev. 104, 32 (1956). 

3R. P, Feynman, Phys. Rev. 56, 340 (1939). 


directly* have evaluated them as second derivatives of 
the cohesive energy rather than as the ratio of the 
change in forces between nuclei to an infinitesimal 
nuclear displacement. 

Post-war theoretical and experimental developments 
have made it possible both to measure the diffuse 
x-ray scattering from thermal motion in a crystal and 
to infer from the measurements the values of atomic 
force constants. An x-ray investigation of copper by 
Jacobsen® was an important stimulus in undertaking 
the present calculation. 


2. ADIABATIC APPROXIMATION AND 
FEYNMAN’S THEOREM 


We assume the validity for copper of the Born- 
Oppenheimer approximation, according to which nu- 
clear and electronic motions are separable for small 
deviations of the nuclei from an equilibrium con- 
figuration. Specifically, we consider the nuclei to be 
subject to an effective potential energy function which 
is the eigenvalue of the electrons for the nuclei fixed 
in each instantaneous configuration. The electrons are 
taken to remain during nuclear motion in the same 
quantum state, the characteristics of which adapt 
continuously to the shifting of the nuclei. Let us call 
this effective potential U(X,,---,X3n) for the NV nuclei 
at coordinates X;. If we expand U about the equilibrium 
position, the first-order terms must vanish and we have’ 

‘E.g., A. B. Bhatia, Phys. Rev. 97, 363 (1955); W. Brenig, 
Z. Naturforsch. 9A, 560 (1954). 

6H. Cole and B. E. Warren, J. Appl. Phys. 23, 335 (1952); 
R. E. Joynson, Phys. Rev. 94, 851 (1954); H. Curien, Acta Cryst. 
5, 392 (1952). 

6 E. H. Jacobsen, Jr., Phys. Rev. 97, 654 (1955). 

7M. Born and K. Huang [Dynamical Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954), p. 172] show that fifth 
and higher order terms in this expansion are inconsistent with the 


assumption of separability of nuclear and electronic motion, as 
justified by a quantum mechanical perturbation theory expansion. 
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PU (X),--+,Xsy)| 
U(X,,: ’ -,X sn) = Uotd te ee 
t.) OX OX; 


The coefficients of the second-order terms we define as 
our interatomic force constants; they are seen to have 
the appropriate general characteristics. 

We follow the usual treatment of thermal vibrations 
in crystals in which the higher order terms in the above 
expansion are neglected. Then the lattice of atoms 
resembles a large collection of simple harmonic oscilla- 
tors. Its motion can be analyzed in terms of normal 
coordinates, leading to a representation of the vibration 
as a superposition of normal modes of oscillation whose 
frequencies depend on the values of the atomic force 
constants.* By a standard thermodynamical derivation 
the specific heat of the metal as a function of tempera- 
ture can then be found. Such properties as thermal 
expansion cannot, however, be explained by this ‘“‘har- 
monic” approximation.® 

Born and Huang, and Peierls" in recent books have 
denied the legitimacy of the Born-Oppenheimer 
approximation for metals. In the usual derivation by 
perturbation theory the ratio of electronic to nuclear 
mass is used as the expansion parameter, and the 
approximation appears as valid for metals as for other 
solids. Born and Huang, however, have recast the 
derivation in such a way that the coupling terms be- 
tween nuclear and electronic motion depend on the 
reciprocal of differences between ground- and excited- 
state energies of the electrons.'' According to Born and 
Huang, the quasi-continuous nature of the energies of 
conduction electrons in a metal implies that this coup- 
ling is large; i.e., the electrons change states in adjusting 
to nuclear motion and hence one cannot clearly define 
an effective potential energy function for nuclear mo- 
tion. Born and Huang have not actually evaluated for 
a metal their coupling terms, which contain critical 
factors other than the energy ones on which they base 
their conclusion. The theory of conductivity treats a 
somewhat similar problem in the exchange of energy 
between electrons and lattice vibrations. There it is 
found that little change in the energy of the nuclear 
vibrations results from the exchange.” Another way 
to express the Born and Huang objection partially is 
to say that the interaction of nuclear vibrations with 
the long-range collective oscillations of the plasma of 
electrons in a metal is neglected in the adiabatic 
approximation. The effect of such collective oscillations 


8 E. W. Montroll, Technical Report No. 6, Institute for Fluid 
Dynamics and Applied Mathematics, University of Maryland, 
April, 1954 (unpublished). 

9 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940). 

R. E. Peierls, Quantum Theory of Solids (Clarendon Press, 
Oxford, 1953), p. 6. 

" Reference 7, Appendix VIII. 

#2 J. Bardeen, Revs. Modern Phys. 23, 261 (1951). 


OF Cu 


(X;-X))(X;-X)), 


| Xe = Xx°, for k=1 to 3N 


+third- and fourth-order terms in nuclear displacements. 





on vibrational behavior has not been found to be large 
away from absolute zero.” For example, there is not a 
large difference between static and ultrasonic values of 
the elastic constants.“ Both in the theory of conduc- 
tivity and the papers on thermal behavior of metals, 
the Born-Oppenheimer approximation has been used 
almost universally. The recent papers®:® obtaining afc 
from thermal diffuse x-ray scattering from Fe, Al, Zn, 
and Cu are the experimental sources with which we wish 
to compare our theoretical results: the dynamical 
theory on which they are based also uses the adiabatic 
approximation. The errors in using the adiabatic 
approximation are probably no worse than in making 
the further assumption of a quadratic form for the 
potential energy. 

The first derivative of U with respect to a nuclear 
coordinate evaluated with all the nuclear coordinates 
held constant is a force of the type Feynman has 
considered.? Feynman shows that for any system of 
electrons and fixed nuclei, the derivative with respect 
to a nuclear coordinate of the expected value of the 
energy operator over the wave function of the electrons 
is identical with the expected value over the wave 
function of the derivative of the energy operator. The 
latter is shown to be simply the classical Coulomb force 
exerted by the nuclear charges and the sum of the one- 
electron charge densities given by integrating the many- 
electron probability density over the coordinates of all 
electrons but one. 

An atomic force constant by definition is the limit of 
the ratio, to the displacement, of the difference between 
the force component exerted on another nucleus by a 
nucleus when displaced from equilibrium along a crystal 
axis and when at the equilibrium position. Hence by 
Feynman’s theorem the afc are the force components 
on one nucleus exerted by the change in electron and 
nuclear charge distributions resulting from a small unit 
displacement of the other nucleus along an axis in a 
crystal in equilibrium. 

Feynman’s theorem is only applicable to systems for 
which the adiabatic approximation holds. The quad- 
ratic terms in the nuclear potential energy which we 
calculate by the use of it are not to be equated, however, 
with the quadratic terms in the usual perturbation 
theory expansion of the energy. The latter terms re- 
flect only the zero-order electronic wave function, 
which represents the electronic state for the nuclei in 


18D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952); D. Bohm, 
Phys. Rev. 84, 836 (1951). 

4 E. Goess and J. Weerts, Physik. Z. 37, 321 (1936); R. F. S. 
Hearmon, Revs. Modern Phys. 28, 409 (1946); H. Jones, Physica 
15, 17 (1949); J. Gaffney and W. C. Overton, Phys. Rev. 95, 602 
(1954); D. Lazarus, Phys. Rev. 76, 545 (1949). 
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TaBLE I. Dynamical matrices* between origin nucleus and nuclei of first three neighbor rings> in fec monatomic lattice. 
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® The atomic force constant matrices times the negative reciprocal of the nuclear mass, m. 


b Neighbor sites numbered as in Fig. 1. 


equilibrium positions ; whereas our calculation by Feyn- 
man’s theorem of the coefficient of the quadratic terms 
includes the first-order perturbation of the electronic 
wave function by the nuclear displacement. 


3. CRYSTAL SYMMETRY AND THE 
ELASTIC CONSTANTS 


The low-frequency normal modes of thermal] vibra- 
tion in the crystal can be identified with the longi- 
tudinal and transverse modes of vibration in classical 
elasticity theory. Thus the elastic constants can be 
equated to certain sums of the atomic force constants. 
By a theorem of Born the stability of all the normal 
modes of vibration is assured if the elastic constant 
values correspond to stable acoustic modes."® 

Fortunately symmetry considerations greatly reduce 
the number of distinct afc. Because of the translational 
symmetry of the crystal, the nine afc between a pair 
of nuclei do not depend on their absolute location but 
only on the difference between their equilibrium position 
vectors. Hence all the afc are given by three-by-three 
force constant matrices between one nucleus, which we 
shall take as the origin, and the other nuclei in the 
crystal. In applying Feynman’s theorem, we shall take 
the virtual displacement of a nucleus used in calculating 
the afc as occurring for the origin nucleus. 

The afc matrices between nuclei, from their definition, 
behave as tensors of the second rank with respect to 
coordinate transformations. Certain rotations of the 


15 M. Born, Proc. Cambridge Phil. Soc. 38, 82 (1942); J. Chem. 
Phys. 7, 591 (1939). 


coordinate axes lead to the new position vector of each 
nucleus being the same as the former position vector of 
another nucleus and will leave the over-all lattice 
position unchanged. When these transformations are 
applied to the afc matrices between the origin nucleus 
and the nuclei at a given distance away, it is readily 
seen that the nine elements in one matrix are merely 
permutations of those in one of the other matrices for 
members of the same ring of neighbors. Moreover, some 
of the rotations will leave the position vector of a given 
nucleus unchanged while leading to an apparent trans- 
formation of the afc matrix: then one finds symmetry 
restrictions on the internal structure of the force con- 
stant matrix by requiring the transformed matrix to 
be identical with the initial matrix. 

The details of these derivations can be found in 
Begbie'® and Jacobsen.*® The results are given in Table I 
for the conventions of Fig. 1. There are nine independent 
afc from the first- through third-neighbor rings. Two 
different €;’s, on opposite sides of the diagonal of the 
afc matrices, would in fact be consistent with lattice 
symmetry requirements. However, in order for the 
squares of the vibration frequencies of the normal 
modes to be real, the afc matrices must be Hermitian. 
The formulas connecting the afc and elastic constants 
for the face-centered cubic lattice are 


= 28, +2a2+8a3+ 48; 


+further neighbor terms, 


11 
(3.1) 
16M. Born and G. H. Begbie, Proc. Roy. Soc. (London) 188, 


179 (1946-7); G. H. Begbie, Proc. Roy. Soc. (London) 188, 189 
(1946-7). 
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Fic. 1. Face-centered cubic structure. 


=a +Bit 282+ 2a;+ 108; 


+further neighbor terms, (3.2) 


a(Cr2+C44) = 291 +4734 16€; 
+further neighbor terms, 


a4 


(3.3) 


where a is the spacing of atomic planes, 1.80 A in the 
case of copper. We will see later than the fourth- and 
higher order neighbor afc are very small, but the num- 
ber of nuclei in further neighbor rings is large and we 
have not proved that their contribution to the elastic 
constants is negligible. Since the elastic constants are 
known with accuracy, we shall use the foregoing equa- 
tions as a guide in the calculation of the afc. However, 
these equations would not be exact even if all the afc 
were included and were correct, because the afc only 
represent the quadratic terms in the expansion of the 
effective nuclear potential energy about the equilibrium 
configuration. The values of the c;; used should be those 
determined in ultrasonic not static experiments, since 
the latter imply macroscopic distortions of the crystal 
not consistent with the assumptions of our afc 
calculations. 


4. ION CORE MODEL 


We shall not attempt to calculate the exact one- 
electron wave function of the copper crystal called for 
in Feynman’s theorem. The ion core electrons will be 
taken as localized about the various nuclei in tight 
closed shells which are spherically symmetric. We 
assume that the origin ion core moves nearly rigidly 





for the virtual displacement 6. Then the change in 
Coulomb field resulting from the shift of the origin ion 
core charge is to a first approximation that of a dipole 
with charges e and moment arm 4 (located 6/2 distant 
from the origin). Because of shielding by the ion core 
electrons, the effective nuclear charges exposed to the 
dipole field will be just +e. The resulting contributions 
to the force constants are given in column 1 of the 
Table of Results, multiplied by 1.06 for reasons ex- 
plained later in this section. 

The ion cores are not tiny, and the shift in the origin 
ion core will result in addition in changed penetration 
of its ion core into the ion cores of its twelve nearest 
neighbors. According to Feynman’s theorem the effect 
of this changed penetration is given by the classical 
Coulomb force produced by the corresponding change 
in charge density. However, we shall treat this closed- 
shell repulsion effect phenomenologically. The inter- 
action force is central, of short range, and two-body. 
The virtual displacement of the origin ion core along 
a crystal axis leads to a change in the magnitude and a 
change in the direction of this interaction force, say R 
and A, respectively. From the geometry it follows that 

Bi=R-—-A, yi=R+A, and a,=—2A. 

Fuchs in his calculation of the elastic constants of 

copper’ used an approximate form of the closed-shell 


17K. Fuchs, Proc. Roy. Soc. (London) 153, 622 (1936); 157, 
444 (1936); but see F. G. Fumi [Phil. Mag. 46, 1007 (1955) ] for 
a later calculation. 
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interaction developed by Lenz from a Thomas-Fermi 
approximation. If 2W(r) is the interaction energy of a 
pair of copper ions, in terms of the above notation we 
have 


ew 
R=—| , A 
Or" iro 


1 aw 


ro OF |ro 


Here rp is the first-neighbor distance in copper, 2.54 A. 
Lenz’ values are 


A=0.085X 104 dynes/cm, R=1.40X10* dynes/cm. 


However, Seitz and Huntington distrust these values 
for a variety of reasons. They have suggested'* both 
shifting his distance scale by 17% to smaller values or 
alternatively using a Born-Mayer type interaction 
energy: W(r)=A exp(—r/po). Subsequent articles by 
them and other authors on copper have generally fol- 
lowed the latter suggestion.” The A and po parameters 
are chosen to give agreement with the experimental 
elastic constants using a variety of assumptions about 
what fraction of the c;; result from the closed-shell 
interaction and what fraction from conduction-electron 
contributions. Our detailed calculation of the conduc- 
tion-electron contribution to the afc and thence to the 
elastic constants is probably more reliable than any 
published previously and so we shall treat R and A as 
disposable parameters to be chosen to give the best 
match of our calculated totals to the experimental 
elastic constants. It is superfluous for this purpose to 
assume any particular functional form for the inter- 
action energy between the closed shells. 

The remaining problem, on which we have chosen to 
focus the major share of our attention in this paper, is 
to evaluate the change in conduction electron charge 
density produced by the virtual displacement of the 
origin nucleus plus ion core electrons. Exchange and 
correlation between the origin ion core and the con- 
duction electrons have an effect, which we crudely 
approximate together with the self-consistent-field 
effect resulting from the size of the ion core as follows. 

There is a partial exclusion of the conduction elec- 
trons from the ion core, as can be seen for example 
from Fuchs’ self-consistent-field wave function for the 
4s electron in copper.’ We assumé that the conduction 
electron is free and therefore uniformly distributed 
everywhere outside the copper ion core, from which it 
is entirely excluded. We take the ion core to have the 
effective radius 1.1 A suggested both by Fuchs’ results 
and the semiempirical calculations on additivity of ion 
core radii in crystals.’ The virtual displacement of the 
ion core will eliminate a crescent of conduction elec- 
trons from its path, and a similar crescent of volume 
formerly occupied by the ion core will be filled by con- 


18 F. Seitz and H. B. Huntington, Phys. Rev. 61, 320 (1942). 

1” H. B. Huntington [Phys. Rev. 91, 1092 (1953) ] summarizes 
and evaluates the situation; but see K. Kambe, Phys. Rev. 99, 
419 (1955). 
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duction electrons. The net electrostatic effect of the 
change in conduction electron distribution is exactly 
the same as if a sphere of the size of the ion core and 
with a positive charge density equal in magnitude to 
that of the conduction electrons is shifted 6 away from 
the origin. That is, the effect is that of a pure dipole. 
For the ion core radius we use, the dipole moment is 
about six percent of that of the ion core, and adds to it. 


5. THOMAS-FERMI MODEL FOR THE 
CONDUCTION ELECTRONS 


It is the electrostatic field of the dipole of moment 
(+5), representing the virtual displacement through 
a distance 6 of the origin ion core, which produces the 
major perturbation of the conduction electron distribu- 
tion in our model. In the treatment of this perturbation 
the following considerations should be borne in mind: 


(1) A formulation should be used which is suitable 
for a localized perturbation, such as one of those de- 
veloped for impurity problems. 

(2) The calculated change in conduction electron 
density must give rise to complete screening of the ion 
core dipole within a few angstroms, from electrostatic 
principles. 

(3) A self-consistent-field technique must be used, 
since the perturbing potential affecting a given elec- 
tronic wave function will be in large part the effect of 
perturbations in all the other electronic wave functions. 
In a field with dipole symmetry, no bound state can 
emerge to effect most of the screening. 

(4) The calculations must be accurate within the 
immediate vicinity of the origin. Within a radius of, 
say, 3 A is found the largest change in density and con- 
tribution to the afc. 

(5) First-order perturbation theory is rigorous, 
because the virtual displacement 6 is by definition 
infinitesimal. 


We call the change in conduction electron density 
Ap, and we assume that the displacement of the ion 
core is along the x; axis without loss of generality. 

First we develop an approximate Thomas-Fermi 
treatment, following Mott’s approach for the screening 
of an impurity atom in a metal.” Assume that the con- 
duction electrons form a plasma gas with initial Fermi 
level Ep through which the neutralizing ion core charge 
is uniformly spread. Let U be the electric potential 
acting on each electron as a result of the dipole per- 
turbation at the origin. The density of the electrons p 
will be approximately proportional to (Ery—eU)! from 
the Pauli and Heisenberg principles. Then by Poisson’s 
equation, the Laplacian of the total electric potential 
on the electron is proportional to (Er—eU)!. We ex- 
pand the parenthesis by the binomial theorem and 
since U is infinitesimal, neglect all terms beyond the 


2” N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936); 
I. Isenberg, Phys. Rev. 79, 736 (1950). 
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second. We cancel the terms not containing the per- 
turbation potential U and find that 


VU=fU, 


no is the density of atoms, and we use esu. U must 
vanish at infinity and reduce to a dipole potential at 
the origin. The latter boundary condition is equivalent 
to adding the inhomogeneous term 4ze{5(r—4i)—4(r)} 
to the right side of the equation. Using the standard 
Green’s function approach and neglecting higher order 
terms in the virtual displacement 6, we obtain 


U(r) =[(e5) cos/r?](1+-qr)e-, 


where g’= 16m°me?(3no/m)*(1/h’) ; 


which in fact exactly satisfies the scalar wave equation. 
The quantity in brackets is the potential of the ion 
core dipole; our screening factor differs from that of 
Mott by the (1+ r) term. 

The change in conduction electron density is pro- 
portional to U(r). The total screening charge, the 
integral of the magnitude of Ap, is (eg6) and it has a 
dipole moment of (—eéd). By direct calculation q 
=1.81 A“. With this value of g all but a few percent 
of the Ap lies within the first-neighbor ring. 

The forces on the neighboring nuclei can be calcu- 
lated directly by taking the gradient of U and include 
the effect of the ion-core dipole as well as of the change 
in conduction electron distribution. Dividing by 6 we 
find the afc listed in the first column of Table II. 
Jacobsen’s afc® are given in the Table of Results. The 
closed-shell repulsion is negligible beyond first neigh- 
bors; so the x-ray values should agree with those 
calculated from the Thomas-Fermi U’ for second and 
third neighbors. Instead the x-ray values are much 
larger. Moreover, the first-neighbor Thomas-Fermi afc 
are so small also that very large closed-shell repulsion 
contributions must be assumed to obtain elastic con- 
stants as big as the experimental ones. 

If almost all the Ap is within the first-neighbor ring, 
its electrostatic field at and beyond this ring is equiva- 
lent to that of a multipole expansion at the origin, 
according to a well-known theorem. It is easy to show 
that in the fcc lattice the forces due to (axial) quadru- 
poles and sixteen-poles have the wrong symmetry for 
afc. The dipole and octopole forces have the right 
general symmetry, but only for the dipole is there a 


TABLE II. Atomic force constants* from Thomas-Fermi model. 


q=0.93 A+ 

a —0.08 —0.43 

Bi 0.19 0.58 

"1 0.26 1.01 

ae 0.04 0.34 

Bs vee —0.07 

ay ses 0.07 

Bs eee see 


afc q=1.81 A 


*In units of 104 dynes/cm. 
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single value for ¢;. In Table IV we exhibit the afc 
produced by a dipole in column 1: they do not have the 
same relative sizes as the Thomas-Fermi afc for an 
undifferentiated plasma with g=1.81 A“. 

Mott treated g as an undetermined parameter, which 
he chose to be 3 A~! to give best agreement with the 
measurements on impurity resistivity. Trial and error 
led us to the value of g=0.93 A~ as giving reasonable 
agreement with Jacobsen’s second- and third-neighbor 
x-ray afc (see Table II). About 20% of the Ap lies out- 
side the first-neighbor ring for this value of g and we 
therefore do not expect the a, 8:, and y; to be those of 
a dipole. The second- and third-neighbor afc for g 
=().93 A~!, however, are in rough agreement with those 
caused by a dipole of positive moment at the origin. 

Although the Thomas-Fermi treatment has the five 
characteristics called for at the beginning of this sec- 
tion, it is not satisfactory. It does not reflect the fcc 
structure of copper. We have no rationale for treating 
qg as a disposable parameter. In any case it is not 
pleasing to choose g so as to reach the best agreement 
with the x-ray afc whose validity we wish to test. 

A perturbation theory solution of the Schrédinger 
equations of the conduction electrons is called for. We 
assume that expansion of the perturbed wave functions 
in the unperturbed wave functions of the 4s band alone 
is sufficient, and we shall approximate the latter by 
free-electron plane waves for actual calculations. Most 
of the published formulations of localized perturbations 
in a periodic potential” are not appropriate to our 
problem, usually because they critically depend on the 
spherical symmetry of the perturbation and on the 
creation of bound states which account for most of the 
screening by conduction electrons. The Thomas-Fermi 
treatment above will serve as a zero-order approxima- 
tion indicating what simplifications of the self-consistent 
perturbation potential can be made. 


6. SLATER-KOSTER FORMULATION FOR LOCALIZED 
PERTURBATIONS IN A MICROSCOPIC CRYSTAL 


In a macroscopic metal crystal the conduction elec- 
tron eigenvalues are very closely spaced, but since they 
are discrete it is theoretically possible to formulate 
perturbation effects in terms of changes in eigenvalues. 
Such a formulation becomes feasible when restricted 
to crystals with dimensions of a few atomic planes, in 
which there are but a few, rather well-separated states 
in the conduction band. Koster and Slater have found 
for a monopole perturbation in an idealized simple 
cubic lattice that the curves of the energy of the state 
split off from the band vs perturbation magnitude are 
nearly identical for the infinite lattice and the lattice 
of twelve atomic planes on an edge.” 


*1 E.g., E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 
(1950); H. B. Huntington, Phys. Rev. 61, 325 (1942); J. Friedel, 
Phil. Mag. 43, 153 (1952), Phil. Mag. Suppl. 3, 446 (1954). 

2 J. C. Slater, Technical Report No. 5, Solid State and Molecu- 
lar Theory Group, Massachusetts Institute of Technology, 
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We shall find Ap, the perturbation in conduction 
electron density, by discrete eigenvalue perturbation 
theory applied to microscopic crystals. Since the dipole 
perturbation is by definition infinitesimal, even for a 
macroscopic crystal first-order perturbation theory is 
rigorous. We use Born-von Karman periodic boundary 
conditions.’ Ledermann® has shown they are equivalent 
to surface effects; so we justify their use when we con- 
vince ourselves that the smallness of the crystal does 
not appreciably affect the Ap resulting from the localized 
dipole perturbation. 

Expansion of the perturbed wave function in terms 
of localized and orthogonal orbitals such as the Wannier 
functions would seem appropriate. Substitution of the 
expansion in Schrédinger’s equation leads in the stand- 
ard way to a set of linear homogeneous equations in the 
coefficients and a corresponding secular determinant 
fixing the energy. However, the determinant has as 
many rows and columns as the crystal has atoms. 

One way to simplify the determination of the ex- 
pansion coefficients is to split them into a factor corre- 
sponding to the unperturbed wave function and a 
factor representing the effect of the perturbation. By 
suitable approximation Wannier’s differential equation 
in the perturbation factor can be derived, in the free- 
electron approximation a second-order equation. An- 
other way, developed by Slater and Koster,” retains 
the focus on the perturbation in eigenvalues and the 
advantages in using localized Wannier functions but 
uses an initial expansion in Bloch waves. 

Expand x, a perturbed wave function, in the un- 
perturbed Bloch wave eigenfunctions, u,: x=) F yttx, 
where the summation is over all the propagation 
vectors k in the 4s band Brillouin zone. Substitute this 
expansion in the Schrédinger equation 


HAoxtVx=Ex, 


where V is the perturbation energy and Hou,= Exuy. 
Multiplying by «,-* and integrating over the crystal 
volume, we obtain 


Fy Ev +> (k)F;(R’ | V\|k)=EF py, 


where (k'|V|k)= f'uy-*Vudr, and >> (k) means sum- 
mation over k. Let a(r—R,) be the Wannier function 
centered on the site R; in the lattice ; u,=(1/+/N)> (R;) 
Xexp(ik-R,)a(r—R,), with the summation over all 
the sites in the lattice and N the number of atoms in 
the crystal. Equation (6.1) can be rewritten 


Fy = (1/N)[1/(E—Ev) 1D (KF. £(Ri,R,) 
Xexp(ik-R,) exp(—ik’-R)([R;|V|R,J. 


Here [R;|V|R;] is the average of the perturbation 
energy V over the Wannier functions localized about 


(6.1) 


(6.2) 


Cambridge, 1953 (unpublished); G. Koster and J. C. Slater, 
Phys. Rev. 95, 1167 (1954); 96, 1208 (1954); G. Koster, Phys. 
Rev. 95, 1436 (1954). 

2 W, Lederman, Proc. Roy. Soc. (London) A182, 362 (1944). 
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sites R; and R;: 


[R,|V|Ri}= f ot(e—R)Va(r— Rar, 


By expanding the F; coefficients in the coefficients of 
the expansion of x in Wannier functions, one can obtain 
from Eq. (6.2) a transformed determinant for the energy 
E of much smaller size than the usual secular deter- 
minant mentioned earlier. One finds the same trans- 
formed determinant by introducing displaced Bloch 
waves,” however, and we shall find this approach more 
efficient for calculating Ap. 
Let us define 

A(R;)= (1/N)¥(k,R,)CRi| V | Rj] exp(ik-R,)Fy. (6.3) 
Substituting Eq. (6.3) in Eq. (6.2), we see 

Fy =1/(E— Ev) (Ry)A(R,) exp(—ik’-R;). (6.4) 


In turn substituting Eq. (6.4) in Eq. (6.3), there results 


‘ A(R) = (1/s/N)> (R;,R,) 


X[Ri|V|RjJGe(Rj,Rp)A(R,). (6.5) 


The quantity 


Ge(R;,R,p) = (1//N)D(k’) 
Xexp[ik’-(R;—R,) ]/(E—E,) 


is the equivalent for finite difference equations of the 
Green’s function; the sum in Eq. (6.6) is analogous to 
the expansion of a Green’s function in the eigenfunc- 
tions of the corresponding homogeneous equation.” 
Equation (6.5) represents a set of V linear homogeneous 
equations in the V unknowns A(R;). For the set to be 
consistent the determinant of the coefficients must be 
zero. The Green’s function contains £ as a parameter; 
so the determinant is essentially a transformed secular 
determinant, although it is not Hermitian nor in general 
symmetric in other ways. The complex way in which 
the perturbed energy E£ appears in the transformed 
determinant is offset by the reduced effective size of 
the determinant. [.R;|V|R;] is negligible if either of 
the Wannier functions centers on a site appreciably 
removed from the localized perturbation at the origin. 
From Eq. (6.3) we see that A(R;) is also negligible if 
R; is not near the origin. 

In our calculation for Ap first-order perturbation 
theory is rigorous, and this leads to important simplifi- 
cations. If E is one of the perturbed energies closest 
to the unperturbed eigenvalue E,, Eq. (6.6) reduces to 


Gr(Rj,Ry)= (1//N)[1/(E-E,) J 
XX (k’ degenerate at E,) exp[ik’-(R;—R,) ], 


(6.6) 


where g~|k’|*. The determinant in the coefficients of 
the A(R;) then applies only to the perturbed states 
which reduce to the E, state; but the determinantal 


om P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953). 
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equation can be put in a more familiar form: 


0=determinant{ (E—E,)6(R;,R,)— (1/N)>0 (Rj) 
X(Ri| V | Rj; Jd (k’ degenerate at E,) 
Xexp[ik’-(R;—R,]}, 


(6.7) 


where the quantity in brackets is the general term in 
the determinant and 6(R;,R,) is 0 if R;¥R, and 1 if 
R,= R,. The determinant is still not Hermitian. 

The perturbation energy V necessarily has di- 
pole symmetry in the x,=0 plane: ie., V (41,%2,3) 
= —V(—41,%2,%3;) when the origin nucleus displace- 
ment is along the a; axis. The Wannier functions 
a(r—R,) centered on the sites of the ‘crystal lattice 
form an orthonormal set, but they have an identical 
functional form, which is symmetric. Hence the di- 
agonal matrix element between Wannier functions 
centered on the origin site is zero: [0|V|0]=0. Also 
the matrix elements of V between the origin site and 
the four first-neighbor sites on the x,=0 plane are 
zero. Moreover, on a given side of the «,;=0 plane V(r) 
has the cubic symmetry of the unperturbed crystal. 
Therefore the matrix elements between the origin site 
and the four first-neighbor sites on one side of the 
x,=0 plane are all equal and are the negative of those 
between the origin site and the opposite four first- 
neighbor sites ; let us designate the four matrix elements 
for the first-neighbor sites with x,>0 as [1|V|0]. 

We assume that all other matrix elements in V are 
negligible. The Thomas-Fermi formula for the per- 
turbation energy el’ derived earlier is a reasonable 
first approximation in a self-consistent-field treatment. 
Approximations to the exact Wannier function have 
been given elsewhere. Rough calculations using these 
formulas indicate that matrix elements of V involving 
at least one second- or higher-neighbor site are very 
small, although there are of course very many such 
matrix elements. When R; and R; are different first- 
neighbor sites [R;| V| Rj] is less than 10% of [1| V0]. 
The weakest assumption is that [R;| V |.R;] is negligible 
when R; is a first-neighbor site, for the rough calcula- 
tion indicates it is comparable to [1| V0]. 

The determinant in Eq. (6.7) can be reduced to size 
9X9: with only [1|V|0] retained, at most nine per- 
turbed levels can be split off from each of the initially 
degenerate groups of eigenstates to which Eq. (6.7) 
refers for different E,. Similarly the coefficients A (R;) 
of the displaced Bloch waves are zero save for the 
origin site and the eight first-neighbor sites not on the 
x,;=0 plane. The determinantal equation in fact is 
reducible from a ninth-order to a quadratic equation, 
one level being split off upward from the group of levels 
initially degenerate at E, and another downward by the 
same magnitude. This magnitude of the splitoff is a 
maximum in the middle of the band and zero at the 
edges: no bound impurity levels are formed. 

It is an enormous simplification to retain only one 
matrix element in V; instead of carrying out a self- 
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consistent-field solution of many steps, assuming nu- 
merical values for the [.R;| V|.R; | magnitudes retained, 
calculating the Ap in terms of the A(R;), and then re- 
calculating new [R;|V|R;]’s, we may factor out the 
single magnitude and guarantee self-consistency in one 
step at the end. If we had taken [1|V|0] zero and re- 
tained instead only the diagonal matrix elements 
(R;|V|R;] for the first-neighbor sites, there would 
have been no contribution from the origin site: A (0) 
would have been zero, instead of dominant. Yet the 
pattern of the other eight A(R,;) would not have been 
markedly different. In retaining but one matrix element 
we obtain only the main features of the Ap that would 
result from the full self-consistent treatment. It is 
therefore important with a dipole perturbation to retain 
the [1|V|0] elements which lead to the important 
contribution from the origin site displaced Bloch wave. 
For a monopole perturbation, such as that treated by 
Koster and Slater,” the [R;|V|R;] for first-neighbor 
sites would be the matrix element which would by itself 
most nearly lead to the correct Ap. The Wannier 
differential equation mentioned earlier neglects ele- 
ments such as [1|V|0] in favor of the [R;|V|R;] 


elements and so is inappropriate for our problem. 


7. PERTURBATION IN CONDUCTION 
ELECTRON DENSITY 


The qualitative results for the perturbation energy 
and coefficients indicated above are valid whatever the 
unperturbed energy spectrum of the microcrystal. We 
obtain specific results for the free-electron model.” 
Here the unperturbed energy is proportional to | k|?, 
and so each group of initially degenerate Bloch eigen- 
states contains all those and only those states with k 
vectors of the same magnitude. 

We consider microcrystals of two shapes: (1) cubic; 
(2) parallelopiped—specifically, the same shape as the 
Bravais unit cell, which contains only one ion core. 
Only certain k vectors are consistent with Born-von 
Karman boundary conditions applied to crystals of 
these two shapes. 

For shape (1) k= (2/na)(kiti+hete+hsis), with no 
restrictions on the integers kj, ke, k3, where ij, iz, is are 
the unit vectors along the x, x2, x3; axes of Fig. 1, re- 
spectively. In this formula a is the spacing of atomic 
planes as shown in Fig. 1 (@=1.8 A for Cu), and 2n is 
the number of atomic planes along a crystal edge. For 
shape (2) k is given by the same formula, but the &; 
integers must all be even or all odd: the allowed k 
vectors form a bec mesh in reciprocal space. In this 
case ” is the number of Bravais unit cells, of edge length 
a, along each edge of the parallelopiped microcrystal. 
The edges of the crystal run along the [110], [101], 
and [011 ] directions, for the conventions of Fig. 1. 


25 For somewhat more general formulas reference should be 
made to the author’s unpublished Ph.D. thesis on file at the 
Massachusetts Institute of Technology, 
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We use the correspondence scheme in which the 
central Brillouin zone corresponds to the 4s conduction 
band. Hence the mesh of allowed k vectors found above 
for either shape crystal is terminated at the planes 
| Ry | <n, | ke| <n, | Rs| <n, and | tkitkotk;| <3n ‘a 
The free-electron Bloch waves are u=(1/s/v) 
Xexp(ik-r), where_v is the volume of the microcrystal. 
The unperturbed energy is E,= (h?x*q/2m*n?a*)+con- 
stant, where g=k,;’+k.?+k;’, and m* is the effective 
mass. 

The free-electron solution of Eq. (6.7) is E—E, 
=+(C;C,)'. C; is [1|V|0]/N times the number of k 
vectors with the same squared magnitude 2°g/n?a?; while 


C1=32((0| V]1]/N)E sin (| hs| /n) 
X [cos (2 | ke| /n)+-cos(a| ks! /n) ] 
Xsin (| | /n) cos(a| ke| /n), 


where the sum is to be understood to extend over all 
sets of |k,;| integers (positive) leading to the same 
squared magnitude gz’/n*a*. The corresponding A (R;) 
coefficients are 
A(3)/A(0), A(5)/A(O), A(6)/A(O), and 
A (10) ‘A (0) == +C;3 (E—E,) > 
A(11)/A(0), and 
A(12)/A(0)=—C;/(E-—E,), 


A(4)/A(0), A(9)/A(0), 


using the notation of Fig. 1 for the first-neighbor sites 
R;. A(0) is determined by normalizing the perturbed 
wave function x,: 


1=|A(0)|? 2 {1/(E—E,)? 
+[16C;?/(E—E,)*] sin?(rk,/n) 
X [cos (xk./n)+cos(rk;/n) }}, 


with the sum as above. The Wannier function derived 
from free-electron Bloch waves is real and so [1|V|01], 
C3, and C, are real. It can be shown by a little manipula- 
tion that 


|A(0)|2=4[1| V|O]C./N. 


The perturbed wave function split off the top of the 
group of levels initially degenerate at E,, call it X,*, 
and that split off the bottom, call it X,~, are as before 
the sum over all the k vectors in the 4s band of the 
Bloch functions “, times F;. F; is given by Eq. (6.4). 
Let us designate as «,* and u,~ the linear combinations 
of the unperturbed Bloch wave eigenfunctions u, with 
eigenvalue E, to which the perturbed wave functions 
X,* and X,~ reduce as the perturbation goes to zero. 
The perturbation in conduction electron density caused 
by the displacement of the origin nucleus along the x, 
axis is 


Ap= —2e Di{Xqt*Xqt— ug tut t+Xe*X_ — hg “ue }, 


where the sum is over all g in the lower half of the 4s 
band except g=0. The factor of two in front represents 


C. Watts 


the effect of spin degeneracy. Evaluating this sum is a 
straightforward though somewhat intricate matter. We, 
of course, neglect all terms proportional to the square 
of the ion core displacement 6. For convenience we define 
the subsidiary functions, 


0,=0 > u, 
iR,=v! > sin(xk:/n)[cos(rke/n)+cos(rks/n) |ute, 


where the sums are over all k degenerate at E, (in 
contrast with the sums above). The crystal volume » 
equals 2Na*. Both Q, and R, are real. The formula 
becomes 


Ap= —16R(n?/N*?)[O Ro t+OeRal/(q’—g); (7.1) 


here we sum over all g’ in the upper half of the 4s band 
and g’=0, and also over all g in the lower half of the 
4s band, provided g#q’. R= —em*(1|V|0]/an’h?, and 
is positive since [1|V|0]<0. Q, represents the effect 
of the A (0) perturbation coefficient. 

Equation (7.1) has the correct general properties. 
If we extend the sum of g and q’ over all the 4s band, 
Ap becomes zero, as we must require for a closed shell. 
Q, is even in x; and R, odd; so Ap is odd in x, and it is 
of the right sign to tend to cancel the ion core dipole 
effect. Similarly, Ap is even in x2 and x; and symmetrical 
between them. Once we have calculated Ap in the one- 
sixteenth of the crystal bounded by the planes x,=0, 
x2=0, and x;=<2,2 in the (+++) octant, we know Ap 
everywhere in the crystal. For small r, Ap is linear in 
a, but not in the same way as it is in the Thomas- 
Fermi model. It is consistent to assume [1|V|0] is 
independent of » for large n: the various powers of n 
to which separate terms in Ap are proportional for 
large n cancel out on this assumption. Moreover, the 
sum of the magnitudes of the perturbation in energy 
levels in the band, twice the sum of |E—E,| where q¢ 
runs over the lower half of the 4s band, is independent 
of n for large n. For large enough n, Ap is independent 
of the shape of the crystal, since the ratio of surface 
sites to total sites goes to zero. 

Our first task is to show that even with m small 
enough for calculations to be feasible, the Ap from Eq. 
(7.1) does not depend strongly on the exact value of n 
and the shape of the microcrystal but rather is a good 
approximation to the Ap for a macrocrystal. Satis- 
factory accuracy in the evaluation of Ap by Eq. (7.1) 
for small m requires that care be taken with certain 
details. Some of the points in the mesh of k vectors 
allowed for a given microcrystal lie on the surface of the 
central Brillouin zone and thus only partly belong to 
the central zone. When we sum over such a set of k’s 
to evaluate Q, and R, for maximum gq’ we must 
multiply the result by the reciprocal of the number of 
zones which share the set; in this way the symmetry 
of Ap is not disturbed by totally excluding some of the 
k’s on some arbitrary basis. The summation over g in 
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TABLE III. Q,(r) and R,(r) for various patterns of the wave-vector integer components, &;, and for r 


along the [110] axis: r= (a,a,0)a. 


(k1,ks,k:) 


(a,0,0) 
(a,a,0) 
(a,a,a) 
(a,b,0) 
(a,b,b) 
(a,b,c) 
(ea Rea) 
(a,0,0) 

(a,a,0) 

(a,a,a) 

(a,b,0) 


22cos(eaa/n)+1]”™” 
4[ cos?(raa/n)+2 cos(xaa/n) ] 
8[ cos? (raa/n) | 








4{sin(wa/n) sin (xaa/n)'] 


X {sin (xba/n)[1+cos(raa/n) }} 
(a,b,b) 


Og(r) 


8[cos(xaa/n) cos(rba/n)+cos(raa/n)+cos(rba/n) ] 
8['cos?(xrba/n)+2 cos(raa/n) cos(rba/n) ] 
16[.cos(xraa/n) cos(rba/n)+cos(raa/n) cos(rca/n)+cos(rba/n) cos(xca/n) } 


Rg(r) 


4{sin(xa/n)[1+cos(xa/m) ]} {sin (xaa/n)[1-+-cos(raa/n) }} 
16[sin(ra/n) cos(ra/n) [sin (raa/n) cos(raa/n) | 
4{sin(xa/n)[1+cos(xb/n) ]} {sin (xaa/n)[1+cos(rba/n) }} + {4 sin(xb/n)[1+cos(ra/n) ]} 


16[sin(xa/n) cos(xb/n) sin (waa/n) cos (rba/n) ]+8{sin(xb/n)[cos(ra/n)+cos(xb/n) } 


Xsin (rba/n)[cos(raa/n)+cos(rba/n) }} 


(a,b,c) 


8{sin(ra/n)[cos(rb/n)+cos(xc/n) ] sin(raa/n)[cos(xba/n)+cos(rca/n) }} 


+8{sin (xb/n)[cos(xa/n)+-cos(xc/n) ] sin (rba/n)[cos(raa/n)+cos(rca/n) }} 
+8{sin(xc/n)[cos(ra/n)+cos(rb/n) ] sin (xca/n)[cos(xaa/n)+cos(rba/n) }} 


Eq. (7.1) should include only those states in the lower 
half of the band, since there is but one conduction elec- 
tron per atom in our model. In general the half-way 
mark falls within a set of degenerate states. A (0) has 
opposite signs for the two perturbed states, one split 
off upward and one downward from the degenerate set, 
so the contributions from the two states together to Ap 
have dipole symmetry, but not the contribution from 
either by itself. On thermodynamic grounds it might 
appear that the electrons would only occupy the state 
perturbed downward, but the perturbation in our case 
is virtual. Therefore we can use in Eq. (7.1) the total 
contribution of the half-way set of states multiplied by 
the ratio of the number of electrons with that energy to 
the number of states of that energy. 

Equation (7.1) resembles a Fourier expansion of Ap. 
However, the coefficient of a given trigonometric term 
in Eq. (7.1) is not the same for two different values of 
n. The Q, and R, formulas can be considerably simpli- 
fied when the position vector r is taken to lie along the 
[100], [111], or [110] axes. Most of our calculations 
of Ap were made for points along these three axes. In 
Table III there are listed as an example the specific 
formulas for Q,(r) and R,(r) when r= (a,a,0)a; the six 
possible patterns of the k; integer components of the 
wave vector give rise to distinct formulas. 

Equation (7.1) and the subsidiary formulas and dis- 
cussion are valid for both the cubic and parallelopiped 
microcrystals, but the meanings of and the range of 
q in the sum are different in the two cases. N is the 
number of atoms in the crystal and therefore the num- 
ber of allowed k values in the central Brillouin zone. 
For the cubic shape, N=4n', for the parallelopiped, 
N=ni'. In the latter case there are only about one- 
fourth as many g values in the band as for the former 
case; hence the double sum in Eq. (7.1) is about one- 


sixteenth as big for the latter as for the former shape. 
It follows that even for small ”, Ap will be approximately 
the same for microcrystals of the two shapes and the 
same n. By simply omitting terms in the sum over g 
and q’ for the Ap of a cubic crystal, we can at once find 
the Ap for the parallelopiped crystal of one-fourth the 
size with much saving in calculation. 

The computations for Ap were performed on a Fridén 
desk calculator. Half an hour was sufficient to calculate 
Ap at one location in the smallest crystal; two days 
were required to find each value of Ap in the largest 
crystal considered. The variety of crystal sizes and 
shapes for which calculations were to be made were 
such that the use of a digital computer seemed 
inappropriate. 

In Fig. 2 the values of Ap at the point r= (a,0,0) are 
shown for crystals of different sizes and the two shapes. 
At several other points with r<a, almost exactly the 
same shape curves was found. It seems clear that in 
this region of the crystal the Ap obtained for an 864- 
atom crystal of cubic shape (n=6) will be an accurate 
approximation to the Ap for a macrocrystal. In the 
region a<r<2a the behavior of Ap as a function of 


Ap in units 
f(-R 
° ) 25 


i 


© = cubic shaped crystal 
----D = porallelepiped 
shoped crystal 





1 rl 1 
500 1000 1500 
Number of atoms in crystal 





; re 
100 2000 


Fic. 2. Ap vs size and shape of crystal at the representative 
point r= (a,0,0). 
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Fic. 3. Ap along principal axes for face-centered cubic crystal with 
cubic shape and width of twelve atomic planes. 


crystal size and shape is not as consistent, but here 
too the cubic crystal for n=6 yields satisfactory results. 
For r>2a the behavior of Ap as a function of crystal 
size varies from point to point. The value of Ap is small 
in this region, and computational errors are significant. 
There is a general tendency at points in this outer 
region of the crystal, however, for Ap to become steadily 
smaller for larger n. In view of the Thomas-Fermi re- 
sults in Sec. 5, it is a reasonable approximation to set 
Ap zero for r>2a. The sizes of crystals for which we 
have computed Ap range from 108 to 2048 atoms. 

In Fig. 3 the behavior of Ap as a function of r along 
the positive [110], [111], and [100] axes is given, for 
the 864-atom crystal of cubic shape (n=6). These are 
the results we shall use in computing the contributions 
to the atomic force constants. For comparison, in Figs. 4 
and 5 the Ap for the 500-atom crystal of cubic shape 
(n=5) is given. From Fig. 5 we can see that Ap is almost 
independent of the azimuthal angle at r=0.5a; the 
same independence is found for many other values of r. 
In particular Ap is no larger at ion core sites than at 
other points with the same r and polar angle. It is re- 
assuring that Ap is not unusually large near the ion 
core sites, since we know that our formulas are not 
accurate within the ion cores. At any point on the 
x,=0 plane, Ap is zero. 

All the graphs give Ap in units of (—R), [see Eq. 
(7.1) ] and for x; positive. The negative hump in the 
@ + (100)oxis 
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Fic. 4. Ap along principal axes for face-centered cubic crystal with 
cubic shape and width of ten atomic planes. 


Ap curves near r=1.5a represents a deficiency of con- 
duction electrons as compared with the unperturbed 
situation. Instead of screening the ion core dipole, this 
hump enhances it. The Thomas-Fermi Ap has no such 
feature. However, Huntington” has obtained an analo- 
gous result in studying the diffusion mechanism in 
copper; when an ion core is removed from the metal he 
finds in the free-electron model not only a large deficit 
in the conduction electron density adjacent to the site 
but a hump of added density distant from the site by 
about 1.2a in our units. Since a hump of about the size 
shown in Figs. 3 and 4 occurs in the Ap curves along the 
[100], [110], and [111] axes for all sizes and the two 
shapes of microcrystals studied, this feature must be 
accepted to the extent the model as a whole is accepted. 

It remains to fix [1|V|0] and thus the unit R. This 
can be done by requiring the [1|V|0] to be self- 
consistent. Let n(r)[1|V|0], where n(r) is necessarily 
independent of [1| V0], be the contribution of the dis- 
tortion in conduction electron charge density to the 
total perturbation potential energy acting on a conduc- 
tion electron. Even for a microcrystal there is negligible 
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Fic. 5. Variation of Ap with polar angle at r=0.5a for 
500-atom crystal with cubic shape. 


error in including the distortion in a given wave func- 
tion in the perturbation affecting that wave function, 
since no one-electron state contributes a large fraction 
of the perturbation potential. We can calculate n(r) by 
the usual Coulomb integration, using our results for 
Ap, which is proportional to [1|V|0]. To insure self- 
consistency we require that 


[1] V|0]=[1]| Vion core) |0}+[1| V|0][1|(x)|0], 


where V (ion core) is the potential energy of an electron 
in the field of the ion core dipole and we use the notation 
[1|X|0] for the matrix element of X between the 
Wannier functions centered on the origin site and a 
first-neighbor site with x,>0. Thus 


- [1] V|0]=[(1| Vion core) |0]/{1—[1|n(r) |0]}. 


A rough calculation indicates that [1]|n(r)|0] is about 
—0.5 and [1] V (ion core)|0] is about — (36/a) ev. 

We establish self-consistency in only a narrow sense 
by the above procedure. The values of the matrix ele- 
ments we neglected originally are certainly not zero 
for the Ap and »(r) we have found; in particular the 
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matrix element of V between two Wannier functions 
centered on the same first-neighbor site is large. There- 
fore we will fix [1| V|0] in the next section by the more 
general requirement that the total dipole moment of 
Ap shall cancel that of the ion core dipole plus excluded 
electrons, +1.06¢5. The [1|V|0] we determine in this 
way is of the same order of magnitude as, although 
larger in absolute value than, that found in the previous 
paragraph 


8. CALCULATED ATOMIC FORCE CONSTANTS 


The ion core contributions to the afc described in 
Sec. 4 are given in the first two columns of Table IV. 
In the third column appears the part of the afc produced 
by Ap for r<a; in the fourth column appears the con- 
tribution from Ap for a<r<2a. We use a simplified 
model of the results of Fig. 3 in calculating the con- 
tribution to the afc produced by Ap. 

For r<a the following formula represents Ap within 
an average accuracy of three percent: Ap=—5.95R 


TaBLeE IV. Calculated atomic force constant contributions.* 











(1) (2) (3) (4) 
Ion core plus Contribution Contribution 
excluded electron Closed shell from conduc- from conduc- 
dipole contri- repulsion tion electron tion electron 
bution contribution Ap forr <a Ap for a <r <2a 


—1.47 —2A +2.45 —0.70 
+0.74 R-A — 1.23 —0.52 
+2.22 R+A —3.70 —0.10 


+1.04 +0.56 
—0.52 —0.42 





—1.74 
+0.87 


—0.47 
+0.23 
—0.23 


+0.17 
—0.09 
+0.11 











*In units of 104 dynes/cm. 


Xcos@ sin(ra/1.1a), where @ is the polar angle measured 
from the positive x, axis to r. This density value ap- 
plies within the differential volume element for the 
spherical coordinate system in 7, 6, and ¢ integrated 
over yg, a volume dv=2zr’ sinédédr. Consider, on the 
other hand, the change in charge distribution produced 
by displacing a sphere of radius r and constant charge 
density ¢ centered at the origin a distance dr along the 
positive «, axis. This change occurs in the space entered 
and the space vacated by the sphere and is given by 
edv’, where the differential volume element at r and @ is 
dv’ = 2rr* sindd0(dr cosé). We see that Apdv= dv’ if we 
set e= —5.95R sin(rx/1.1a). Since a sphere of constant 
charge density is equivalent when viewed from outside 
to a point charge at its center, the external electrostatic 
effect of the shift in the sphere of density € is exactly 
that of a dipole of moment $2r°edr. Yet the effect of 
the shift of the sphere is also just that computed from 
the resulting change in charge distribution. Hence the 
effect of the Ap in the volume element dv integrated 
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over @ is equivalent to that of a dipole at the origin of 
moment $2r?(—5.95R) sin(rr/1.1a)dr. Integrating over 
r, we find that the electric field beyond r=1.1a resulting 
from Ap for r<1.0a is that of a dipole of moment 
(—4.57Ra*) along the x, axis at the origin. Hence 
Column (3) in Table IV is proportional to Column (1). 
In order to satisfy symmetry requirements the field pro- 
duced by the Ap inside r=a has to be that of a dipole 
(see Sec. 5); deriving this result directly from our 
calculated Ap gives us confidence in our model. 

We represent Ap in the region 1.45a<r<2a by a 
spherical cap of constant surface charge density ¢ 
=+0.065Ra, aperture @=75°, at a radius 1.74; and 
by a similar spherical cap with o=—(0.065Ra) for 
x,<0. The electrostatic potential produced by such a 
cap can be represented as an expansion in Legendre 
polynomials.* We carry out the expansion to terms in 
the fifth degree [Ps(cos#)] both for r<1.7a and for 
r>1.7a. The terms of even degree from the two caps 
cancel; the terms of odd degree reinforce each other. 
The dipole moment along the x; axis of the spherical 
caps viewed from outside 1.7a is (+1.8Ra*). 

In the region a<r<1.45a, Ap can also be approxi- 
mated in terms of a pair of spherical caps, but with a 
surface density of dipole moment rather than charge. 
In view of the crudity of our model we neglect this con- 
tribution. For r> 2a, Ap is taken to be zero. 

The electric field produced by the Ap in each of the 
above ranges of r is easily found as the gradient of the 
electric potential formulas we have derived. Multiplying 
the field by the charge of the ion core, +e, and evaluat- 
ing the components of the resulting force at the various 
lattice sites, we obtain the forces produced on the other 
nuclei by the displacement 6, of the origin ion core. If 
we divide these force components by 6, we have the 
contributions to the atomic force constants produced 
by the distortion in conduction electron distribution. 
By inspection of Table I we can observe that all nine 
distinct atomic force constants can be calculated from 
the virtual displacement of the origin ion core along the 
x, axis which we have specified throughout for conveni- 
ence. As mentioned in Sec. 3, two different values of 
€3, on opposite sides of the diagonal in the afc matrices, 
are consistent with lattice symmetry. Two values were 
in fact found from the calculations from Ap for a<r< 2a; 
each of these two values is within ten percent of the 
average value we give for ¢; in Column (4) of Table IV. 
The 10% discrepancy is a measure of the inadequacy 
of our model for Ap in this region. 

By the principles of electrostatics no net dipole 
moment should be observed from a distance as a result 
of the virtual displacement of the origin nucleus; 
clearly no net charge will be observed, because of the 
dipole symmetry of the total perturbation. The dipole 
moment corresponding to the shift in ion core dipole 
plus excluded conduction electrons is +1.06e5; that 
corresponding to the Coulomb perturbation of the 
conduction electrons, Ap, is —2.74Ra*. Thence R/é 
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TaBLe V. Table of results. 








Calculated 
values* 


Jacobsen x-ray 
values* 


Atomic force 
constants 





a —0.24 
Bi +1.71 
vn +1.66 


ae —0.13 
Be —0.07 


a3 —0.01 
Bs +0.005 
73 +0.02 
€3 +0.01 


+0.48 
+0.87 
+1.25 


+0.35 
—0.07 








* In units of 10* dynes/cm. 


= +0.39e/a*; and [1|V|0] is about — (85/a) ev. Thus 
is fixed the average size of Ap and of its contribution to 
the atomic force constants. In the Thomas-Fermi 
model the total screening charge displaced is ged or 
about 1.7e/a; here the integral of the absolute value 
of Ap is about 2.3¢5/a. 

In the second column of Table IV are given only the 
form of the closed-shell repulsion contributions to the 
afc, as determined in Sec. 4. The numerical values 
were found by substitution of the total calculated afc 
from Table IV into Eqs. (3.1) and (3.3); fortunately 
Eq. (3.2) is consistent with the same R and A values. 
The room temperature elastic constants as measured 
by ultrasonic techniques” are ¢,,=17.0X10" dynes/ 
cm?, ¢4= 7.5210" dynes/cm?, (¢12+¢44) = 19.82 10" 
dynes/cm*. For the closed-shell repulsion parameters 
the values R=2.98X10* dynes/cm and A=0.26X10* 
dynes/cm are obtained. These values are close to those 
used by Seitz and Huntington,” and are considerably 
larger than the values Fuchs” took from the model of 
Lenz. 

In the second column of Table V are listed the atomic 
force constants calculated by Jacobsen® from his x-ray 
data by application of the Born theory of thermal diffuse 
scattering from lattice vibrations. The first column 
contains the total atomic force constants we have 
calculated using Feynman’s theorem. The two sets of 
results differ very considerably. Jacobsen calculated 
the elastic constants corresponding to his atomic force 
constants from Eqs. (3.1), (3.2), and (3.3). The calcu- 
lated values agree well with the experimental ones, the 
worst discrepancy being in cq, where his calculated 
value is about 15% too low. 


9. DISCUSSION 


In this paper the use of Feynman’s theorem to find 
quantum mechanical forces directly has been shown to 
be practicable for crystal problems. It seems clear that 
considerable gain in insight as well as in ease of calcula- 
tion results thereby. In the application of Feynman’s 
theorem to the calculation of the contribution to the 
afc from the change in conduction electron density, 
the advantages of the Slater-Koster formulation for 
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localized perturbations are brought out: in particular 
the relative simplicity of obtaining self-consistency is 
made clear. The solution of other crystal perturbation 
problems in terms of discrete eigenvalue perturbation 
theory applied to microcrystals is worth exploration in 
view of the convergence of our results for the conduction 
electron behavior in microcrystals of different sizes 
and shapes. 

An adequate treatment of the closed-shell interaction 
of copper ions is badly needed; our whole calculation 
of the afc will remain unreliable until such a treatment 
is available. The semiempirical values we have obtained 
for the first and second derivatives of the closed-shell 
interaction energy with respect to ionic separation are 
in rather close agreement with those chosen largely on 
grounds of plausibility by Seitz and Huntington (and 
others) in various papers. It seems that the results 
obtained by Lenz through a Thomas-Fermi treatment 
are too small, but his is the only direct theoretical 
treatment available. 

Numerous approximations have been made in our 
derivation of the contribution to the afc from the 
change in conduction electron density produced by the 
displacement of the origin ion core. As a result of our 
approximations the only specific attributes of copper 
reflected in our results for Ap are the lattice parameter 
and effective mass; our formulas would be as applicable 
logically to silver and gold and indeed may not be too 
inaccurate for the alkali metals. From the definition of 
afc it follows that our exclusive use of first-order 
perturbation theory is entirely rigorous. Use of the 
free-electron approximation for unperturbed energies 
and wave functions probably does not introduce the 
most serious errors.”* The chief error is in the neglect 
of most of the matrix elements of the perturbation 
energy averaged over Wannier functions centered on 
different lattice sites: this neglect leads to an unreal- 
istically simple form for the change in electron density 
and to lack of self-consistency. The results we obtain 
for crystals with dimensions of only a few atomic planes 
converge as the dimensions increase and seem for this 
localized dipole perturbation to be a good approxima- 
tion to those for a macrocrystal. 

Our treatment of the Coulomb interaction of copper 
ion cores is crude.”’ In particular our assumption that 
the effective charge of the ion core is exactly e is un- 
justified. This assumption is particularly crucial in our 
microcrystal calculation, in which the change in elec- 
tron density Ap is very sensitive to the exact fraction 
to which the conduction band is filled. The exclusion of 
conduction electrons from the ion core is treated in 
Sec. 4 in a crude manner inconsistent with the free- 
electron model of the later sections. More serious is 
our neglect of the influence of exchange interaction 


26D. Howarth (private communication); also Proc. Roy. Soc. 
(London) A220, 513 (1953). 
27 See K. Ladanyi, Acta Phys. Acad. Sci. Hung. 5, 361 (1956). 
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with the ion cores on the density of states in the con- 
duction band.”* 

Our results for Ap and the ion core interaction are 
reasonable qualitatively. The crucial difficulty is that 
many of the afc we calculate are the differences of 
several large terms, and hence are sensitive to the in- 
accuracies discussed above. We cannot give any useful 
estimate of the uncertainty in our calculated atomic 
force constants for copper. 

It is also difficult to assess the reliability of the afc 
Jacobsen obtains by application of scattering theory 
to his data for thermal diffuse x-ray scattering from a 
copper single crystal.” Only rather crude approxima- 
tions to the Compton scattering and the structure and 
Debye temperature factors for copper were available 
to him. Somewhat different values are obtained for the 
afc according to which particular points in the x-ray 
reciprocal space are used in the evaluation. 

The three elastic constants for copper as calculated 
either from Jacobsen’s afc or from those found in this 
paper are in good agreement with the experimental 
results. Only Jacobsen’s afc were found in a way for- 
mally independent of knowledge of the experimental 
values of the elastic constants. Our two parameters R 
and A were chosen so that the closed shell repulsion 
contribution to the three c;; would equal the experi- 
mental values less the Coulomb contributions. How- 
ever, the signs and magnitudes of R and A found in 
this way are in the range we would expect on inde- 
pendent grounds. 

As mentioned earlier, the values we choose for R 
and A and thus for the closed-shell contribution to the 
elastic constants do not agree with those used by Fuchs 
in his direct calculation of the elastic constants." 
Moreover, Fuchs’ calculations gave for the Coulomb 
contribution to ¢:—¢i2 the value +0.57X10" dynes/ 


mh Bardeen, Phys. Rev. 52, 688 (1937). 
»R. W 


. James, The Optical Principles of the Diffraction of 
X-Rays (G. Bell and Sons, London, 1948); M. Born, in Reports on 
eg in Physics (The Physical Society, London, 1942-43), Vol. 
9, p. 356. 
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cm? and to ¢44 the value +2.57X10" dynes/cm?; our 
results are for ¢1:—¢:2 the value —1.8X10" dynes/cm?, 
and for cy, the value — 4.7510" dynes/cm?. 

By arbitrarily setting g equal to 0.93 A~! we showed 
in Sec. 5 that the Thomas-Fermi model for the Coulomb 
contribution could lead to second- and third-neighbor 
afc in good agreement with the x-ray results. But im- 
plausible values of the parameters for the closed-shell 
interaction would have to be introduced to then obtain 
even partial agreement between the two sets of first- 
neighbor afc. It is difficult to see how a definitely posi- 
tive value for a:, such as Jacobsen finds, can be recon- 
ciled with any model based on Feynman’s theorem. In 
the case of a the ion core and conduction electron 
Coulomb contributions will tend to cancel each other, 
and the closed-shell contribution is surely negative. 

The discrepancy between our calculated and Jacob- 
sen’s x-ray values for the atomic force constants is so 
great that only a few conclusions can be drawn about 
the true values. Either set of results contradicts the 
familiar assumption of central forces between atoms, for 
a, is not zero and 8,7; also, second-neighbor afc are 
not negligible. Although the third-neighbor afc in either 
set are small individually, there are twenty-four sites 
in the third-neighbor ring and the total contribution to 
the elastic constants is sizable. 
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The optical absorption and reflectivity of single crystals of MgO and the optical absorption of thin 
films of MgO, both supported by a LiF substrate and unsupported, have been measured in the energy 
range from 6 ev to 13.5 ev. Absorption peaks due to impurities were observed at 6.0 ev, 6.3 ev, and 6.9 ev. 
The room-temperature fundamental absorption and reflectivity spectra are interpreted in terms of an 
exciton peak at 7.6 ev with a probable second peak at 8.8 ev. Some evidence is present for additional exciton 
structure on the low-energy side of the first peak. The width of the forbidden energy band in MgO is esti- 
mated to be about 8.7 ev. The effects of temperature and internal strains on the absorption spectra are 


discussed. 





INTRODUCTION 


N addition to its importance as a highly efficient 
secondary electron emitter and as a high-temper- 
ature insulator, magnesium oxide is of interest because 
of its position as the lightest of the ITA-VIB compounds. 
The IIA-VIB compounds, composed of the oxides, 
sulphides, selenides, and tellurides of the alkaline earths 
are accurate divalent counterparts to the alkali halides 
(the IA-VIIB compounds). Not only are both families 
mostly of the same crystal structure (cubic NaCl) but 
both are made up of ions having electronic configura- 
tions similar to the rare gases. The similarity between 
these two groups of compounds provides an excellent 
opportunity for quantitative checks for theories re- 
lating to ionic solids. Comparisons between these two 
groups of compounds will be further discussed in 
future papers. 

Most of the work on the optical absorption of mag- 
nesium oxide has been carried out in the impurity- 
sensitive region of the spectrum.’ Johnson’ has 
extended these optical measurements into the vacuum 
ultraviolet using samples of thinly cleaved crystals. He 
found the threshold for fundamental optical absorption 
to be about 7.5 ev. These measurements have been 
further extended by Nelson* who measured the reflec- 
tivity from cleaved surfaces of magnesium oxide 
crystals. He observed a sharp, temperature-dependent 
peak at 7.5 ev, which he attributed to exciton forma- 
tion, and also two broad bands at 11 and 13.2 ev which 
were temperature independent. His estimate of the 
width of the forbidden band in magnesium oxide was 
about 10 ev. 

In the work reported here, measurements of the 
optical reflectivity of magnesium oxide from freshly 
cleaved crystals and optical absorption from thin films 
deposited on lithium fluoride and thin unsupported 
films were made in the wavelength region from 2100 A 
to 900 A. 

* Supported in part by the Office of Naval Research. 

t Now at General Electric Company, Schenectady, New York. 

1H. Weber, Z. Physik 130, 392 (1951). 

2 J. P. Molnar and C. D. Hartman, Phys. Rev. 79, 1015 (1950). 


3P. D. Johnson, Phys. Rev. 94, 845 (1954). 
4 J. R. Nelson, Phys. Rev. 99, 1902 (1955). 


EXPERIMENTAL PROCEDURE 


A vacuum ultraviolet spectrophotometer similar in 
design to those described by Parkinson and Williams® 
and by Johnson® was constructed for use in making the 
measurements reported here. The light source used was 
a low-voltage hydrogen arc similar to that described 
by Johnson.* The detector for the ultraviolet radiation 
was a sodium salicylate phosphor coated on a 1P28 
photomultiplier. This was found to be the most efficient 
of several combinations tried. In the sample chamber, 
the beam of monochromatic ultraviolet radiation passed 
through a slot milled into a copper block which was 
mounted on the bottom of a liquid air Dewar. The 
sample was mounted on a slide which could be moved 
in and out of the beam through a second slot in the 
copper block at right angles to the first. Other slides 
were provided to carry filters used in making corrections 
for scattered light and for fluorescence of the sample. 
The hydrogen which filled the entire instrument at a 
pressure of 2 mm of Hg greatly facilitated cooling the- 
sample by improving the thermal contact with the 
copper block. Thermocouple measurements indicated 
that the samples were cooled to —170°C. Unless 
otherwise indicated, all of the data included in this 
paper were taken with a band pass of 9 angstroms. 

Both Norton’ and Missouri magnesium oxide 
crystals were freshly cleaved for reflectivity measure- 
ments. These crystals were thick* enough (2 mm or 
greater) so that reflection would not occur from the 
back. After a sample was mounted on a metal backing, 
its surface was cleaned with carbon tetrachloride and 
alcohol. The reflectivity was measured by allowing 
monochromatic ultraviolet light to strike the cleaved 
face at an incident angle of approximately 45°. Reflected 
light from the crystal was directed onto the sodium 
salicylate phosphor which acted as a frequency con- 
verter for the RCA-1P28 photomultiplier. Since the 


5 W. W. Parkinson and F. E. Williams, J. Opt. Soc. Am. 39, 
705 (1949). 

6 P, D. Johnson, J. Opt. Soc. Am. 42, 278 (1952). 

7 Supplied by the Norton Company. 

8 These crystals were grown by Harold John in our laboratory 
from magnesium oxide melted in a carbon arc furnace. 
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crystal holder could be moved into and out of the beam, 
the unreflected monochromatic light was also observed. 
The reflectivity measured was a relative quantity, 
since the geometric factors were not evaluated and 
different sections of the phosphor received the reflected 
and the unreflected light. 

Several very thin crystals of both Norton and 
Missouri magnesium oxide were obtained accidentally 
when larger crystals were cleaved. These measured 
about 2 mm wide and were from 0.5 cm to 1 cm long. 
Their thickness ranged from about 0.17 mm to 0.63 mm. 
Optical absorption measurements were made both at 
room temperature and at — 170°C. 

In order to make opacity measurements of magne- 
sium oxide in the fundamental ultraviolet region, 
extremely thin films of the material were necessary. 
The most successful films were produced on a backing 
of lithium fluoride. Lithium fluoride was selected as a 
substrate because it is transparent out to 11.5 ev. The 
lithium fluoride plates were cleaved to a thickness of 
about 2 mm, and were then given a high optical polish. 
This polish was necessary to avoid the development of 
pinholes in the film. After polishing and cleaning, a 
thin film of magnesium metal was evaporated on the 
plates. If this semitransparent film was found to be 
uniform and free from holes, the plate was air baked at 
approximately 650°C. The magnesium oxide films 
resulting from this process were colorless when examined 
by eye or under a microscope. 

Considerable difficulty was experienced in making 
unbacked magnesium oxide films without holes or 
cracks. The most successful method for making these 
films is described as follows: one part of collodion was 
diluted with three parts of amyl acetete and a few 
drops of this mixture were placed on distilled water and 
allowed to harden. The collodion film was then mounted 
in a vacuum bell jar and magnesium metal evaporated 
on it. After the magnesium-covered collodion was 
removed from its mount, it was placed on a nickel 


Fic. 1. Thin, unsupported film of MgO, No. 29, photographed 
between two optical flats using 5839-A light. Longest dimension 
of film is about 1.5 cm. Thickness of film calculated from shift 
of the interference fringes and using 1.7 for the index of refraction 
is 2X 10-5 cm, 
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Fic. 2. Relative reflectivity at room temperature for Norton 
and Missouri single crystals of MgO. At top are shown Nelson’s 
results for a Norton crystal at room temperature replotted on a 
linear energy scale. 


screen (collodion face up) and heated in a dry hydrogen 
atmosphere at 600°C for 5 minutes. This procedure 
removed the very thin layer of collodion and left the 
magnesium film intact and partially free of the nickel 
screen. The magnesium film was then heated in air for 
10 minutes at 650°C. Later, when the resulting mag- 
nesium oxide film had cooled in a desiccator, it was 
carefully removed from the nickel screen and examined 
under a microscope for holes and cracks using reflected 
light. The unbacked films measured were clear and 
brittle. 

By observing the interference fringes of the film 
between two quartz optical flats, the thickness of 
several unbacked films was measured. Most of the 
films studied were of the order of 2000A thick. A 
photograph of film No. 29 is shown in Fig. 1. Weight 
measurements confirm that the shift is less than one 
complete fringe. Using an index of refraction for mag- 
nesium oxide of 1.7, the thickness of this sample was 
determined to be approximately 2X 10~* cm. 


EXPERIMENTAL RESULTS 


The results of the reflectivity measurements are 
shown in Fig. 2. Also shown in this figure are the room- 
temperature results obtained by Nelson‘ on Norton 
crystals, replotted on a linear energy scale. Although 
the data shown in Fig. 2 was taken early during the 
investigation, and there was considerable scatter in the 
experimental points, it will be observed that there is 
general agreement on the principal features of these 
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Fic. 3. Relative reflectivity at room temperature for Missouri 
and Norton single crystals of MgO showing minor structure on 
low-energy side of first exciton peak. 


curves. The sharp peak at 7.55 ev is believed to be due 
to the formation of excitons. The two very broad 
bands which peak at approximately 11 ev and 13.2 ev 
are believed to be associated with the band-to-band 
transitions. 

Important differences will be observed in the spectra 
reported here as compared with Nelson’s results in the 
region from 7.5 ev to 9.5 ev. First, the reflectivity is 
observed to drop sharply on the high-energy side of 
the 7.5-ev peak with a distinct minimum at about 
7.7 ev. Second, the reflectivity increases slowly over a 
broad region to the right of this minimum. The sig- 
nificance of these features will be discussed in the last 
section. It should be pointed out that this region of 
principal disagreement with Nelson’s results is a region 
of rapidly changing light intensity in the hydrogen arc 
spectra. 

Very careful measurements of the reflectivity on the 
low-energy side of the 7.55-ev peak gave some indi- 
cation of structure. Data taken on a Norton and a 
Missouri crystal are shown in Fig. 3. For these measure- 
ments, the band pass of the monochromator was 
reduced to 5 angstroms. Although the observed peaks 
are not pronounced and consequently must be regarded 
as tentative, they were observed in several samples 
each of Norton and Missouri crystals. The positions of 
these peaks appear to be at 7.4 ev, 7.28 ev, 7.16 ev, 
and 6.96 ev. In most curves, a weak peak at 7.7 ev was 
also observed. 

The optical absorption in thin crystals of both 
Norton and Missouri crystals is shown in Fig. 4. In 
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the Norton crystal, this absorption was measured at 
both room temperature and at —170°C. The low- 
temperature absorption was not made for the Missouri 
crystals because of difficulties brought about by the 
fluorescence of these crystals. In all crystals measured, 
a strong absorption set in at about 7.2 ev and extended 
out to at least 13 ev. The absorption was greater than 
500 cm™ at 7.5 ev in every crystal studied. For the 
Norton crystals, this fundamental absorption edge 
shifted somewhat toward higher photon energy at the 
low temperature. 

Because the absorption at the lower energies is 
strongly dependent upon the sample being studied, this 
absorption should be attributed to impurities or lack 
of stoichiometry in the crystals. Some sharpening was 
observed for these absorption bands at the low tem- 
perature. In the spectrum for the Norton crystals, 
three impurity bands may be seen at approximately 
6.0 ev, 6.3 ev, and 6.9 ev. 

Although the Missouri crystals measured were con- 
siderably clearer in this region, a slight peak is seen to 
occur at about 6 ev. Measurements were difficult on the 
Missouri crystals because of the strong fluorescence. 
Corrections for this fluorescence were made by use of 
selective filters. The absence of this strong fluorescence 
in the Norton crystals, which have a somewhat larger 
impurity content, should probably be attributed to the 
quenching of the fluorescence by the additional trapping 
states. 

Measurements of the opacity of four typical films 
made by oxidizing magnesium evaporated on lithium 
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Fic. 4. Optical absorption in thin single crystals of MgO. The 
Missouri crystal was 0.28 mm thick and the Norton crystal was 
0,17 mm thick. 
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fluoride are shown plotted on a logarithmic scale in 
Fig. 5. These curves were obtained at room temperature. 
No correction was made for reflectivity. However, it is 
doubtful if such a correction would have changed the 
general shape of these curves. Since the optical absorp- 
tion is linearly related to the logarithm of the opacity, 
these plots may be considered to be the same as optical 
absorption curves multiplied by the thickness of the 
film. The thickness of the 2500-angstrom film was 
obtained by measuring the shift of interference fringes 
produced between the sample and an optical flat, using 
several wavelengths of light. The thicknesses indicated 
for the thinner films were inferred by assuming that 
the absorption of the first peak was proportional to this 
thickness. 

The curves in Fig. 5 show a sharp rise in absorption 
starting at 7.5 ev, and reaching a peak at 7.9 ev. A 
second peak may be seen at about 8.8 ev. Another 
broad maximum is observed starting at about 9.5 and 
reaching a maximum between 10.5 and 11 ev. Notice 
that the upper curve in Fig. 5 shows the 10.5-ev peak 
lower in relation to the 7.9-ev rise. This type of curve 
was observed only on one film and should probably be 
attributed to an inadequate correction for scattered 
light. This sample was transmitting less than 1% of the 
ultraviolet light while passing most of the scattered 
white light. 

Opacity measurements were also made on these films 
at liquid air temperature. At low temperature, no 
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Fic. 5. Opacity of thin films of MgO on a LiF substrate measured 
at room temperature. The thickness of the 2500-A film was 
measured from the shift of interference fringes at edge of film. 
The indicated thicknesses for the other films were calculated on 
the assumption that the logarithm of the opacity at 7.9 ev was 
proportional to the thickness, 
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Fic. 6. Effect of temperature on optical absorption in thin 
film of MgO on LiF substrate. 


sharpening of the peaks was observed, but there was 
observed a slight shift to higher energies. Data taken 
for the 650-A film are shown in Fig. 6. Similar data were 
observed for other films. In one case, measurements were 
made at 150°C, room temperature, and — 170°C. The 
temperature dependence of the position of the peak 
was found to be approximately —5X 10~ ev/°K. 

Opacity measurements on the thin unbacked films 
were made both at room temperature and at —170°C. 
At the lower temperature, a slight sharpening and shift 
to higher energies was observed for the 7.8-ev peak, 
similar to the case of the backed films. The opacity of 
three typical unbacked films is shown in Fig. 7 for 
measurements made at —170°C. The exciton peak is 
observed at approximately 7.85 ev with a second peak 
at 8.8 ev. A broad peak is observed at about 11 ev, and 
in the thinnest sample, a second broad maximum 
occurs at about 13.2 ev. Only in two samples was this 
13.2-ev peak observed. Since lithium fluoride does not 
transmit ultraviolet beyond 11.5 ev, the 13.2-ev peak 
was not observed in the case of the backed films. 

The lack of sharpness for the exciton peak and the 
absence of any significant narrowing of this peak at low 
temperatures is probably due to the presence of ex- 
cessive strains in the thin films. Attempts to anneal 
the films formed on the lithium fluoride backing were 
unsuccessful, probably because of the difference in 
thermal expansion of the two materials. Three of the 
unbacked films were annealed at 1000°C for three 
hours. However, only one of these films was suitable 
for measurements after this process. The other films 
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Fic. 7. Opacity of thin, unsupported films of MgO measured at 
—170°C. Thickness of film No. 29 was 2X 10~-* cm as determined 
by shift of interference fringes shown in Fig. 1. 


developed holes during the annealing or else cracked 
during mounting. Measurements at —170°C on the 
successful film are shown in Fig. 8. The exciton peak 
for this film before annealing was not as sharp as was 
generally observed. However, it occurred between 7.8 ev 
and 7.9 ev. Nevertheless, the annealed film showed a 
sharpening of this peak as well as a shift to 7.65 ev. 
This peak was also less sharp at room temperature. A 
rather unexpected effect of the annealing was the 
increase in opacity of the annealed film. Also at both 
room temperature and low temperature, the 13.2-ev 
peak appears either to have disappeared or to have 
shifted to lower energy. The reasons for this effect are 
not at present understood. 


DISCUSSION 


Because of its high absorption constant, the optical 
absorption in magnesium oxide above about 7.5 ev 
may be safely attributed to fundamental absorption. 
However, it is difficult to separate the absorption 
associated with excitons from that due to direct band- 
to-band transitions and to analyze the details of the 
spectra for these two processes. The changes in these 
spectra brought about by the presence of strains and 
gross imperfections in the crystal still further com- 
plicate the situation. 

The first major peak in the reflectivity spectrum is 
undoubtedly an exciton peak. This follows from its 
sharpness and the fact that, as observed by Nelson,* it 
becomes sharper at low temperatures. 
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The shape of the reflectivity spectrum in this region 
is determined largely by the real part of the index of 
refraction. This may be seen from considerations of the 
Fresnel equation for reflectivity, 


(n—1)?-+k? 
R- ‘ 
(n+1)?-+k 


where » and & are the real and imaginary parts of the 
index of refraction, respectively, and the fact that the 
reflectivity in this region is, in general, less than about 
25%. In the region of a sharp optical absorption, 
the real part of the index of refraction is characterized 
by an anomalous dispersion curve. The pronounced 
minimum in the reflectivity data shown at 7.7 ev in 
Fig. 2 is strongly suggestive of such a behavior. Con- 
sequently, the position of the exciton absorption peak 
should occur in the region of the sharpest falloff of the 
reflectivity on the high-energy side of the peak or at 
about 7.6 ev at room temperature. 

The position of the principal exciton peak in the 
room-temperature absorption data varies from about 
7.9 ev for the films supported on a backing of lithium 
fluoride to about 7.65 ev for the annealed, unbacked 
films. This variation in the position of the exciton peak 
should probably be attributed to internal strains in the 
samples. In the lithium fluoride backed samples, these 
strains are probably due primarily to the difference in 
thermal expansion of the two materials. In the case of 
the unbacked films before annealing, these strains are 
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Fic. 8. Effect of annealing for 3 hours at 1000°C on opacity of 
thin unsupported film of MgO. Measurements were made at 
— 170°C. 
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probably due to gross deformation brought about in 
the growth process. It will be noted that the shift in 
the exciton peak due to strains is opposite to that pro- 
duced by increasing the temperature. The reasons for 
this are not yet fully understood. On comparing the 
region of sharpest falloff in the reflectivity data with 
the position of the exciton peak in the annealed, 
unbacked film, the most probable value for the first 
exciton peak in an unstrained crystal at room tem- 
perature appears to be about 7.6 ev. 

A second peak in the optical absorption data may be 
seen at about 8.8 ev. Although this peak is rather 
broad, it is believed that it also should be attributed 
to the formation of excitons. Probably the best evidence 
for this comes from a study of the photoelectric emission 
from magnesium oxide.’ Exciton-induced photoelectric 
emission results from a two-step process in which the 
light quantum first produces an exciton which in turn 
gives up its energy in an Auger process to a donor 
electron. Changes in the stoichiometric composition of 
magnesium oxide brought about by heating the sample 
in an atmosphere of oxygen were observed to alter the 
photoelectric yield in the region of 8.8 ev. On the other 
hand the yield above about 10 ev was not affected by 
this process, thus indicating direct transitions from the 
filled band. Since the yield at 8.8 ev was too high 
(greater than 10-? electrons/quantum) for direct 
transitions from the donors, this may be taken as 
positive evidence for the production of excitons at this 
energy. 

A qualitative similarity may be observed between 
the absorption spectra for magnesium oxide observed 
here and the spectra for barium oxide obtained by 
Zollweg.' The absorption spectra due to excitons which 
one would expect from materials such as these have 
been examined by Overhauser." His conclusion is that 
ionic crystals having a sodium chloride structure will 
in general have 5 lines in the exciton multiplet. In 
materials in which the spin-orbit interaction is weak 
compared with the other interactions involved, two of 
these lines will be strong and three will be weak. It is 
therefore tempting to identify the two strong peaks 
observed at 7.6 ev and 8.8 ev with those predicted by 
Overhauser and the minor structure observed on the 


9 J. R. Stevenson and E. B. Hensley, Bull. Am. Phys. Soc. Ser. 
II, 3, 46 (1958). 

1 R. J. Zollweg, Phys. Rev. 97, 288 (1955). 

1 A, W. Overhauser, Phys. Rev. 101, 1702 (1956). 
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low-energy side of the first peak in the reflectivity 
shown in Fig. 3 with the weak transitions. Although 
this minor structure was not observed in the optical 
absorption measurements on the thin films, it must be 
remembered that these polycrystalline films are far 
less perfect in structure than the single crystal used for 
the reflectivity data. More work using more refined 
techniques should be carried out to resolve these possi- 
bilities. 

Estimates have been made of the width of the for- 
bidden energy band in magnesium oxide, but in general 
the evidence has been very meager. Using soft x-ray 
emission measurements, O’Bryan and Skinner” have 
estimated the band gap to be about 10 ev. Watanabe™ 
studied the loss in energy of high-velocity electrons 
scattered by thin foils of magnesium oxide. He observed 
peaks in the absorption spectrum of the electrons at 
4.5 ev, 5.5 ev, 11.4 ev, and 25 ev. He interpreted the 
11.4-ev peak to be due to band-to-band transitions. 
However, it is well to note that in his data there is no 
peak that corresponds to the 7.6-ev exciton absorption, 
which raises a question regarding the interpretation of 
his data. Nelson‘ estimated the forbidden band gap to 
be approximately 10 ev on the basis of his reflectivity 
data. Although this value is plausible for his data, the 
reflectivity data presented here are quite different in 
the region from 8 to 10 ev. 

If the 8.8-ev peak is due to an exciton transition as 
is suggested here, then it probably covers the threshold 
for the band-to-band transitions. Extrapolation of the 
absorption underlying this peak seems to lead to a 
value somewhere between 8 and 9 ev. We estimate the 
most probable value for the threshold of the band-to- 
band transitions to be about 8.7 ev. 

The absorption spectra for the band to band transi- 
tions show two broad peaks near 11 ev and 13 ev in 
both the spectra of the reflectivity and the opacity of 
the unannealed unbacked films. Annealing these films 
brings about a change in this spectrum that is difficult 
to understand. Although these spectra are probably 
related to the density of states in the filled band of 
magnesium oxide, there is little more that can be 
stated at the present time. 


12H. O’Bryan and H. Skinner, Proc. Roy. Soc. (London) A176, 
229 (1940). 

18H. Watanabe, Phys. Soc. Japan 9, 920 (1954); Phys. Rev. 
95, 1685 (1954). 
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The optical absorption spectra of single crystals of sodium chloride, potassium chloride, and potassium 
bromide from various sources (Harshaw, Optovac, and NRL) have been measured from the visible region 
to the fundamental] edge. Bands are found at 185 my in NaCl, at 204 mu in KCl, and at 214 my in KBr. 
The positions of the bands satisfy an Ivey relation, \=691d°, where d is the lattice parameter in angstroms. 
These bands are associated with the presence of hydroxy! ions in the lattice. When NaCl is additively 
colored, a hydride ion absorption (U band) appears which is proportional to the 185-my band absorption 
in the crystal before coloration. The F band produced in NaCl and KC! by ionizing radiation is also pro- 
portional to the initial hydroxy] ion band absorption. It is found that the hydroxyl ion absorption band 
can be removed by the addition of certain impurities to the melt. 


I. INTRODUCTION 


U’ is well known that the optical and electrical 
properties of the alkali halides are affected by im- 
purities.~* Since the basic mechanism of color center 
production is not yet completely understood, an im- 
portant step in determining the relative roles of impuri- 
ties and mechanical strains would be to produce as 
pure crystals as is possible. Chemical analyses for trace 
impurities in the amounts often important in this field 
are tedious and not always fruitful, particularly when 
the impurity is unknown. The following are often used 
as general criteria of the “purity” of a crystal: (a) ab- 
sence of optical absorption bands, (b) poor F-band 
production after exposure to ionizing radiation, (c) ab- 
sence of optically excited fluorescence, (d) low extrinsic 
conductivity. 

In the course of a previous investigation‘ an absorp- 
tion band was observed in NaCl at 185 my. A similar, 
but hitherto unrelated, band has been found by many 
investigators® in KC] at 204 my. These bands are found 
in all synthetic NaCl and KCI crystals grown without 
the intentional addition of impurities. A specimen of 
rocksalt from Baden, Germany, shows virtually no 
185-my band. Akpinar® studied the effect of various 
additives and atmospheres on the band in KCl and 
concluded it was due to compounds containing oxygen. 

Compton has recently suggested that hydroxy] ions 
in NaCl effectively sensitize the growth of colloidal 
particles by ionizing radiation. An enhancement in the 
F-band production by ionizing radiation has been ob- 
served by Smakula’ in crystals containing intentionally 
added impurities. There has apparently not been any 


* Presented by the authors at the American Physical Society 
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Phys. Soc. Ser. IT, 4, 272 (1958). 
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2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

3K. Przibram, Irradiation Colours ad . (Pergamon 
Press, Ltd., London, 1956). 

4H. W. Etzel, Phys. Rev. 100, 1643 (1955). 

5 For example: S. Akpinar, Ann. Physik 5, 429 (1940). 

6 W. D. Compton, Phys. Rev. 107, 1271 (1957). 

7A. Smakula, Nachr. Akad. Wiss. Gottingen (1929), p. 110; 
Z. Physik 59, 603 (1930). 


study made of such an effect in undoped crystals. 
A yellow fluorescence in the alkali halides has been 
observed by many investigators and has been studied 
most recently by Ewles and Barmby* who attribute it 
to an O-* center. 

Applying the aforementioned general criteria for the 
“purity” it has been found that there are optical ab- 
sorption bands, there is a strong dependence of F-band 
production on these bands, and that there is ultraviolet- 
excited fluorescence in all the synthetic crystals studied. 
No conductivity measurements were made. As a result 
of these investigations it is felt that the responsible 
impurity is the hydroxyl ion and accordingly the 
characteristic ultraviolet absorption band will be re- 
ferred to as the “OH” band. 


Il. EXPERIMENTAL RESULTS 
A. Crystal Growth 


A study of the possible effects of the growth atmos- 
phere, crucible materials, and impurities on the develop- 
ment of the 185 my and the 204 my bands in NaCl and 
KCl, respectively, was carried out. The most intensive 
investigation was on KCI in which the Kyropoulos 
technique was used for growing the single crystals. The 
growth was accomplished inside a capped quartz 
cylinder in which a slight positive pressure of the 
desired gas atmosphere was maintained. Single crystals 
obtained from Optovac were used as the starting 
material so that the initial optical properties could be 
measured and compared with those of the experimental 
crystals. The spectrum for the starting material is 
shown in Fig. 1(b). Identically shaped bands are 
observed at 204 my in crystals grown in atmospheres 
of dry nitrogen, dry argon, dry oxygen, or air. The 
band is considerably enhanced by growth in air while 
growth in the other atmospheres reduces it by a factor 
of two relative to the starting material. Argon was 
selected as the growth atmosphere for succeeding 
crystals unless otherwise noted. 


8 J. Ewles and D. S. Barmby, Proc. Phys. Soc. (London) 69, 


670 (1956). 
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Taste I. Crystal growth conditions and comparison of the 
204-my band and the infrared data for KCl. 


"OH- 
(from 
infrared 


Atmos 204 
data) 


Crucible phere Additive (cm~) 


Crystal 
No. Source 
1.5 <101¢ 
0.7 <10'6 
45-69 1-2 X10!" 
§5)}-70 1-2 X10" 
<10' 
<10'6 
1-2 X10"7 


. Optovac 
NRL 


NRL 


argon 

argon 

argon 
COs 


gold 

gold 
platinum 
platinum 
platinum Or 
platinum O2 


none 
KOH (0.1M%) 
K2CO3(0.1M%) 
K:CO3(0.1M%) 8 


none 8 
KOCN(0.1M%) 51-75 


Crystals were grown in crucibles of platinum, gold, 
and quartz. Crystallization from gold or platinum con- 
tainers reduces the 204-my band by a factor of two. 
Crystals grown in quartz crucibles, however, show a 
reduction in the 204-my band of a factor of ten. 

When 0.1 mole percent alkali hydroxide is added to 
the Kyropoulos melt, NaCl and KCl crystals show 
substantial increases in the 185-my and 204-my bands, 
respectively. For example, see Fig. 1(b). The same 
enhancement is obtained whether the crystals are 
grown in crucibles of gold or platinum. However, KCl 
crystals grown in quartz crucibles, even though doped 
with the same amount of alkali hydroxide, show less 
204-my band than was in the Optovac starting material. 
Microscopic examination of the portion of the quartz 
crucible in contact with the melt indicates extensive 
pitting. When 0.1 mole percent K2CO; is added to the 
melt, the single crystal grown in an argon atmosphere 
shows a factor of forty increase in the 204-my band 
whereas one grown in a CO, atmosphere shows a de- 
crease by a factor of two in the band. The addition of 0.1 
mole percent KOCN to the melt in a dry atmosphere 
also results in a factor of forty increase in the 204-my 
band. 


B. Optical Absorption 


Absorption spectra were measured from the visible 
region to 184 my by using a Cary Model 14M spectro- 
photometer. Measurements below this region were 
made with a Baird vacuum monochromator. Typical 
curves for the alkali halides investigated are shown in 
Fig. 1. It is found that the position of the 185-my and 
204-my bands lead to an Ivey® relation of the form 
A=691d°", where d is the lattice parameter in ang- 
stroms. This predicts a band in KBr at 214 my which 
has been observed experimentally [ Fig. 1(c) ]. Measure- 
ment of these bands at 78°K indicates that they do not 
sharpen appreciably, and therefore are not as sensitive 
to changes in the lattice as are, for example, U and 
F centers. 

Further association of the ultraviolet absorption 
bands with the hydroxy] ion concentration in the lattice 
is obtained from measurements of the infrared absorp- 
tion due to the OH~ bond resonance. Table I indicates 
the relationship between the amplitude of the 204-my 


°H. F. Ivey, Phys. Rev. 72, 341 (1947). 
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Fic, 1. The ultraviolet absorption spectra of NaCl, KCl, and 
KBr. Peak positions of the “OH” band are (a) 185 mu in NaCl, 
(b) 204 my in KCl, and (c) 214 my in KBr. Crystals labeled NRL 
were grown in air. Harshaw and Baden crystals were measured as 
received. Recrystallized Optovac crystals were grown in dry argon 
atmospheres. 


band and the number of OH™ centers calculated from 
the infrared resonance absorption in various KCl 
crystals. It can be seen that a measurable (>10'* 
centers/cm*) OH~ resonance absorption is found only 
in those crystals which have a prominent 204-my band. 
The same correlation is found in NaCl with the 185-my 
band. The variation in the magnitude of the 204-my 
band in a given crystal reflects the hydroxyl ion con- 
centration gradient in the crystal. The high absorption 
coefficient necessitates the use of relatively thin (about 
0.4-mm) crystals in order to see the peak of the band. 
The hydroxy] ion concentration in these thin specimens 
varies according to their position in the crystal boule 
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Fic. 2. Comparison of the absorption spectrum of a hydrided 
NaCl crystal with that of an additively colored (slowly cooled) 
NaCl crystal which contained a prominent “OH” band before 
coloration. 


and so, accordingly, does their ultraviolet “OH” ab- 
sorption. Similar variations were not observed in the 
infrared measurements since the absorption here is 
much weaker and hence much longer (about 20-mm) 
crystals are required to detect the band. Of the three 
crystals containing appreciable OH~ as determined by 
the infrared data, only one was doped with KOH. 
Despite reasonable precautions to exclude water vapor 
in the crystals grown with additions of KsCO; and 
KOCN, the presence of an infrared OH~ absorption 
band was easily detected. The source of the hydroxy] 
ion in these crystals is unknown. 


C. Coloration Properties 


Additive coloration of NaCl crystals containing vary- 
ing amounts of “OH” band produces three absorption 
bands in the ultraviolet at 192 my, 228 my, and 288 my. 
These are shown in Fig. 2 together with a crystal con- 
taining a U band which is characteristic of the hydride 
ion absorption. Comparison (as shown in Table II) of 
the behavior of the U band with the 192-my band 
developed in the additively colored crystals indicates 
they are identical. The 192-my band produced by 
additive coloration of crystals containing the “OH” 
band is therefore ascribed to a hydride ion absorption. 
Figure 3 shows the dependence of the 192-my (U band) 
on the 185-my band in NaC] prior to additive coloration. 
Since all the crystals were colored simultaneously, this 
dependence indicates that the source of the hydride is 
the crystal itself rather than the excess sodium used in 
the coloration process. This conclusion is supported by 
the fact that the U band is also produced when a NaCl 
crystal is colored electrolytically. It should be pointed 
out that the same three ultraviolet bands appear 
in the electrolytically colored NaCl. Hacskaylo and 
Groetzinger” have reported that the two bands of 


® M. Hacskaylo and G. Groetzinger, Phys. Rev. 87, 789 (1952). 
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longer wavelength are present in their “precursor’’- 
containing crystals. Limitations of their apparatus 
apparently prevented them from observing the U band. 
Their crystals show all the characteristics expected of a 
U-centered crystal. 

Additive coloration of KCl containing various 
amounts of “OH” band does not yield as clear a picture 
of the production of U centers as was observed in 
NaCl. A well-defined U band is produced by additively 
coloring a crystal which has a relatively small “OH” 
band. Additive coloration of crystals with relatively 
large “OH” bands produces only a slight shift in the 
ultraviolet absorption to longer wavelengths. This is 
attributed to the growth of a U band which is appar- 
ently limited in KCl for some unknown reason. The 
dependence of the U band in KCl upon the “OH” band 
is therefore not as well established as it is in NaCl. 

The F band produced by ionizing radiation is also 
found to be proportional to the preirradiation magni- 
tude of the “OH” band in the crystal. In Fig. 4 is shown 
the F band produced in NaCl and KCl by soft x-rays. 
All crystals were cleaved to about 0.65 mm and irradi- 
ated under the same conditions (40 kvp, 16 ma, 
5 minutes). With the growth of the F band there is 
found a decrease in the “OH” band and the simul- 
taneous growth of a small subsidiary band on the long- 
wavelength side of the “OH” band. It is difficult to 
determine the exact position and shape of this sub- 
sidiary band because of its proximity to the decreasing 
“QOH” band. However, its position suggests that it is 
the U band. An appreciable portion of the F centers 
produced can be ascribed to the loss in the “OH” band. 
The relationship between the two is evident from the 
fact that the growth of the F band and loss of the 
“OH” band cease simultaneously. 

Previous investigators":” have studied the effects of 
Ca, Sr, and Cd on the production of F centers by 
ionizing radiation in NaCl and KCl. Colorability is 
greatly enhanced by the introduction of Ca and Sr. 
In the present investigation it has been found that the 
introduction of these divalent ions also removes the 
“OH” absorption band. It will be noted in Fig. 4 that 
the points scatter for KCl for small values of “OH”- 
band absorption. This may be attributed to the presence 
of a trace of Ca or Sr which decreases the “OH” absorp- 
tion and increases the F’ band. 


TasBzeE IT. Comparison of 192-my band and U-band in NaCl. 








Peak position (ev) Width at a/2 (ev) Peak shift 


Crystal 293°K 77°K 293°K 77°K £77°K —E293°K (ev) 


NaCl: NaH 
NaCl: Na 





6.51 
6.50 


6.59 
6.57 


0.72 
0.74 


0.53 
0.50 


0.08 
0.07 








nauat Hummel, thesis, Géttingen University, 1950 (unpub- 
2 H. W. Etzel, Phys. Rev. 87, 906 (1953). 
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It has also been found that the “OH” band can be 
removed by adding silica to the Kyropoulos melt, by 
premelting the Kyropoulos charge in HCl gas, or_by 
baking a thin crystal at high temperature in HCl gas. 


D. Flourescence 


A well-known yellow fluorescence is observed when 
many synthetic alkali halide crystals are excited with 
253.7-mu light. The fluorescence emission spectrum, 
consisting of nine maxima whose envelope peaks around 
530 my, is quite similar in NaCl and KCI. These spectra 
have been reported most recently by Ewles and 
Barmby* who have concluded they are due to Ost. 
The dependence of the fluorescence on oxygen has been 
demonstrated in the present investigation by the growth 
of undoped crystals of NaCl in nitrogen, air, and 
oxygen and of KCI in argon and oxygen. A definite 
qualitative relationship between the oxygen concentra- 
tion in the growth atmosphere and the fluorescence in- 
tensity was observed. No such correlation was found 
between the oxygen concentration and the “OH” band. 
This fluorescence seems to be associated with, but not 
directly due to, the “OH” absorption band. It is always 
found in crystals which have a substantial “OH” 
absorption. On the other hand, a crystal with sub- 
stantial yellow fluorescence but no appreciable “OH” 
absorption can be produced by growth in a dry oxygen 
atmosphere. In addition, no fluorescence is excited by 
light absorbed in the “OH” absorption band. Maximum 
optical excitation of the yellow fluorescence occurs at 
about 260 my in NaCl and at about 270 my in KCl. 
The relationship between the “OH” band and the yellow 
fluorescence also holds in NaCl crystals doped with Ca 
and Cd. In the crystal containing Ca, both the “OH” 
band and the yellow emission are removed while neither 
is affected by the addition of Cd. 
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Fic. 3. Dependence of the U-band production upon the initial 
“OH” band absorption in additively colored NaCl. The crystals 
were slowly cooled from the additive coloration temperature. The 
designations Harshaw “A” and “O” denote different boules. 
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Fic. 4. The dependence of the F band produced in NaCl 
and KCl by ionizing radiation upon the initial ‘“(OH’’-band 
absorption. 


III. DISCUSSION 


It is felt that the preceding experimental results 
indicate that the ultraviolet “OH” absorption bands are 
due to hydroxyl ions in the crystal. Table I gives a 
comparison of the absorption coefficient for the 204-my 
band in KCl and the number of OH™ centers in the 
crystal determined from the infrared absorption at 2.7y. 
The ratio of the absorption at 204 mu to the number of 
OH- centers calculated from the infrared data is con- 
stant within a factor of two. Recognizing the limitations 
of Smakula’s formula, an oscillator strength can be 
calculated for the ultraviolet “OH” band using the 
number of centers determined from the infrared data. 
The average value obtained is 1.9. Although a value 
less than one is expected for a one-electron center, this 
result is not considered unreasonable. 

The optical properties of alkali halides are affected 
by the hydroxyl ion. The coloration produced by 
exposing such crystals to ionizing radiation is directly 
proportional to the “OH” band. It has been suggested 
by Seitz that the highly erratic values obtained for 
the efficiency of coloration at room temperature are 
due to chance impurities or the mechanical history of 
the specimens. More recently Gordon and Nowick," 
have suggested that the initial rate of F-center produc- 
tion by ionizing radiation is due to the presence of 
impurities. It appears, therefore, that a determination 
of the energy required to form an F center by ionizing 
radiation is likely to depend, at least in part, upon the 
amount of hydroxy] ion in the crystal investigated. 

Additively colored crystals also appear to be in- 
fluenced by the hydroxyl ion. Coloration, either by 
heating the crystal in an excess of alkali metal or by 
electrolysis and slowly cooling the crystal to room tem- 
perature, produces a U band’ in NaCl which is pro- 

18 See reference 2, p. 63. 

4 R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956). 

18H. W. Etzel, Bull. Am. Phys. Soc. Ser. II, 2, 126 (1958). 
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portional to the “OH” band. Subsequent conversion of 
the U to the F band by ultraviolet irradiation yields 
an F band proportional to the initial “OH” band. The 
direct production of F centers in NaCl by quenching 
the crystal from the additive coloration temperature is 
possible, and yields the same dependence of F centers 
on “OH” centers but omits the interesting intermediate 
observation of the presence of U centers. The fact that 
U centers appeared when the crystals were slowly 
cooled first suggested that the 185-my band had 
hydrogen as a constituent. The intermediate U-center 
step is difficult to attain by additive coloration in KCl. 

The absence of the “OH”-band absorption in NaCl 
crystals containing Ca and in KCl containing Sr sug- 
gests that the properties of these divalent doped crystals 
are in some way dependent upon the presence of 
hydroxyl ions. In contrast, however, the 185-my band 
in NaCl containing Cd is still present. Measurements of 
the OH™ resonance in the infrared in Ca doped crystals 
indicate that hydroxyl ions are present despite the 
absence of the 185-my band. The implication is that 
the 185-my center is destroyed by the divalent ion, 
perhaps with the formation of CaOH* or Ca(OH)>. 

In 1940 Akpinar® reported an extensive study of the 
204-my band in KCl from which he concluded that the 
band was due to oxygen radicals in the crystals. One of 
his experiments included the doping of KCl with KOCN 
and growing a crystal in air and another similar one in 
nitrogen. The air-grown crystal showed a substantial 
204-mu band while the nitrogen-grown one did not. 
The explanation offered was that in the nitrogen case, 
the OCN~ radical had decomposed and that the partial 
pressure of oxygen over the melt in the air-grown case 


ETZEL AND D. A. 


PATTERSON 


prevented the decomposition and left the OCN~ radical 
in the lattice as such. In the present work, an attempt to 
reproduce the latter experiment under thoroughly dry 
conditions produced the same result, namely a sub- 
stantial 204-my band. However, this crystal also showed 
the OH™ resonance band in the infrared, as have all 
the other crystals with substantial 204-my band ab- 
sorptions. 

The yellow fluorescence found in all crystals grown 
in air is undoubtedly due to the inclusion of oxygen 
during the growth process. The presence of the same 
fluorescence in hydroxyl-doped crystals grown in dry 
oxygen-free atmospheres must be due to some dissocia- 
tion of the hydroxy] ion. The yellow fluorescence is not 
produced by the excitation of the hydroxy] ion since 
(a) it is found without the “OH” absorption in crystals 
grown in a dry oxygen atmosphere and (b) it cannot be 
produced by optical excitation into the “OH” band. 

Author’s note——Since the completion of this manu- 
script a Letter by Rolfe'® bearing on the same subject 
matter has been published. 
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The anisotropy constants of iron have been determined from torque measurements on a {110} single- 
crystal disk in fields up to 15 000 oersteds or higher and at temperatures of 77, 195, and 300°K. The values 
of K, at the three temperatures are (5204-10) X10*, (505210) 10%, and (480+10)X10* ergs/cm*; the 
value of Kz at all three temperatures is (0+50)X10* ergs/cm*. The anisotropy decreases as the fourth 
power of the saturation magnetization over the temperature range studied. 





INTRODUCTION 


XPERIMENTAL determinations of the crystal 
anisotropy constants of iron have been tabulated 
by Bozorth.’ The room temperature values of K; range 
from 400X 10° to 525 10° ergs/cm’, and the values of 
Kz from —170X10* to +290X10*. There are two 
published values for KX, at liquid nitrogen temperature?’ : 
575X10* and 520X 10° ergs/cm*. There is a need for 
better information. 

Most of the determinations of anisotropy constants 
have been made from measured magnetization curves of 
single-crystal samples, but more recent work has 
tended to favor the use of torque measurements.*® 
The values reported here are based on torque measure- 
ments at maximum fields four to five times higher than 
those used in previous investigations of iron. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The sample was prepared from a single crystal of 
Armco iron, grown by the Virginia Institute for 
Scientific Research, Richmond, Virginia. The total 
impurity content of this material is stated to be about 
0.2%, with the major impurity about 0.1% Cu. Since 
the crystal anisotropy does not appear to be sensitive 
to small composition changes, this material may be 
regarded as pure iron for the purpose of this experiment. 
The final sample was in the form of an approximately 
ellipsoidal disk, 0.327 inch in diameter by 0.031 inch 
thick, weighing 0.242 g. This corresponds to a volume 

‘of 0.0308 cm’ if the density is taken as 7.86 g/cm’. 


1R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p. 567. 

2 R. M. Bozorth, J. Appl. Phys. 8, 575 (1937); also reference 1, 
p. 568. 

3 American Institute of Physics Handbook, edited by Dwight E. 
Gray (McGraw-Hill Book Company, Inc., New York, 1957), Sec. 
5, p. 221. 

Pi! P. Tarasov, Phys. Rev. 56, 1224 (1939). 

5L. P. Tarasov, Phys. Rev. 56, 1231 (1939). 

( Ne Kouvel and C. D. Graham, Jr., J. Appl. Phys. 28, 340 
1957). 

7D. A. Langford, Report No. 5077, Metropolitan-Vickers 
Electric Company, Ltd., Research Department, Manchester, 
England, March, 1956 (unpublished). 

8H. Shenker, NAVORD Report No. 3858, U.S. Naval Ordnance 
Laboratory, White Oak, Maryland, February, 1955 (unpublished). 

®R. C. Hall, WADC Report No. 58-21, ASTIA No. 142293, 
Westinghouse Electric Corporation, January, 1958 (unpublished). 


The plane of the disk was within 1° of a {110} plane, 
as determined by x-rays. After machining, the sample 
was annealed for several hours at 870°C in dry hydrogen. 
No included grains were visible after etching the prepared 
sample. 

Torque measurements were made with a torque 
magnetometer which uses a helical spring as _ the 
measuring element. The sample is held at the end of a 
rigid shaft rotating in fixed bearings; this design 
permits the magnetometer to be calibrated with a 
simple weight and pulley arrangement, and also permits 
the sample to be immersed in a cooling bath without 
affecting the rest of the instrument. Two calibrations 
made during the course of the measurements gave 
spring constants of 189 and 190 dyne-cm per degree 
of deflection. Friction in the bearings limited the 
accuracy of an individual reading to about } degree, 
which for the sample used corresponds to about 
3X10° ergs/cm*. The low-temperature baths were 
liquid nitrogen and dry ice in acetone. 

Torque measurements were made at 5° intervals over 
a full 360° rotation of the disk, with additional readings 
at 1° intervals at the torque peaks and at certain of 
the torque zeros. Complete torque curves were taken 
at fields from 2000 to 20 000 oersteds at room tempera- 
ture, and from 2000 to 15000 oersteds at the low 
temperatures, where the container for the cooling bath 
increased the spacing between the electromagnet pole 
pieces. Repeat runs were made at a number of fields at 
all temperatures after the sample had been removed 
from its holder and then replaced. Figure 1 shows two 
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Fic. 1. Room-temperature torque curves of {110} iron disk at 
2000 and 20000 oersteds. y is angle from (100) direction to 
direction of applied field. Experimental points omitted from the 
low-field curve for clarity. 
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Fic. 2. Increase of apparent anisotropy with increasing field. 
Data from torque peaks, plotted against 1/H. 


of the measured torque curves, indicating the changes 
which occur as the field is increased. 


Anisotropy constants were deduced from the torque - 


curves by two independent methods, one involving the 
measured torque peaks and the other involving the 
measured torque slopes at zero torque. In all cases, the 
average value of all the equivalent peaks or slopes of a 
complete torque curve was used in computing the 
constants. Values of the anisotropy constants were 
computed from the torque peak data by Shenker’s 
method’; this is a simple graphical procedure for 
fitting the measured peaks to the peaks of a theoretical 
curve calculated for two constants K,; and Kye. The 
method of torque slopes was devised by Kouvel, and 
has been previously applied to an iron-silicon alloy.® 
The method allows a choice of the particular torque 
slopes to be used; in this work only the slopes taken in 
the easy directions (where the slopes are negative) 
were used, since they could be determined with the 
greatest accuracy. The method of torque peaks gave 
results with considerably less scatter. 

Tarasov first pointed out that the apparent anisot- 
ropy constant deduced from a torque curve increases 
with increasing fields of measurement.‘ He used an 
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Fic. 3. Same as Fig. 2, plotted against 1/+/H. 
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extrapolation against 1/H to find the anisotropy 
constant at infinite field. However, Tarasov’s measure- 
ments extended only from 2000 to 3500 oersteds; 
recent torque measurements carried to fields of 15 000 
to 20000 oersteds have shown that an extrapolation 
against 1/./H may be preferable.*.’ Both extrapolations 
are empirical. 

Figures 2 and 3 show the torque-peak results extra- 
polated in both ways. The curves for K, are so nearly 
horizontal that it is impossible to say which extrapola- 
tion is better. The quoted final values are in all cases 
the average of the values obtained by the two extrapola- 
tions. Figure 4 shows the room-temperature values as 
obtained from the torque slope measurements. The 
scatter is clearly greater than for the torque peak 
results, but the extrapolated value appears to be about 
the same. The torque slope measurements at low 
temperatures gave very closely the same results as the 
torque peak measurements, but with increased scatter. 








20000 m+ 10000 
010 “$20 aw 
i oersteos” 











Fic. 4. Room-temperature data from torque slopes, 
plotted against 1/H. 


At all temperatures the scatter in the values of Ke 
is quite large. This is because small changes in the ratio 
of the peak heights appear as large changes in the 
derived value of K2, which is another way of saying 
that the measured torque properties of a crystal do not 
depend very strongly on the value of K». Nevertheless, 
all the values of Ky except those at the lowest fields 
are fairly near zero, and it seems safe to conclude that 
Kz is small compared to K; at room temperature and 
below. 

The final values for the constants are tabulated in 
Table I. The values obtained from the torque slopes 
have not been used, because of the scatter in the 
results. However, in no case did the torque slope data 
indicate any real disagreement with the torque peak 
values—only a scatter around the torque peak values. 
The indicated errors are somewhat larger than the 
actual scatter in the torque peak results, and are 
intended to include the absolute errors in measurement 
as well as the error involved in the extrapolation. No 
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correction has been applied for the increase in density 
at low temperature ; this amounts to about 3% between 
room temperature and liquid nitrogen. The final average 
values are plotted against temperature in Fig. 5. 


DISCUSSION 


Since the measurements reported here extended to 
higher fields than were used in previous determinations 
of the anisotropy of iron, the values listed above should 
be more reliable than the older figures. The room 
temperature value of K, obtained here (480X 10° 
ergs/cm*) may be compared with a recent value of 
460X10® reported by Hall for similar measurements 
on a similar sample,’ and also with the value of 460X 10° 
quoted in the Americal Institute of Physics Handbook.* 
A value near 420X10* has been often used in the 
literature as an average of the early results; it is clear 
that this figure is at least 10% too low. 

One’ of the two previously-reported low-temperature 
values for K, was derived from the magnetization curve 
of a single crystal rod with a known but not simple 
orientation, measured by Honda, Masumoto, and Kaya 
in 1928. Values determined from such an indirect 


TABLE I. Values of the anisotropy constants K, and Ko. 





Average Kz, 


Average K:, 
(ergs/cm*) 


(ergs/cm?) 


Extra- 
polation 


Temp. 
(°K) 


Ki, 
(ergs/cm) 





(520+ 10) X 10° 
(505+ 10) X 10° 
(480+ 10) X 10° 


(1/H 518X 10°) 
\1/VH 520X108) 
195 f{1/H 502 10°} 
1//H  509X10°| 

300 /f1/H 477X 10°\ 
1//H 483X10°/ 


7 (0-450) 108 
(0-450) 108 


(0+50)X 108 








measurement should not be as reliable as those reported 


here. The other previous low-temperature value* 


agrees exactly with the figure obtained here (520X 10° 
ergs/cm*). 

A recent measurement of Ky gave (in ergs/cm') 
71X10? at 300°K and 90X10 at 77°K," slightly 
higher than the upper limit suggested above. 

One immediate use for the new results is to compare 
the temperature variation of the anisotropy of iron 
with the temperature variation of the saturation 
magnetization. Zener has derived a_ tenth-power 
relationship, Kr/Ko= (M7r/Mo)", which should be valid 
at low temperatures.” He showed that this agreed 
with the anisotropy values as given in the literature at 
that time. The present results fit a fourth-power law: 
Kr/Ko=(Mr/Mo)‘; Fig. 6 compares the two cases. 
Other theoretical discussions of the temperature 


1 Honda, Masumoto, and Kaya, Science Repts. Téhoku Imp. 
Univ. 17, 111 (1928). 

u H, Sato and B. S. Chandrasekhar, J. Phys. Chem. Solids 1, 
228 (1957). 
2 C, Zener, Phys. Rev. 96, 1335 (1954). 
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Fic. 5. Crystal anisotropy constants of iron as a 
function of temperature. 


dependence of the anisotropy have been given by 
Keffer, Van Vleck," and Carr.!® 

After this paper was written, I learned from R. M. 
Bozorth of the Bell Telephone Laboratories that the 
data for iron given in reference 3 were taken from 
some unpublished measurements of his, made in 1952. 
The values were derived from torque measurements on a 
{100} disk in fields up to about 20000 oe. With Dr. 
Bozorth’s kind permission, I quote his results here: 


Temperature, °K Ky, ergs/cm® 


297 469 X 10° 
275 476 X10 
195 498 < 10° 
77 518 K10* 

(521 X 108). 














030 


Fic. 6. Comparison of tenth-power and fourth-power laws of 
variation of K, with M,. Magnetization values from P. Weiss 
[Extr. Actes VII Cong. Int. Froid 1, 508 (1937)], as given by 
Bozorth (reference 1, p. 720). 7.=Curie point. 


3 F. Keffer, Phys. Rev. 100, 1692 (1955). 

“J. H. Van Vleck, Proceedings of the American Institute of 
Electrical Engineers, Conference on Magnetism and Magnetic Ma- 
terials, Boston, 1957 (American Institute of Electrical Engineers), 
p. wee Rev. i 1178 — 

18 W. J. Carr, Jr., J. Appl. Phys. 29, 436 (1958); Phys. Rev. 
109, 1971 (1958). + ; r 
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The value at 0°K was extrapolated assuming K,=a 
Xexp(—b7"). 

These results agree with those shown in Fig. 5, 
within the experimental error. However, the decrease of 
K, with increasing temperature is slightly more rapid 
according to Bozorth’s data than according to mine; 
his results are best fitted by a fifth-power law, K7/Ko 
= (M17/M)>)*. 
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Low-Energy Sputtering Yields in Hgt 


GortTrrieD K. WEHNER 
Mechanical Division of General Mills, Incorporated, Minneapolis, Minnesota 


(Received July 31, 1958) 


Further data on sputtering yields for normally incident Hg+—ion bombardment in the energy range of 
50 to 400 ev have been collected. Experimental data are used to determine the influence of atomic weight 
and heat of sublimation of the target material and to establish an empirical sputtering relation. Results 
provide strong support for a picture of sputtering which might be termed ‘playing three-dimensional bil- 
liards with atoms.” The degree of filling of the inner shells, especially the d shells, determines how closely 
collisions approximate hard-sphere collisions. Energy is transferred most efficiently in metals with com- 
pletely filled d shells. Accordingly, Cu, Ag, and Au have the highest sputtering yields. Results for Hg*—ion 
bombardment support theories developed by Langberg and by Silsbee but disagree with a theory published 
by Henschke. Conditions may be different, however, for the case of bombardment with light ions such as 


hydrogen or helium. 


The sputtering yields of alloys do not seem to differ substantially from those of their main constituents. 


INTRODUCTION 


HE present study is a continuation of previous 
work on low-energy Hgt—ion sputtering.! The 
goal is and has been to measure sputtering yields of 
metals and semiconductors under normally incident 
Hg*—ion bombardment primarily as a function of ion 
energy in the range 50 to 400 ev. Conditions necessary 
for obtaining reliable results, the measuring procedure, 
and the apparatus have been described in detail in the 
earlier paper to which reference should be made. 
Targets to be sputtered are immersed in a low-pres- 
sure Hg vacuum arc tube like large negative Langmuir 
probes. Discharge data are as follows: 2.5 amp discharge 
current, 30 volts discharge voltage drop, Hg gas pressure 
~1 micron, ion current density at target ~5 ma/cm’, 
target temperature during sputtering ~400°C. Yields 
are determined by measuring the weight loss of the 
target after removal from the demountable tube. Yields 
are given in S/(1+~) atoms/ion where 7 is the electron 
yield resulting from ion bombardment, a value which is 
of the order of 0.1 to 0.2 in our energy range. 


SPUTTERING YIELD DATA 


Titanium.—In recent experiments with Ti somewhat 
different yields were found than those previously re- 


+ This work was performed under contract with the Office of 


Naval Research. 
1G. K. Wehner, Phys. Rev. 108, 35 (1957). 


ported. Upon re-examination of the original target 
material it was discovered that a stainless steel alloy 
had been measured instead of Ti. The correct curve for 
Ti is shown in Fig. 1. Occasionally considerably lower 
than normal yields were found and in these cases we 
suspected a small leak in the tube. In order to check 
this point, measurements were made with a controllable 
leak. It was found, indeed, that small traces of air 
reduced the sputtering rate of Ti very markedly. In the 
case of a Ge target, however, the yield was scarcely 
affected by a leak. 

Chromium.—Previous measurements on Cr did not 
give very consistent results. Recently, samples of ductile 
Cr were obtained.” The yields of this material and of 
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Fic. 1. Sputtering yield of Ti vs ion energy. 
2 Courtesy of Bureau of Mines, Albany, Oregon. 
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electrolytically prepared Cr samples are compared in 
Fig. 2. 

The reason for the unusually large scattering of the 
yield points is still unknown. 

Be as well as Mn caused unexpected difficulties in 
that the targets became covered with an unidentified 
black deposit when sputtered. Rigid outgassing of the 
targets by electron bombardment before sputtering has 
not remedied this problem. 

It proved to be impossible to collect any reliable 
sputtering data for boron because of its high electrical 
resistance. The large voltage drop within the sample 
makes the actual bombarding energy of the ions rather 
indeterminable. 

Alloys.—The question arose as to whether sputtering 
yields of alloys differ substantially from those of their 
constituents. 

Figure 3 shows the sputtering rates of some Ni-base 
alloys, together with the yield curves of the main con- 
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Fic. 2. Sputtering yield of Cr vs ion energy. 


stituents, Ni and Cu. The yield of Inconel (77% Ni, 
15% Cu, 7% Fe) is found to be essentially the same as 
that of Ni. K monel (66% Ni, 29% Cu, 2.7% Al, 0.9% 
Fe, 0.5% Si) and S monel (63% Ni, 30% Cu, 4% Si, 
2% Fe) differ only slightly in yield but differ strikingly 
in their etch patterns developed by ion bombardment. 
S monel reveals pronounced dendritic etch patterns, 
while K monel shows a smooth and fine crystalline 
surface. The surface contours reveal that the eutectic 
Cu-rich composition in between the dendritic branches 
in the S monel is sputtered more rapidly than the 
Ni-rich solution of the dendritic branches proper. 

Figure 4 shows yields for some steels. The yield for 
stainless steel 303 was found to be somewhat higher than 
that of pure Fe. The yield of a low-carbon steel (SAE 
1020 with 99.3% Fe, 0.2% C and 0.5% Mn) was found 
to be identical with that of pure Fe. Cast iron (97% Fe, 
3% C) gives a somewhat lower yield than Fe. 

Figure 5 shows some yield values for Al alloys. The 
yields of Al 319 (90.2% Al, 3.5% Cu, 6.3% Si) and of 
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Al, 356 (92.7% Al, 7% Si, 0.3% Mg) are practically 
identical with those of Al. 

We measured the yields of austenitic manganese 
steel, Kovar, and several stellites also. No case was 
found in which the yields differ substantially from those 
of the main constituents. 


INTERPRETATION OF DATA 


Data gathered thus far, although confined to the case 
of Hg+t—ion bombardment, should provide sufficient 
material to check the influence of those target-material 
parameters which supposedly play a major role in the 
sputtering process. 

From results to date and from other studies which 
we are presently undertaking in low-energy sputtering 
(particularly the study of atom ejection patterns*) a 
general picture of Hgt—ion bombardment sputtering 
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Fic. 4. Sputtering yield of cast iron and two steels vs ion 
energy. Formerly determined yield of pure iron is included for 
comparison. 


3G. K. Wehner, J. Appl. Phys. 26, 1056 (1955). 
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Fic. 5. Sputtering yield for two Al alloys. Formerly determined 
Al curve is included for comparison. 


emerges which might be roughly described as playing 
three-dimensional billiards with atoms. An ion ap- 
proaching to within several A of a metal surface first 
pulls a field-emitted electron from the surface and is 
neutralized before actually impinging on or entering 
into the surface. Energy and momentum are transferred 
from the neutralized ion to a first target atom in a col- 
lision which more or less resembles a hard-sphere colli- 
sion. This target atom then transfers energy to other 
close neighbors and, finally, a small amount of the 
original energy, with a momentum directed to the out- 
side, may separate a surface atom from the lattice in 
the neighborhood of the place of impact. Only a rela- 
tively few atoms near the place of impact become 
involved in the sputtering process. 

The fact that the energy is transferred much more 
efficiently along the closely packed directions of the 
crystal lattice than in other directions gives rise to 
strongly anisotropic effects which are responsible for 
the ejection patterns observed in_ single-crystal 
sputtering. 

One can simulate heavy-particle, low-energy sput- 
tering quite adequately with the following model. Ap- 
proximately 100 steel spheres are suspended by thin 
wires from the ceiling in such a way that they form a 
closely packed plane [fcc (111) plane], which represents 
the metal lattice reduced by one dimension. When one 
of the edge spheres in this assembly is moved some 
distance away and then released, the sphere bounces 
against the edge of the sphere assembly representing 
the target surface. At high kinetic energy one observes 
that in this collision process some spheres may be ejected 
at the far end of the assembly. At low kinetic energy 
visible effects are confined to the vicinity of the place 
of impact and “atoms” are ejected or “sputtered” with 
momentum reversal from the surface. The directions of 
ejections are in close neighbor directions, exactly as in 
actual sputtering. 

At very low ion energy, i.e., near the “cut-in” energy, 
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formerly called “threshold energy,” only the most 
favorable collisions may yield a sputtered atom. This 
case has been studied theoretically by Langberg.* The 
minimum number of atoms necessary for momentum 
reversal constitutes the case in which only the neutral- 
ized ion and two target atoms become involved. The 
two collisions between the three particles are treated as 
consecutive binary collisions between free particles with 
the interatomic forces determined by a Morse potential 
function. The ‘“‘cut-in” energy values determined from 
this theory (without adjustable parameters) are in the 
general range of the experimentally determined values. 

Two papers on low-ion-energy sputtering analysis 
have recently been published by Henschke.’ Henschke 
assumes that under normal incidence the ion first col- 
lides with a lower surface atom, then rebounds and 
strikes an upper surface atom from below in such a way 
that it is separated from the surface. In order to explain 
certain details in the atom ejection patterns, Henschke 
had to assume double rebounding collisions in some 
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Fic. 6. “Cut-in” energies vs atomic number. 


cases. It is difficult to understand, however, how a heavy 
neutralized ion such as that of Hg could rebound from 
lighter target atoms in a head-on collision, or why a 
target atom, together with its neighbors, should act 
like a solid wall, as Henschke describes it. Such condi- 
tions would require that the first collision still be in 
progress after other neighboring target atoms have 
already been brought strongly into play. Theoretical as 
well as experimental evidence exists which indicates this 
is not the case here. Langberg has calculated conditions 
for a Morse potential interaction in our energy range 
and finds that the collisions can be treated with good 
approximation as subsequent binary collisions just as 
in a hard-sphere model with the spheres somewhat sepa- 
rated from each other. In recent experimental studies 
of forces on ion-bombarded surfaces and of accommoda- 


4E. Langberg, Phys. Rev. 111, 91 (1958). 
5 E. B. Henschke, J. Appl. Phys. 28, 411 (1957), and Phys. Rev. 
106, 737 (1957). 
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tion coefficients for Hgt—ions,® we found that the 
number of rebounding neutralized Hg*—ions is ex- 
tremely small. Hgt—ions are completely accommodated 
on Cu, Ag, and Au surfaces, i.e., on those metals which 
have completely filled d shells and which behave most 
closely like a hard-sphere model. In Henschke’s sput- 
tering model one should expect that Cu, Ag, and Au 
would exhibit low sputtering yields. The opposite is the 
case, however. Cu, Ag, and Au have the highest yields 
found thus far, obviously because energy is transferred 
most efficiently from atom to atom in the case of the 
“hardest” atoms. A process such as described by 
Henschke is possible only when light ions bombard 
heavy target materials. 

At ion energies above “cut-in” energies, i.e., several 
hundred ev, more than two collisions may be involved 
in the sputtering process and a theoretical treatment 
becomes complex. A further difficulty in an exact treat- 
ment arises from the fact that in subsequent collisions 
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with progressive dilution in energy the atoms behave 
like larger and larger spheres.’ 

An attempt is made below to establish from experi- 
mental data the influence of certain parameters and to 
uncover empirical relationships by studying the perio- 
dicity of “‘cut-in” energies and yield slopes within the 
periodic system of the elements. 

The yield curves have, in general, a form S= 
k(Vi—Vo), where S=sputtering yield [atoms/ion], 
k=slope [ev], V;= ion energy [ev ], and Vo= “‘cut-in” 
energy [ev |. Figure 6 shows “‘cut-in” energies and Fig. 7 
the slopes plotted as a function of the atomic number 
of the target material. The data are for normally inci- 
dent Hg+—ion bombardment and represent the latest 
and most reliable data from our previous and present 
work, 


6G. K. Wehner, Conference Report, Massachusetts Institute 
of Technology Conference on Physical Electronics, 1958 
(unpublished). 

TR. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 
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The following general features emerge from these 
graphs. The ‘‘cut-in” energies have maxima for metals 
like Fe, Mo, and W. Comparing values from different 
periods, one finds a slight tendency for values to de- 
crease with increasing atomic weight. From the billiard 
model of sputtering, one should expect that the energy 
transfer from the ion with mass m, to the target atom 
m2 would enter into the picture. Normalized “‘cut-in” 
energies, i.e., energy transferred in a central elastic 
collision to a target atom, VoXn, where n=4mm2 
(m,+ mz)", are plotted in Fig. 8. This graph bears a 
definite resemblance to a plot of the heats of sublimation 
(H) as shown in Fig. 9. A closer comparison of the two 
curves shows that the “‘cut-in” energies of metals which 
have a close-packed hexagonal structure, such as Ti, 
Co, Zr, Hf, and Re, seem to be on the low side, possibly 
indicating that conditions for low-energy sputtering are 
more favorable in this atomic arrangement. 

The conclusion to be drawn is that the 
energies of different metals are in a first approximation 
proportional to H/n, with the dimensionless proportion- 
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ality factor between 8 and 20 which can be compared 
favorably with Langberg’s calculated value of 14. 
Figure 7 shows that the trend for yield slopes is quite 
different from that of the “cut-in’” energies. Slopes 
within the different periods rise, with Cu, Ag, and Au 
yielding the highest values. Comparing yield slopes 
from different periods, one notes that values rise with 
increasing atomic weight. The slopes can be normalized, 
or different periods can be brought to the same general 
level, by dividing experimentally found values by 7. 
The normalized slopes, shown in Fig. 10, appear to be 
unrelated either to crystal structure or to heats of sub- 
limation. The determining factor seems to be the degree 
to which the inner electronic shells are filled. In the 
fourth period the 3d shell contains two electrons in Ti 
and becomes complete with 10 electrons in Cu. In the 
fifth period the same situation exists in the 4d shell with 
Zr (2) to Ag (10) and again in the sixth period with the 
5d shell becoming increasingly filled from Hf (2) to 
Au (10). The fact that yield slopes rise in conformity 
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with the degree of filling of the d shells obviously indi- 
cates that the collisions increasingly approximate hard- 
sphere collisions. This result checks well with results 
recently obtained in our studies of forces on ion-bom- 
barded electrodes; accommodation coefficients for 
Hg*t—ions on metal surfaces approach unity or, in 
other words, energy transfer to the metal lattice is 
accomplished more efficiently with increased filling of 
shells. Heats of sublimation, surprisingly, have hardly 
any influence on yield slopes. It is of interest to mention 
here that recent measurements of the average kinetic 
energy of sputtered atoms gave values several times 
higher than the heats of sublimation.® 

The conclusions to be drawn are that the yield curve 
slopes are proportional to the energy transfer factor 7 
and a function of the “hardness” of the atoms. The 
harder the collision, the better the energy transfer to 
and within the lattice and the steeper the rise of the 
yield. The difference between ‘“‘hard” metal atoms like 
Cu, Ag, and Au and “soft” atoms like Zr, Ti, and Hf 
changes yield slopes by a factor of ~5. “Cut-in” 
energies are less directly related to the hardness of the 
atoms, probably because of the small number of colli- 
sions involved in this case. Here, however, crystal 
structure and atomic arrangement at the surface may 
play a more dominant role. 

We are at present collecting yield data in rare gases 
and hope soon to report to what degree the picture 
presented above holds for Xe+—ion bombardment and 
to what degree this picture must be modified in the case 
of a light ion like He*+ bombarding a heavy target metal. 
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Room-temperature elastic constant measurements have been made on a representative series of a-brasses. 
The variation with solute concentration of the shear constant C suggests that there is an appreciable contri- 
bution to it resulting from the onset of overlap between the Fermi surface and the {111} faces of the Brillouin 
zone. There is reasonable agreement between the experimentally determined magnitude of this contribution 
and that predicted from theory. According to the latter, there should be no corresponding contribution to 
the shear constant C’, which prediction appears to be in accordance with experiment. 


INTRODUCTION 


HERE is considerable interest in the variation 
with solute concentration of the elastic constants 
for the a-brasses. Recent experiments'~* suggest that 
the Fermi surface in copper must at least be close to 
the zone boundary along the (111) directions in re- 
ciprocal space. If, therefore, the behavior of a-brasses 
is considered from the standpoint of the rigid band 
model of binary alloys and the addition of zinc to 
copper is supposed to add electrons to the valence band 
of the system without changing its shape, the Fermi 
surface must intersect the {111} faces of the Brillouin 
zone for relatively low zinc concentrations. Jones‘ has 
already considered the problem of intersection between 
the Brillouin zone and the Fermi surface in the case of 
B-brasses and has found that there are appreciable 
electronic contributions to both the shear constants. 
It is thus to be expected that a similar situation would 
exist in the present case. However, owing to the fact 
that C corresponds to strains along and perpendicular 
to the [111] direction, overlap should contribute more 
to it than C’, which corresponds to strains along and 
perpendicular to the [100] direction. There should thus 
be a marked difference in the behavior of C and C’ as a 
function of solute concentration. The present work was 
undertaken to determine whether such a difference was 
observable, and whether the magnitude of the electronic 
contribution to C was in agreement with theory. 


EXPERIMENTAL 


The elastic constants were determined in the usual 
manner by ultrasonic pulse measurements on suitably 
oriented single crystals of the alloys. In the present 
apparatus, 10-Mc/sec pulse trains of 1 usec duration 
and 0.1 wsec rise time are generated in a shock excited 
oscillator similar to that described by Lazarus. These 
are fed through a low-capacity coaxial feed to a crystal 
transducer cemented onto the specimen. The transducer 
also acts as a receiver of the reflected wave trains, 


1J. A. Rayne, Phys. Rev. 108, 22 (1957). 

2 J. A. Rayne, Phys. Rev. 110, 606 (1958). 

3 A. B. Pippard, Phil. Trans. Roy. Soc. (London) 250, 325 (1957). 
4H. Jones, Phil. Mag. 43, 105 (1952). 

5D. Lazarus, Phys. Rev. 76, 545 (1949). 


which are amplified by a tuned amplifier having a 
center frequency of 10 Mc/sec and a 4 Mc/sec band- 
width. After rectification, the reflected trains are dis- 
played on the delayed sweep of a 545 Tektronix oscillo- 
graph, the time base of which is calibrated against a 
crystal-controlled time-mark generator. By measuring 
the mean time between successive echoes and knowing 
the specimen length, it is then possible to find the 
propagation velocities of various elastic waves and 
hence to determine the elastic constants of the crystal. 

In these experiments, single crystals of the alloys 
were obtained from Monocrystals Company of Cleve- 
land, Ohio. Each crystal was mounted in a brass tube 
with Kold-Mount and then oriented in a goniometer by 
means of Laue back-reflection photographs so that the 
(110) crystal planes were parallel to the reference face 
of the goniometer. The latter was then set up in a 
milling machine with its reference face perpendicular 
to the axis of the milling head and a specimen carefully 
machined from the mounted crystal by means of a 
high-speed, tungsten carbide end mill. In this way, 
single crystals were produced in the form of cylinders 
approximately 3 inch in diameter, 3 inch in length, 
having their axes oriented parallel to the [110] crystal- 
lographic direction within one degree. The end faces of 
the cylinders were lapped for parallelism to within 
0.0001 inch. Elastic data on copper were obtained from 
a seeded single crystal, 1 inch in diameter and 2 inches 
long, grown in these laboratories by the Bridgman 
technique. X-ray measurements showed that in this 
this case the cylinder axis was also within one degree 
of the [110] direction. 

Longitudinal and transverse waves, respectively, were 
propagated in the specimens by means of one-half-inch 
diameter X- and Y-cut quartz transducers, which were 
cemented to the ends of the cylinders by Salol. In all 
cases it was possible to produce at least four echoes 
without excessive pulse distortion. From the mean 
values of wave velocity thus obtained, the elastic 
constants of the crystal were then found from the 
equations 


3(Cuteiat 2c44) = pV iong’; 


ent 2 
Cas= pb trans » 


(1) 
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Fic. 1. Variation with solute concentration of shear constant C. 


where Virans, V'trans are the velocities of shear waves 
propagated in the [110] direction polarized parallel and 
perpendicular to the [001 ] direction, respectively. Fol- 
lowing Overton and Gaffney,‘ no transit-time corrections 
were made in computing the wave velocities, the result- 
ing uncertainty being of the same order of magnitude as 
the error involved in measuring the time between succes- 
sive echoes, viz., 0.02 usec. Densities were computed 
from the x-ray lattice spacing appropriate to the crystal 
compositions, the latter being determined by chemical 
analysis of a section of the original ingot adjacent to 
the specimen. 


RESULTS 


Values for the adiabatic elastic constants of the 
a-brasses at 300°K are summarized in Table I. The 
uncertainties quoted in this table are representative of 
the probable errors arising from the velocity determi- 
nations. No definite figure can be adduced for an 
estimate of the error, involved in these determinations, 
arising from the presence of crystal imperfections. It is 
believed, however, that a figure of one percent is not 
an unreasonable value for the over-all random probable 
error in the elastic constants C and C’. This estimate 
has been adopted in Figs. 1 and 2, which show the shear 
constants C and C’ as a function of solute concentration. 
Systematic errors, such as transit time effects, will not 
affect the relative variation of the elastic constants and 
have not been considered in drawing these curves. No 
limits of certainty have been placed on the points for 
pure copper, since the errors are substantially smaller 
than for the other alloys because of the larger specimen 
length employed and the greater degree of crystal 
perfection. 

DISCUSSION 


From Table I, it can be seen that there is very good 
agreement between our values of the elastic constants 
for pure copper and those of Overton and Gaffney.® | 
This agreement gives us considerable confidence in the 
accuracy of our techniques and substantiates our claim 
for the confidence limits of C and C’ for copper. 


*Ww.C. Overton, Jr., and J. Gaffney, Phys. Rev. 98, 969 (1955). 
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Reference to Figs. 1 and 2 shows that, on alloying, 
there is a fundamental difference in the behavior of C 
and C’. Thus, while C’ varies linearly with solute con- 
centration, the shear constant C decreases rapidly at 
first and then tends to remain fairly constant. It is of 
interest to correlate this behavior with the expressions 
developed by Neighbours and Smith’ for the elastic 
constants of dilute copper alloys. 

Their theory is essentially an extension of the work 
of Fuchs* who computed the elastic constants of copper 
using a Wigner-Seitz calculation of the cohesive energy. 
According to Fuchs, the crystal energy may be written 
as 

W=WetWis4+W p, (2) 
where Wg is the contribution arising from the electro- 
static interaction between an array of positive charges 
situated on the lattice sites and a uniform sea of 
negative charge of density e/2 per unit volume. W, is 
the repulsive exchange interaction between ion cores 
and W’r is the electronic energy. Fuchs then assumes 
that the Fermi surface is remote from the boundaries 
of the Brillouin zone, so that Wy is a function of volume 
only. Under these conditions there would be no elec- 
tronic contribution to the shear constants, which corre- 
spond to deformations leaving the volume unchanged. 
Thus, on differentiation of (2) with respect to the 
appropriate shears, one has 


C=CetCr; C’=Ce'+Cy’. (3) 


The electrostatic terms are readily evaluated by 
Ewald’s method to give 


Cr=1.8956(e?/a*); Cr’ =0.2016(e?/a‘), (4) 


where a is the cubic lattice parameter. Assuming an 


ion repulsion energy of the form W=Ae~‘/*, the 
exchange terms are found to be 


2ryr lr/r 
c=—*("-3)w; cr=—"(“—7)w, (5) 
a p\p a’ p\p 


where r=a/V2 is the nearest-neighbor distance and p 


TABLE I. Adiabatic elastic constants for a-brasses at 300°K. 








Composition 

(atom percent C=cu 
zinc) (10 dyne cm=*) 

0 0.755+0.001 
(0.754)* 

1 0.744+-0.003 

1 0.723 

on 0.715 

& | 0.713 


C’ =4(¢1 —c12) 
(10% dyne cm~) 


0.235+0.001 
(0.235)* 
0.228+0.001 
0.217 

0.201 

0.188 


$(c11 +012 +2¢44) 
(102 dyne cm~*) 
2.204+-0.003 
(2.202) 
2.149+0.010 
2.077 

2.013 

1.972 





4 
9 
17 
22 








* The values in parentheses are those obtained by Overton and Gaffney. 
See reference 6. 


7 J. R. Neighbours and C. S. Smith, Acta Met. 2, 591 (1954). 
§K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1956); 
A157, 444 (1956). 
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is an interaction parameter, which in this case has the 
value 0.15 A. 

In considering the effects of alloying, Neighbours and 
Smith separate the changes of C and C’ into two parts, 
viz., those arising from an alteration in lattice parameter 
and those arising from the combined effect of alterations 
in the effective ionic charge and electron density 
together with the changes in W independent of r. Thus 
we have 

AC= (AC) iattice + (AC) attoying ; (6) 
AC’= (AC’)tattice + (AC") alloying: 
Clearly the effects due to lattice expansion will be 
obtained by differentiation of (4) and (5), so that for 
the electrostatic contributions one has 


1 Aa 1 Aa 
(AC z’)iattie= —4—. (7) 


Cr’ a 


— (AC z)iattice = —4— : 


E a 


The corresponding exchange contributions are given by 
the equations 


1 Aa r r/p 
—(AC}) lattice = = (-f-24= ), (8) 
Cr a p r/p—3 


1 Aa r / 
—(AC/’)iattice = ae ( Sr 2+ “*.), (9) 
C7’ a p r/p—7 


which, on substituting r/p=17, reduce to 


1 Aa 
—(AC,)lattice = —17.8— > 
af a 


1 Aa 
—(AC/’)tattice= — 17.3—. 
Cy a 


To compute the remaining contributions to the 
changes of C and C’, consider an alloy in which the 
lattice parameter is unaltered. It is not unreasonable to 
expect that the electrostatic terms would be multiplied 
by a factor Z*, to take into account the increase on 
alloying of the effective ionic charge and the nonlocalized 
valence electron density. Thus, assuming that the bond 
energy W is proportional to the solute concentration 2, 
we have for this hypothetical system 


C=Z2Cet (1t+ax)Cr; C’=Z°Cz’+(1+eax)C’, (11) 


a being a constant of proportionality. The differences 

between these quantities and the values for the pure 

solvent clearly give the contributions to AC and AC’ 
not arising from changes in lattice parameter, whence 
(AC) attloying= (27— 1)Cet+axC;, 

(AC") alloying = (— 1)Cr’+axC7’. 

From Eqs. (6), (7), and (10), together with their 

elastic constant data and the known lattice parameters 


(12) 
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Fic. 2. Variation with solute concentration of shear constant C’. 


of the alloys, Neighbours and Smith were able to obtain 
values of (AC)atloying and (AC’)atioying for each specimen 
measured. Regarding (12) as a set of simultaneous 
equations, they were then able to solve for the values 
of (Z—1) and a pertaining to each alloy. In this way 
they found that, in general, there was a fair correlation 
between Z and the electron concentration, i.e., 


Z~1+(v—1)x=9, (13) 
where »v is the valence of the solute. The values of a 
were reasonably constant for each alloy series and varied 
roughly in a way consistent with the ion core sizes of 
the solute atoms, assuming that the latter had fully 
ionized valence shells. In all cases a was found to be 
negative. 

Using the value a=—1.0 obtained by Neighbours 
and Smith for the copper-zinc system and assuming 
that Z is equal to the usual electron/atom ratio, one 
can compute the expected variation of C and C’ with 
solute concentration from Eqs. (6) through (12). As 
can be seen from the dotted curves of Figs. 1 and 2, 
the agreement with experiment is not good. We are 
thus led to a re-examination of their values of Z and a. 

Now according to the work of Friedel,’ the additional 
valence electrons contributed by the solute in these 
alloy systems are at least localized in the immediate 
vicinity of the solute atoms. Hence, one should expect 
to find little changes in either the nonlocalized electron 
distribution or in the effective ionic charge. To a first 
approximation, therefore, we expect Z=1 independent 
of solute concentration in the present case. Furthermore, 
it would be anticipated that, provided the inner core 
electron configurations of solute and solvent are the 
same (i.e., if they come from the same row of the 
periodic table), the effective ionic radius would be 
slightly increased owing to the more diffuse nature of 
the charge distribution of the valence electrons in the 
alloy. Thus, for the Cu-Zn system, it would be expected 
that a in Eq. (12) should be positive but small. These 


9 J. Friedel, in Advances in Physics (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 465. 





1128 


conclusions make it seem unlikely that the values of Z 
and a derived by Neighbours and Smith are correct. 
It is thus of interest to consider the effect of changing 
Z and a in accordance with the present reasoning. 

If we take Z=1 it is indeed possible to fit the vari- 
ation of C’ with a=0.2. However, as may be seen from 
Fig. 1, there is little improvement in the predicted 
behavior of C. The nature of the deviation in this 
instance strongly suggests that there is an additional 
contribution to C, which is fairly small in pure copper 
but which gives an appreciable linear term for zinc 
concentrations in excess of about 10%. In this connec- 
tion, it is significant that the heat capacity data on the 
copper-zinc system indicates that zone overlap takes 
place at approximately this composition. We are thus 
led to consider whether overlap can give a positive 
contribution to C of the observed order of magnitude, 
while not contributing to C’. 

To estimate the effects of overlap, we employ a rather 
simplified model used by Jones‘ in connection with his 
investigations of the shear constants of 8-brass. Ac- 
cordingly, we assume that the energy surfaces within 
the Brillouin zone are spheres or sections thereof and 
that the effective mass ratio of the electrons is unity. 
Furthermore, we measure energies in Rydbergs and 
lengths in terms of the Bohr radius, so that we have for 
the electron energy E= k’. 

Let us now imagine that the crystal is subjected to 
an appropriate shear strain which leaves the volume 
unaltered. This shear will alter the shape of the Brillouin 
zone. If the Fermi surface is completely within the 
zone, however, the total electronic energy will be 
unchanged and hence there will be no contribution to 
the relevant shear constant. On the other hand, if 
overlaps are present, the energy will in general be 
changed and there will be a net contribution to the 
shear constants. In particular, using the above model, 
it can be shown (see Appendix) that there is an elec- 
tronic contribution to c4,, which is linear in solute 
concentration but that there is no cotresponding 
contribution to 3(¢1—¢12). 

To estimate the magnitude of the overlap contribu- 
tion to ¢44, we substitute (A18) in (A12), whence with 
a slight change of notation we obtain 


1 8 
—CyF =-(v— 2/3), 
K 9 


which on differentiation gives 


1 dcusF 


8 

K dy 9 
Now v= 27°n/p’, so that 

dv/dn=2n?/p*. (15) 


For a face-centered cubic structure with an electron/ 
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atom ratio g, we have 


n= (4/a*)gq. (16) 


Thus, substituting (16) in (15) and noting that p 
=V3x/a, we obtain 
dv 24 8 
—=— —=—., (17) 
dg pa 3w3r 
whence, from (14), 


1 dtus¥ 8 8 
mere OATS. 
K dg 33r9 


(18) 


Since K= 2.416 10" dyne cm~, Eq. (18) becomes 


deus” /dg=1.05 
X10" (dynes/cm*)/(electron/atom). (19) 


The experimental value is 


dcy/dq~0.5X 10" (dynes/cm*)/(electron/atom), (20) 
which, in view of the rather crude model used, must be 
considered to be satisfactory agreement. Actually the 
effective mass ratio m*/m is considerably larger than 
unity (e.g., heat capacity measurements give m*/m 
= 1.38), so that the theoretical contribution would be 
somewhat smaller than predicted by (19). Furthermore, 
it is likely that a more exact theory, using a realistic 
form for the E vs k contours, would further modify the 
theoretical value of dc/dg. In view of the rather 
uncertain details of the exact form for the energy 
surfaces, it was not considered of sufficient interest to 
carry out a more sophisticated computation. The 
agreement between experiment and simple theory is, 
however, quite convincing evidence for the existence 
of an overlap and the need for its consideration in any 
treatment of the elastic constant of copper alloys 

It would be of interest to analyze in the same way 
the variation with solute concentration of the elastic 
constants for other copper alloy systems. Unfortunately, 
the measurements of Neighbours and Smith do not 
extend to sufficiently large solute concentrations in the 
case of the copper-gallium and copper-germanium 
primary solid solutions, in which the solute ion cores 
have the same electron configurations as the solvent. 
In the case of copper-silicon and copper-aluminum the 
latter situation no longer holds, and one cannot very 
easily predict the effects of alloying on the sign of @ or 
the magnitude of Z. An analysis of these systems is 
thus considerably more complicated and will not be 
attempted here. 

In conclusion, it is to be noted that the effects of 
temperature on the shape of the Fermi distribution 
function have not been considered in our work. As is 
well known, these effects would tend to diffuse the 
contribution to the elastic constants arising from elec- 
tron overlap. It would thus be of interest to extend the 
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present experiments to liquid helium temperature, 
since these would be more readily compared with 
theory. Elastic constant measurements in the temper- 
ature range 4.2-300°K will be reported in a future 
paper. 

CONCLUSION 


Room-temperature elastic constant measurements 
have been made on a representative series of copper-zinc 
alloys. The results indicate that there is a significant 
electronic contribution to the shear constant c44, but 
none to 4(c1:—¢iz), arising from the onset of overlap 
across the {111} faces of the Brillouin zone. Reasonable 
agreements exists between the theoretical and experi- 
mental estimates of this contribution. 
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APPENDIX 


The energy of a cubic crystal in a strained state is 
given by the expression 


W = Wot $eir(e2?+ €,7+ €.") +012 (€2€y+ €€2+ €2€2) 
+ Seas (Yay+ Yuet Y22"), 


where Wo is the energy in the unstrained state. In 
particular, for a strain in which all components are 
zero except Yz,, we have by differentiation 


(Cas) P= (OW P/O 2y*)0, 


where W, is the electronic contribution to the total 
energy W and (cq) is the corresponding contribution 
to the shear constant C=c4,. Referring to Fig. 3, which 
shows the details of a typical zone overlap, it can be 
shown that for a face-centered cubic structure 


4a?W p= RD pa $ Le pad (12/5)R®, (AB) 
2r'n= RY pn—-3 dD pn? — 2R’, (A4) 
n being the number of electrons per unit volume, the 
summations being taken over all faces for which overlap 
occurs. 
Now the planes defining the zone boundaries are 
given by the equations 
$,-k=7g)’, (AS) 
where g,=ibi:+n2b.+n;3b; is a vector in reciprocal 
space, 1, m2, and m3 being integers. If we consider the 
strained lattice, then it is easily shown from (A5) 
that, to second powers of the strain components, 
(a/r)*p,2= mn — 2nynzyeyt}(mr+n2)y2y7, (A6) 
where, in this case, n=(+1,+1,+1). Using this 
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equation we then find 


L pn 4 
=4+-y2,’; 
p 9 


LD pr 8 
Gnade 4+-y;,?; 
p 3 


Spt 2 ni 
= 4+—y;,7, 
° 3 


where p=V32/a is the distance from the origin to the 
center of the (111) face in reciprocal space for the 
unstrained state. 

Differentiating (A3) twice with respect to yz, and 
using (A7) we obtain, for y2,=90, 

4a?W p= (8/9) pR*— (8/3) p5— 2R?R” (6R?—8pR). 
The bracketed term may be eliminated with the aid of 
(A4) to give 

4? W p'’ = — (8/9) pR*— (32/9) p®R?— (8/3) p*. (A8) 

Thus from (A2) and (A8) we have 


1 4 16 4 
—(¢u4) r= —-#+—?—-, 
K 9 9 3 


(A9) 


where K= p'/2x* and where by (A4), §=R/p is given 
by the solution of the equation 


28—42-+y+4=0, 
with v= 27'n/p’. 
From Fig. 3, it is obvious that £=secO, where 0 is 
the overlap angle across the Brillouin zone face. Hence, 
for not too large an overlap, we may write 


f=1+46, 


where 6 is small. To this approximation we then have 
to first order in 6 


(A10) 


(A11) 


1 16 


—(cu) r=—. (A12) 
K 9 
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To estimate the corresponding contribution to C’ 
= (¢11—2)/2, we consider a strain e,=e, ¢z= €,(1+e)~! 
—1. In this case 


4(¢11— C12) r= 3 (OPW pr/de*)o, (A13) 


the differential again being evaluated at e=0. For this 
strain we have 


(a/x)*p,?=n?+ (ny+ne—2n3)e+3n;7e, (A14) 


which equation gives 


X pa/P=4+20; © pai/p=44+6e%; 


(A15 
DX pn®/p'=4+4+ 108. — 
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Differentiating as before, we find from (A3) and (A4) 
(1/K)}(c1— 12) P= — FE + $F —§, (A16) 

which on substituting (A11) gives 
(1/K)}(ciu—¢12) r=. 


Since, to the approximation being considered, we have 
from (A10) that 


(A17) 


y= 2425, (A18) 


it follows that 6 is proportional to the increase in electron 
density once overlap has occurred. Hence, from (A12) 
and (A17) it can be seen that there is an electronic 
contribution to ¢4, which is linear in solute concentra- 
tion, but that there is no corresponding contribution 
to $(cu—¢12). 
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Magnetic Structure and Vacancy Distribution in y-Fe.O; by Neutron Diffraction 


G. A. FEerGcuson, Jr., AND M. Hass 
United States Naval Research Laboratory, Washington, D.C. 


(Received July 28, 1958) 


The neutron diffraction pattern of y-Fe2O; indicates a cubic defect spinel structure with vacancies located 


at octahedral lattice sites. 


INTRODUCTION 


-RAY studies! show that the spinel structure of 
magnetite is maintained, during oxidation at low 
temperatures, until y-FesO; is formed. The observed 
change in the intensities of the x-ray diffraction pattern 
together with, the change in density show that the 
increase in the oxygen concentration is produced by 
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Fic. 1. Neutron diffraction pattern of powdered y-Fe,0;: 
cylindrical specimen, A= 1.111 A. 


1G, Hagg, Z. Krist. B29, 95 (1953). 


the appearance of vacant sites in the iron atom lattice 
of the spinel phase rather than by the addition of 
oxygen. Thus the suggested structure for this compound 
is a defect spinel, i.e., cation vacancies in an oxygen 
framework. If we symbolize magnetite as Fes**Fe,.°*- 
O32? then 7y-Fe:03 may be written as Feo1.33°*{_}e.67 )32"-, 
where [_]s.67 denotes 2.67 cation vacancies. Verwey? 
concluded that these vacancies were preferentially 
located at octahedral sites by a comparison of the 
x-ray intensities of the (111) reflection in y-Fe,O; and 
Fe;O,. This model is further supported by measure- 
ments of the average magnetic moment for y-Fe,O; by 
Henry and Boehm.’ In this note we shall present 
additional evidence for the magnetic structure and 
vacancy distribution obtained by neutron diffraction. 


EXPERIMENTAL PROCEDURE 


Neutron diffraction patterns (see Fig. 1) of y-Fe2O; 
were obtained at room temperature using the N.R.L. 
“Swimming Pool Type” reactor as a source of neutrons. 
This reactor has a thermal flux of approximately 8X 10" 
neutrons/cm? sec in the vicinity of the beam port 
opening. Monochromatization (A= 1.11 A) was achieved 
by (111) reflection from lead. An analysis of the 
y-Fe,O; specimen showed a 1.8% concentration of 
divalent iron and only trace amounts of other impurities. 


-2E., J. W. Verwey, Z. Krist. 91, 65 (1935). 
’ W. E, Henry and M. J. Boehm, Phys. Rev. 101, 1253 (1955). 
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TABLE I. Comparison between observed intensities for y-Fe2O; and those calculated for several models.* 
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* All intensities relative to (440) +(531). 


RESULTS 


A comparison between the observed and calculated 
intensities is given in Table I where we have used an 
oxygen parameter, “, equal to 3. For the reflections 
measured a change in the oxygen parameter from 0.375 
to 0.380 resulted in a change of less than one percent 
in the calculated intensities. In the calculations the 
magnetic form factor for Fe** as determined by Brock- 
house ef al. has been used. Corrections due to the 
Debye-Waller factor and absorption were found to be 
negligible. It has been assumed in the calculations 
that the magnetic moments are 85% oriented at room 
temperature. This assumption is based on measurements 
of the (111) reflection. 

A similar analysis was carried out for magnetite and 
the relative intensities of the experimentally observed 
values and those calculated assuming a Néel model 
agree to within 2%. 

DISCUSSION 


The experimental data obtained by neutron diffrac- 
tion support the Néel structural model for y-Fe Os; in 
which the Fe** ions, located at tetrahedral and octa- 
hedral positions in a defect spinel structure, are coupled 
antiferromagnetically. In addition, the data indicate 
that the vacant sites are largely restricted to octahedral 


“4 Brockhouse, Corliss, and Hastings, Phys. Rev. 98, 1721 (1955). 


lattice points. This is best illustrated by noting the 
ratio of the intensities of the (400) to the (440) reflec- 
tion. The assumption of a random distribution of 
vacancies gives for this ratio the value of 0.482. For a 
preferential distribution of vacancies over tetrahedral 
and octahedral sites we get 0.580 and 0.433, respec- 
tively. The experimentally observed ratio is 0.443. 

The preferential distribution of vacancies at octa- 
hedral sites indicates that Fe** ions in y-Fe2O3 are more 
strongly bound at the tetrahedral lattice points. This 
view is in agreement with that suggested by Verwey 
and Heilmann’ for spinel structures. This ionic arrange- 
ment is most easily explained by the formation of 
tetrahedral covalent bonds as described by Goodenough 
and Loeb.*® 
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5E. J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 


174 (1948). 
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Antiferromagnetic Properties of the Iron Group Trifluorides 


E. O. Wotan, H. R. Curmp, W. C. Korner, anp M. K. WILKINSON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received July 24, 1958) 


A neutron diffraction study has been made of the trifluorides of 3d transition group elements. The arrange- 
ment of the magnetic ions and the anions in these trifluorides is similar to that in the compounds LaMO, 
for which the antiferromagnetic properties have been studied earlier. No antiferromagnetic transition was 
observed in VF;. In the compounds CrF;, FeF;, and CoF; the magnetic ions are observed to couple anti- 
ferromagnetically via the intervening anion to each of their six nearest neighbors. This is the same structure 
as that found in the compounds LaCrO; and LaFeOs. In the trifluorides the distortions from cubic symmetry 
have made it possible to determine the orientation of the spin moments relative to the crystallographic axes 
and in one case (CrF;) the antiferromagnetic domain properties have been studied with magnetic fields 
applied to the sample. In MnF; an antiferromagnetic layer structure is found of the type previously observed 
for LaMnO,. The indirect magnetic coupling in these compounds is correlated with the orbitals which result 
from the splitting of the d levels by the crystalline field. 





1. INTRODUCTION 


HE trifluorides of the 3d transition group elements 

crystallize as modifications of a cubic structure 
in which the metal ions lie on the corners of the cube 
and the fluorine ions are near the centers of the cube 
edges. This arrangement is similar to that of the 3d 
metal ions (M) and the oxygen ions in the perovskites 
of the form LaMO; in which there is also the non- 
magnetic La (or other) ion at the center of the cube. 
It was thus thought of interest to see if the antiferro- 
magnetic properties of the trifluorides would be similar 
to those observed! in the corresponding perovskite 
type compounds. 


2. CRYSTAL STRUCTURE CONSIDERATIONS 


It was a fortunate circumstance that at about the 
time this investigation was begun the reports of a 
careful x-ray study by Hepworth, Jack, Peacock, and 
Westland** of the structure of these compounds had 
just appeared. Their work shows that the trifluorides 
of V, Cr, Fe, and Co crystallize with a bimolecular 
rhombohedral cell of space group R3C, with 2 metal 
atoms at 000, $44 and 6 fluorine atoms at + (x, }—-, 3); 
+ (4—2, 4, x); (4, x, }-—x). The parameter x varies 
from —0.164 in FeF; to about —0.12 for CrF;, this 
latter having been determined from the neutron data 
since no published values were available for this com- 
pound. The degree of distortion of the structure from 
cubic symmetry is indicated by the fact that the angle 
for the unimolecular cell is near 88° instead of 90°. 

The crystal structure of MnF; was shown by Hep- 
worth and Jack‘ to be of lower symmetry (monoclinic) 
than the other members of this group. Accurate fluorine 
parameters were also obtained and these are of sig- 
nificance in connection with the antiferromagnetic 


1E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 345 (1955). 

2 W. C. Koehler and E. O. Wollan, J. Phys. Chem. Solids 2, 100 
(1957). 

® Hepworth, Jack, Peacock, and Westland, Acta Cryst. 10, 63 
(1957). 
4M. A. Hepworth and K. H. Jack, Acta Cryst. 10, 345 (1957). 
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studies. These crystallographic data will be considered 
in the discussion of the antiferromagnetic structure. 


3. RESULTS 


Neutron powder diffraction patterns were obtained 
at various sample temperatures in the range from 4.2°K 
to 380°K on the compounds VF;, CrF;, FeF3, CoF3, and 
MnFs3. 


VF; 


In the case of VF; there was no evidence of magnetic 
ordering in the lowest temperature (4.2°K) pattern. 
The diffuse scattering in the low-temperature and 
room-temperature patterns showed a paramagnetic 
angle-dependent contribution consistent with a V**+ 
ion with a spin only moment of 2us. 


CrF;, FeF;, and CoF; 


Patterns obtained on the compounds CrF;, FeFs, 
and CoF; showed superlattice reflections characteristic 
of an antiferromagnetic structure which has previously 
been referred to as of the G type in which the magnetic 
ions are coupled antiferromagnetically via the inter- 
vening anions to all six nearest neighbors. This is the 


1200 


8 


INTENSITY (neutroma/moniter count ) 


{! 


5 0 6 2 “3 30 » 
SCATTERING ANGLE (deg) 


Fic. 1. Diffraction pattern for CrF; at 4.2°K. 





Fe GROUP TRIFLUORIDE 


magnetic structure which was observed in the similar 
perovskite type compounds LaCrO; and LaFeO3. 

A sample diffraction pattern taken below the Néel 
temperature (7'y=80°K) is shown in Fig. 1 for CrF; 
in which the magnetic reflections are represented by the 
cross-hatched areas. The first two barely resolved 
reflections in this pattern are seen to be of magnetic 
origin. If the structure of this compound had been 
cubic, there would have been a single reflection at this 
point which would have been indexed as (111) for a 
magnetic cell with all three axes. double those of the 
cubic chemical cell. Due to the distortion from cubic 
symmetry in this case, there are two reflections which 
are indexed as (111) and (100) of the rhombohedral 
cell. In the case of the similar perovskite-type com- 
pounds, a single cubic-type reflection was observed at 
this point. The group of magnetic reflections (221), 
(210), and (111) all fall under a strong nuclear peak. 
The total magnetic contributions from these lines as 
shown by the cross-hatched areas were determined 
approximately in this case from the difference of 
patterns taken above and below the Néel temperature. 
For FeF; and CoF; the Néel points were found to be 


TABLE I. Calculated intensity ratio, P(111)/P(100), 
for various spin orientations. 


For spin perpendicular 
to (111) planes 


For spin along 


For spin parallel 
rhombohedral axis 


to (111) planes 


071 


0.125 


0 
(Co) 


above room temperature (see Table IV) and no differ- 
ence patterns were obtained. 

Since the structure of these compounds is distorted 
from cubic symmetry, it should in principal be possible 
to obtain information about the orientation of the spins 
relative to the axes of the rhombohedral cell. The ratio 
of the intensities of the (111) and (100) reflections, for 
example, depend strongly on this spin orientation. The 
calculated ratios of the intensities of these reflections, 
P(111)/P(100), are given in Table I for three assumed 
orientations of the spins relative to the rhombohedral 
axes of the unit cell. The related experimental data are 
shown in Fig. 2 which gives the diffraction patterns 
over the region of the (111) and (100) magnetic re- 
flections and incidentally also over the range of the 
first nuclear reflection for these three trifluoride com- 
pounds. In the case of CrF3;, the (111) and (100) 
reflections are partially resolved and the ratio of their 
intensities is found to be close to the value 0.71 which 
corresponds to the spins being parallel to the (111) 
planes. In FeF; these magnetic reflections are not 
resolved but the shape of the broad unresolved peak 
strongly suggests that in this case also the spins are 
parallel to the (111) planes. In CoF; the intensity of the 
(111) reflection is very small. A zero value of this ratio 
places the spin vector perpendicular to the (111) planes, 


[oF 4.2°K CoF, 77°K 
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Fic. 2. Low-angle diffraction patterns showing rhombohedral 
splitting of magnetic reflections. 


whereas if the spin vector were along one of the rhombo- 
hedral axes the intensity ratio would be 0.125. The data 
favor the case of spins perpendicular to the (111) planes. 

In the case of CrF3, intensity measurements of the 
(111) and (100) reflections were made with magnetic 
fields of up to 10 kilo-oersteds applied to the sample 
along the respective scattering vectors. No intensity 
change was observed for the (111) reflection. This is to 
be expected since the spins were found to be parallel 
to the (111) planes; and since the field was applied to 
the sample along the scattering vector, any effect 
would thus require the breaking down of the magnetic 
exchange coupling, and for this the applied field was 
much too small. When the field was applied along the 
scattering vector of the (100) planes, however, the 
intensity increased by about 50% over the no-field 
value. This effect can be accounted for on the basis of 
a reorientation of the spins within the (111) sheets so 
as to bring them parallel to (100) planes in a larger 
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Fic. 3. Magnetic field orientation of antiferromagnetic 
domains in CrF3. 
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TABLE II. Comparison of observed and calculated magnetic intensities. 


FeF; 
Observed 
Calculated total 
(S =5/2) intensity 


287 272 


Rhombohedral 
indices 


111) 
100/ 
200) 
222) Nuclear 198 
210} Total 351 
221 Magnetic 153 
111 





fraction of reflecting crystallites. These field effects are 
shown in Fig. 3 where the dashed line represents the 
expected saturation value. These magnetic field effects 
thus indicate the existence of antiferromagnetic domains 
in CrF; in which in the absence of a magnetic field the 
spins in the ordered state have equal probability of 
being parallel and antiparallel to any one of the three 
a axes of the hexagonal cell. 

The absolute intensities associated with the magnetic 
scattering in these compounds are shown in Table IT, 
where a comparison is made between the observed inten- 
sity at saturation and that calculated for a particular 
value of the spin of the magnetic ion. In the case of iron 
and chromium, the intensities calculated on the basis of 
the expected spin-only values of $ and 3, respectively, 
for the trivalent ions are seen to be in good accord with 
the measured values. For cobalt the observed magnetic 
scattering is larger than that given by the spin-only 
value S=2 for a trivalent cobalt ion. There appears 
thus to be some orbital contribution to the magnetic 
moment in this case. 


MnfF; 


Manganous trifluoride also shows the growth of super- 
lattice reflections at low temperatures (7y=43°K), 
but the antiferromagnetic structure which develops in 
this compound is different than in the other trifluorides 
of this group. The situation is identical to that observed 
in the corresponding perovskite-type compound 


LaMnQ3. 
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Fic. 4. Diffraction pattern for MnF; at 4.2°K. 


CoFs 
Observed 
Calculated total 
(S =2.2) intensity 


Observed 
total 


Calculated 
; intensity 


(S =3/2) 


0 0 146 
289 7 204 


367 
579 
266 





A low-temperature powder pattern (4.2°K) for MnF; 
is reproduced in Fig. 4. The cross-hatched areas repre- 
sent the magnetic contributions to the pattern. The 
small contributions which lie underneath strong nuclear 
reflections were determined by taking the difference 
between the coherent contributions in patterns taken 
above and below the Néel temperature. 

Although the crystal structure of MnF; is monoclinic 
with 12 molecules per unit cell, the basic antiferro- 
magnetic structure can most easily be described in 
terms of an idealized cubic form. The antiferromagnetic 
structure consists of ferromagnetic layers in which the 
spins in alternate layers are oppositely oriented. The 
antiferromagnetic cell is then the tetragonal one for 


Fic. 5. Magnetic structure (half-cell) of MnF; with suggested 
d-orbital magnetic coupling. The letters /, m, and s represent long, 
medium, and short distances to fluorine ion. 


which half of the cell is shown in Fig. 5. The orbital 
representation in the figure will be considered in the 
next section. This antiferromagnetic cell gives rise to 
the reflections shown in Table III. The high intensity 
observed for the first line (101) of this structure (Fig. 
4) corresponds to the spins lying in or nearly in the 
plane of the ferromagnetic sheets. The observed mag- 
netic intensities from this pattern are listed in the last 
column of Table III. The corresponding intensities 
calculated on the basis of the true monoclinic cell and 
for the spins in the ferromagnetic sheets are shown in 
the third column of this table. The agreement is good 
except for the first reflection for which the difference 





Fe GROUP 


seems to be somewhat outside the apparent experi- 
mental uncertainty. The magnetic moment of the Mn** 
ion is within experimental error equal to the spin only 
value of 2upz. 

Concurrent with the present investigation, R. M. 
Bozorth and V. Kramer® have measured the magnetic 
susceptibility of MnF;. They observed a susceptibility 
maximum at 47°K which is in reasonably good accord, 
with the value of the Néel temperature observed here 
(Ty =43°K). 

The Néel temperatures obtained from the neutron 
diffraction measurements for the trifluorides and for 
the corresponding perovskite compounds studied previ- 
ously are listed in Table IV. 


4. DISCUSSION 


The antiferromagnetic structure properties of the 
3d transition group trifluorides (MF) are very similar 
to the corresponding perovskite type compounds 


TABLE III. MnF; magnetic intensities. Spins parallel 
to (101) monoclinic planes. 


Monoclinic 
indices 


101 
013) 
211 
105 65 
121 

303) 180 
215 

ai} 134 


Paxi(calc) 
(S =2) 


Pei (obs) 

1530 1402 
571 587 

~10 


~190 


~125 


(LaMO;). This is not too surprising in view of the 
similar disposition of the magnetic cations relative to 
the intervening anions in the two cases. In both series 
the vanadium compound showed no detectable mag- 
netic ordering, and the chromium and iron compounds 
were found in both series to order antiferromagnetically 
with the same G-type structure. The previous results 
on LaCoO; showed no magnetic ordering whereas the 
corresponding CoF; compound showed magnetic or- 
dering of the same type as in the iron and chromium 
compounds. There is evidence® that the spin state of 
cobalt in LaCoO, is very sensitive to the presence of 
some Co*t ions which is difficult to eliminate in these 
preparations. The evidence suggests that in a pure 
compound the Co** ions are in the high spin state 
(S=4/2) whereas in the presence of some Co‘ the 
Co*+ ions become diamagnetic. This would then account 
for the apparent difference in the two systems in regard 
to the cobalt compound. In the case of the manganese 
compounds the same antiferromagnetic structure (A 
type) was observed in both series. 

The antiferromagnetic structure data on the perov- 
skite-type compounds was shown by Goodenough’ to 

5 R. M. Bozorth and V. Kramer (to be published). 


6G. H. Jonker and J. H. Van Santen, Physica 19, 120 (1953). 
7 J. B. Goodenough, Phys. Rev. 100, 564 (1955). 
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TABLE IV. Néel temperatures of 3d group trifluorides 
and perovskites. 


Tw (°K) 


CrF; 80 
MnF; 43 
FeF; 394 
CoF; 460 





LaMnO; 
LaFeO; 


have some striking correlations with a hybrid orbital 
interpretation of the magnetic structure data. This 
picture, however, failed in some respects to account 
for the indirect exchange mechanisms involved in the 
magnetic ordering. It appears now that the orbitals 
which results from the splitting of the d levels by the 
crystalline field are better suited to account for the 
magnetic properties of these compounds. These orbitals 
have recently been used by Dunitz and Orgel® in 
accounting for the distortions in spinels*and other 
systems. 

The crystal field splits the 3d levels of an ion in an 
octahedral site into a lower triplet (¢2,) and an upper 
doublet (e,). The electron occupation of these orbitals 
for the trivalent 3d ions under consideration here are 
shown in Table V. The two e, orbitals are of the form 
d,+_,: and d,*. The d,* orbital is directed along the z 
axis and the d,:_,: orbital is of the square type whose 
lobes lie along the x and y axes of the cubic structure. 
These cation orbitals are thus the ones which overlap 
the p orbitals of the intervening anions in the trifluoride 
type of structure and hence these are the orbitals 
which would be expected to be associated with the 
indirect magnetic exchange coupling in compounds of 
this type. 

Much of the observed magnetic structure data for 
compounds of the presently considered type can be 
accounted for on the basis of the following types of 
indirect exchange: 


(a) Whenever half-filled orbitals of two magnetic 
cations overlap, respectively, the two ends of a given 
anion p orbital, the magnetic exchange will be anti- 
ferromagnetic. 

(b) Whenever empty orbitals of two magnetic 
cations overlap, respectively, the two ends of a given 
anion p orbital, the magnetic exchange is likewise 
antiferromagnetic. 

TABLE V. Primary crystal level splitting and electron occupation 
of d orbitals in octahedral surroundings. * 


tog &9 


Ion dy: dzz dit 


dzt_y2 

Cr+ t t 0 

Mn+ t * 0 

Fe t t t 
N t 





t 


Co** 


» E(triplet) <E (doublet). 


8 Wz Dunitz and L. E. Orgel, J. Phys. Cheim. Solids 2, 100 
(1957). 
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(c) Whenever an empty orbital of one magnetic ion 
overlaps one end of an anion orbital and the other 
end of the same anion # orbital overlaps a half-filled 
orbital of another magnetic ion, the magnetic exchange 
is ferromagnetic. 


These exchange situations are undoubtedly to be 
associated with the superexchange mechanism suggested 
by Kramers’ and more completely investigated by 
Anderson” and by Pratt." These processes can be 
qualitatively interpreted as indicating that the anion 
electrons involved in the exchange process must simul- 
taneously satisfy the conditions (Pauli principle and 
Hund’s rule) for existing independently on either the 
anion or the cations involved in the exchange process. 

The exchange in the iron and cobalt compounds 
would thus correspond to case (a) and the octahedral 
symmetry of the e, orbitals would logically lead to the 
observed symmetrical G-type antiferromagnetic struc- 
ture. The exchange in the chromium compounds is of 
the (b) type which would lead to the same antiferro- 
magnetic structure. 

In the case of MnF; one observes the same layer type 
antiferromagnetic structure (A type) as was previously 
observed for LaMnQO;. This structure appears to be 
associated with the presence of only one electron in the 
e, orbitals. If one assumes that this electron goes into 
a d,: orbital, the antiferromagnetic structure can be 
accounted for by the orbital arrangement shown 
schematically in Fig. 5. The antiferromagnetic coupling 
between layers is of the (b) type involving the overlap 
of empty cation orbitals with both ends of the p orbitals 


*H. A. Kramers, Physica 1, 182 (1934). 
1 P, W. Anderson, Phys. Rev. 79, 350 (1950). 
1G. W. Pratt, Jr., Phys. Rev. 97, 926 (1955). 
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of the intervening anions. The ferromagnetic coupling 
within the layers is of the (c) type which involves 
overlap of the p orbital of the intervening anion with 
an empty orbital on one side and a half-filled orbital 
on the other side. The same structure can also be 
developed on the assumption of an empty d,? orbital 
and a half-filled d,*_,2 orbital. 

The spacial ordering of the orbitals which is required 
to account for this type of structure is made reasonable 
in the case of MnF; by the x-ray measurements‘ of the 
crystal parameters of the fluorine ions. The relation of 
the observed distances /= 2.1 A, m=1.9 A, ands=1.8A 
to the pseudotetragonal antiferromagnetic cell is 
schematically represented in Fig. 5. 

Along the c axis of this cell the fluorine ions are 
observed to lie half-way between antiferromagnetic 
layers, which suggests overlap of fluorine ion p orbitals 
with identical magnetic ion d orbitals on both sides 
which is the required condition for antiferromagnetic 
coupling. The observed ordered arrangement of long 
and short fluorine parameters within the ferromagnetic 
layers suggests the proposed ordering of the magnetic- 
ion orbitals such that the p orbitals overlap a filled cation 
orbital on one side and an empty cation orbital or the 
other, and this is the requirement for ferromagnetic 
coupling within the layers. The observations that the 
fluorine ions are displaced from the lines joining 
neighboring cations would be expected to be involved 
only with the strength of the indirect exchange. 


ACKNOWLEDGMENTS 


The authors are indebted to Mr. D. E. LaValle of 
the Analytical Chemistry Division for preparing the 
compounds used in this study and to Mr. R. M. Steele 
for x-ray analysis of the samples. 





PHYSICAL REVIEW VOLUME 


112, 


NUMBER 4 NOVEMBER 15, 1958 


New Soluble Energy Band Problem* 


FREDERICK L. SCARF 
Department of Physics, University of Washington, Seattle, Washington 
(Received July 24. 1958) 


The Schrédinger equation for V (x) = — Vo csc?(#x/a) is solved. E(k) and the effective mass are examined 
along with the wave functions for various values of the parameter (Va?). It is found that the wave functions 
have intermediate forms even when m*&m, m*&~, and that the weak- and tight-binding approximations 


are not valid in these regions. 


I, INTRODUCTION 


HIS note contains a discussion of the periodic 
solutions of Schrédinger’s equation with 
V (x)= —Vo csce(rx/a). Although 
even and odd elementary cell solutions are chosen to 


V(x) is singular,’ 


make the potential equivalent to one which has re- 
pulsive core cutoffs at the lattice sites. The problem is 
then completely soluble and the effective mass, allowed 
energies, band edge wave functions, and many other 
quantities can be expressed as simple functions of Vo, a 
and the crystal momentum /k. 

The motivation for the investigation is threefold. 
The study of any new, analytically soluble crystal 
model has pedagogical interest. Furthermore, the 
complete orthonormal set of periodic wave functions 
can be used as a basis for perturbation calculations. 
Finally, since V(x) becomes infinite at x=na, the 
potential exaggerates the actual Coulomb singularity 
which occurs at each site in a real crystal; therefore, 
it is of interest to compare the use of customary 
approximation techniques with the exact treatment. 

When Voa?— 0, m*—m (all & within the bands) 
and as Voa? tends to a (finite) critical value, m* — « 
(all k). This suggests that the weak- and tight-binding 
approximations, respectively, should be valid in these 
regions, but it is actually found that they are not 
appropriate. The result illustrates Slater’s conjecture’ 
that the wave function may be quite complicated even 
when m* and E(k) have values which indicate that the 
particle is almost free or that it is tightly bound. 


II. GENERAL SOLUTION 


The potential V = — V9 csc?(#x/a) is shown in Fig. 1. 
In terms of the quantities \?= 2mEa?/wh? and ({—s*) 
=2mV oa*/rh*, the one-dimensional Schrédinger equa- 


tion is 
ry" +a*[2+ (4—s*) csc? (rx/a) W=0. (1) 


For 0<«<a/2, two independent solutions of Eq. (1) 


* Partially supported by the U. S. Atomic Energy Commission. 
1K. M. Case, Phys. Rev. 80, 797 (1950). 
*J. C, Slater, Phys. Rev, 87, 807 (1952), 


are expressible in terms of hypergeometric functions, 
u(x)=[sin(rx/a) }**X 
oF (A+4s+4,, 4+45—4\; 1+5; sin?(axx/a)), 
g(x)=[sin(rx/a) |**X (2) 
of (4—45+4A, }—45—3A; 1-5; sin?(rx/a)). 


In order that the problem be specified completely, 
u(—x), g(—x) also must be defined. Recently, it has 
been shown that the choice u(—x)=Cu(x), g(—<x) 
= Dg(x), CD=—1, corresponds to a specific limiting 
definition, V(0)=limV (x,x%9), |x| <x, as x»— 03 In 
particular, for 0<s<}, the values C=—1, D=1 imply 
V (x,x9)~Axy, |x! <ao. Although many other specifi- 
cations are possible, we shall confine the discussion to 
this choice of symmetries. Thus, w is odd and g is even, 
in accord with the behavior as Vo—0O [for s=}, 
g=cos(mAx/a), \u=sin(Ax/a) |. 

The most general periodic wave function can be 
written in the self-matching form suggested by James,‘ 
(r)% u(x— Na) 
¥(x)=— +p*+— | 

1+p! 


(eS Na) 
£0 No 
N—})a<x<(N+9)a, (3) 


where r= (1+ ')/(1—p!), p= (go'mo/gotto’) and go, uo, 
go, uo represent g(x), u(x) and their first derivatives, 
all evaluated at x=a/2. Equation (3) is normalized so 

















Fic. 1. The potential V (x)= — Vo csc?(xx/a). For comparison, 
the dashed line shows a short-range Coulomb-like interaction 
[V =—Vo|csc(xx/a)| ]. 


3 F. L. Scarf, Phys. Rev. 109, 2170 (1958). 
*H. M. James, Phys. Rev, 76, 1602 (1949), 
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Fic. 2. The first four allowed bands (shaded area) as a function 
of lattice spacing, a, for fixed Vo. When Voa?>z*h?/8m, the 
potential is genuinely singular and the positions of the (nearly 
degenerate) bands are sensitive functions of the cutoff; the curves 
shown in this region correspond to repulsive-core cutofts. 


u 
Lerviemyt o— 


that ¥(a/2)=1. Defining 
p'=i tan(ka/2), (4) 


the wave function may be written in the Bloch form, 
Wi(x)=fi(x) exp(ikx), with 


g(x— Na) u(x— =) 


fi(x)= | (cos} ka) ———+¢ i (sin} ka) ———— 


£0 Uo 


Xexp[—ik(x—Na+}a)]. (5) 


Allowed energies occur for real k and the band edges 
are obtained from p,(A). Using the well known expres- 
sions for 2F; (a,b;c;1) in go, mo, etc., one arrives at 


p.(A)=tan[3a(3—s—d)] tan[4xr($—s+aA)]. (6) 
Equations (4) and (6) finally yield 
i? 


E,(k)= [cos!(sinas coska) }, (7) 
2ma* 


where the mth principal value of the inverse cosine is 
to be taken. The edges of the mth band have k=0, 
a/a (reduced wave number) and E,,* = wh? (n+$+5)° 
2ma*. For s=}, Eq. (7) gives E=h?k’/2m, and when 
s=0 the bands become degenerate. Figure 2 shows the 
variation of E,,(k) with a for fixed Vo. 

Equation (7) also leads to expressions for the group 
velocity of a wave packet, 


~ 


10 
ar=> — (2E/m)*(csc?xs—cos*ka)~' sinka, (8) 
0 


and the effective mass of a particle, 


m/m* = (m/h?)PE/dk = (sins csc*aA— ctn?ar 
+7 cos*rs csc*rh costa), 


SCARF 


As s—> 3, m*— m and (v) > (2E/m)! while for s=0 
m*=o and (v)=0. 

Many properties of the hypergeometric series are 
known and can be employed to discuss the wave 
functions for this problem. In particular, for k=O, 
m/2a, and w/a, ¥,. may be expressed as a simple 
polynomial in the quantity y=sin*[a(x—Na)/a], 
(N—})a<a<(N+4)a. All of these k values lead to 
Jacobi polynomials [see Eqs. (2), (7)] and, in terms 
of the generating function,® the non-normalized wave 
functions are 


¥n,0= (y— 9) *Hd"[(y—y?)”* dy", 
Wn, x/a= (y— yt Hd"[ (y—y*)"t* ]/dy” 
Xexp(+7iN), 
Wn, x/2a=(Ptip_, ] explFi(N—})x/2], 
2-syttte(| —y)t-t d” 


(10) 


(11) 


and 





4s—4n)P(1—45-+4m) dy" 
xd al y) ateye—s], 


These typical solutions illustrate how y varies with 
Vo, a, x and with the quantum numbers. The Fourier 
transforms of Eqs. (10), (11) may also be evaluated. 
In general, ¥(p) has a simple pole on the real axis. 

There are some other noteworthy features of the 
results. In any one-dimensional problem, the band 
edges are defined by the succession of values p= (0,2), 
(2,0), etc., as the energy increases. In familiar cases 
(for instance, the Kronig-Penney model‘ and the Slater 
model’), the quantities (go’,go), (#o’,#o) vanish in turn 
as E increases, and bands are of the Wigner-Seitz’ 
form; pure g (or pure “) at top and bottom. 

In our case, as £ increases these quantities vanish 
in the order (go’,uo’), (go,to), (go',wo'), etc. Thus, the 
bands are all pure g at the bottom (k=0) and pure u 
at the top (k=2/a). This type of behavior was antici- 
pated in the general discussion presented by James‘; 
it is not a direct consequence of the singular nature of 
V (x) and in terms of a unit cell centered at x=a/2, the 
wave functions have conventional symmetry. 


(12) 


III. ORIGIN OF THE DEGENERACY 


As s—>0, all energy bands become degenerate, 
(v)ne Vanishes, and m* tends to infinity. Since these 
effects occur when an electron is tightly bound near 
an ion, it might be inferred that such a situation arises 
here for a finite value of the lattice spacing. 

However, as s—> 0, u/uo — g/go if Nax<x<(N+$)a 
and “/u)——g/go when (V—})a<x<Na. Thus, for 

5 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1955), pp. 
780-781. 

6 R. de L. Kronig and W. G. Penney, Proc. Roy. Soc. (London) 
A130, 499 (1931). 

7E, P. Wigner and F, Seitz, Phys. Rev. 43, 804 (1933), 
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Wnk(x) = go 'g(x— Na) exp(iNVka), 


Na<x<(N+1)a. (13) 


This form resembles the tight-binding wave function 
of Bloch® 
Wne(x) = go 'g(x— Na) exp(iNka), 


(N—})a<a<(N+})a, (14) 


but there is an important difference. Bloch’s function 
is a sum of “atomic” functions centered about the 
lattice points, «=0, +a, +2a, etc., while Eq. (13) 
represents a sum of functions centered midway between 
the ions at x= +a, +$a, etc. Thus, the limit as s > 0 
does not correspond to tight binding about the ions. 

In order to understand this it is useful to refer to 
Fig. 3(a) where conventional tightly bound levels are 
shown for Slater’s model. When E<Vmax, WY and 
(dy/dx) are both small within the barrier so that there 
is little energy difference between the k=0 and k=2/a 
states. 

Moreover, if one takes seriously the repulsive cores 
which were implied in the choice of C and D, Fig. 3(b) 
illustrates that ordinary tight binding occurs again in 
the new model, with phase changes at the maxima of 
V(x). However, it must be recognized that V is a 
maximum a/ the lattice point, not at x=a/2. 

Even without considering the repulsive cores, it can 
be seen that narrow bands, small (v) and large m* may 
occur whenever ¥~0 at some point (*=.;) in each unit 
cell. This can arise because E<V(x,), as in Fig. 3. 
However, ¥(«;) may also be very small because the 
potential at x; is strongly attractive. Thus, the existence 
of nearly degenerate bands and large effective mass does 
not uniquely imply an atomic situation. [For 
V oa? > wh?/8m, with a cutoff at some finite xo, the 
bands have finite width. As Voa? increases in this 
singular region, the levels become negative and con- 
tinue to fall until E<V ($a). At this point, one has 
conventional tight binding with wave functions local- 
ized near x= Na. } 

The “transition” of Fig. 2 occurs for a finite value of 
a because V9 is held fixed. If Voa? were constant, there 
would clearly be no transition and the problem would 
correspond to a set of unpolarizable x potentials. 
However, if Vo=Ba~*, «<2, then V(x) represents a 
set of polarizable cores. In the neighborhood of the 
ion (xa) the core potential seen by the electron is 


(15) 


Vcore — V 00?/a222 = — V ote/2?, 


with Vere(a) = Ba?-*/x?. Thus, Vers decreases with a and 
the bands suddenly broaden as the singular boundary 
is passed. 

Although infinite m* for finite @ never occurs in a 
real crystal, it is possible to find narrow bands without 
having “atomic” wave functions. The extreme behavior 


~ §F. Bloch, Z. Physik 52, 555 (1928). 
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Fic. 3. (a) The wave functions (dashed curves) of tightly bound 
levels with V = Vo cos(xx/a) (solid curve). (b) The wave functions 
(dashed curves) of tightly bound levels with V = — Vo csc?(xx/a) 
for |x| >2o, V =repulsive core for |x| <x (solid curve). 




















discussed above is, of course, a consequence of the 
singular nature of V (x) and of the fact that the problem 
is one-dimensional. 


IV. WEAK BINDING 


When Vo=0 (s=}3), all quantities discussed in 
Sec. II have the free-particle form: E=h?k?/2m and 
v=exp[ ind («—}a)/a]. For small values of the potential 
strength, E£,(k), (%)nk and m* may be expanded in 
convergent power series in the parameter (}—s5). For 
instance, the first two terms in the Taylor expansion 
of E(k) are 

hk? 
E,(k)=— [1+ 
2m 


= (16) 
ka tanka 


Weak binding, or second-order perturbation theory, 
gives® 

hk? 
E,,(k)=——| 1+ (Voa’)?X 

2m 


Oy 2 
Lee... ae oe | (1 
r) Invk?a?(ka—2rv) 


7) 


with 


a, = ( va) f dx V(x) exp(2mivx/a). (18) 
0 


°C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition, pp. 583-585. 
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Equations (16) and (17) have several similarities. 
They each possess a second-order pole at k=0, first- 
order poles at ka=2rv, v~0, and a quadratic depend- 
ence on the strength, Voa?. Furthermore, both treat- 
ments predict that for s near 3, the effective mass at a 
band edge (E=E,) is given by 

m/m* = (1+4E,/AE), (19) 
where AE is the width of the gap. 

These properties suggest that the weak-binding 
approximation is valid when Voa*<<ah?/8m. That it is 
actually not appropriate can immediately be seen by 
inspection of Eq. (18); if V(«)=—Vo csc?(rx/a), all 
of the integrals diverge. 

This anomaly is associated with the factor 
[sin(#x/a) ]*-* in the wave function. The expansion 
¥(x)=Z(Vo)’o™ (x) is convergent only for sin(rx/a) 
>exp[1/(s—4)]. In fact, 


lim |y(Vo=0, x)| =1. 


ro 


lim y( Vo, x=0) =0, but 


Vo 


Thus, for any finite Vo, ¥(0)=0 and the wave function 
does not resemble a plane wave. 

The wave functions of highly excited levels still 
reflect the singularity at the origin. For \>>1 (any value 


of s), the asymptotic expansion is" 


cos(ka/2) cos(Ax[x— Na ]/a—44+425) 
a Artie) 





cos(4\r—494+ $15) 





sin(ka/2) cos(ArLx— Na ]/a—jar— said 
+i — —— 


cos*(4\x—4a—4as) 
. Xexpi(N—43)ka+O(A"), (20) 


0 A. Erdélyi et al., Higher Transcendental Functions (McGraw- 
Hill Book Company, Inc., New York, 1955), Vol. I, p. 77. 
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if the normalization, ¥(a/2)=1, is retained. Equation 
(20) represents a plane wave when Vo=0, but for any 
finite value of Vo and any X, it does not. It may be 
noted that ¥(0), as given by Eq. (20), is generally not 
zero. However, the first term in Eq. (20) refers to 
g(x) (even) while the second describes u(x) (odd); 
thus the asymptotic form of # is discontinuous, and g 
has a discontinuity in slope. This merely illustrates 
that ¥(0) must always be defined to be zero, and that 
the expansion is not valid at the origin. 

These properties of the solutions show that the weak- 
binding approximation cannot be used for a singular 
potential, although it can reproduce certain features 
of E(k). 

Vv. CONCLUSION 


When the E(k) curves for an electron in a periodic 
potential are examined, the inference is frequently 
made that the wave functions resemble plane waves, 
or that they can be approximated by Bloch-type 
atomic functions. Slater showed that the Mathieu- 
function model gives rise to bands with clear-cut 
weak- or tight-binding #(k) characteristics, but that the 
wave functions have a complex intermediate form for 
wide ranges of the parameters. It has been conjectured 
that this is a general property of crystalline wave 
functions. A possible criticism of such a generalization 
is that Slater’s sinusoidal potential is much smoother 
than that in a real crystal, and that it has nothing like a 
Coulomb singularity near the ion. 

The present discussion involves a potential which is 
unphysical in the opposite direction; the extreme 
singularity at the origin and the one-dimensional 
nature of the problem exaggerate the actual situation 
and introduce new effects. However, once again it is 
shown that the wave functions can be quite complex 
even when E(k) seems to represent a nearly free, or a 
tightly bound particle. 
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The cross section for ionization of the hydrogen atom on electron impact has been measured as a function 
of electron energy. A modulated beam of atoms and molecules in varying proportions, taken from a furnace, 
is crossed by a dc electron beam, and the positive ions formed are taken into a mass spectrometer. By using 
such modulation techniques, the ions formed by ionization of the beam are distinguished from the much 
larger number of ions formed by collisions of electrons with the residual gas in the vacuum chamber. From 
the study of the mass-spectrometer peak strengths as a function of temperature with constant gas flow, the 
ratio of the cross sections for ionization of the atom and the molecule is directly determined. The absolute 
atomic cross sections, determined by multiplying this ratio by the known molecular cross sections, are 
cross-checked by taking relative cross sections for the atom. Complete agreement with the first Born 
approximation is found only above about 250 ev. Deviations of experiment from theory at lower energies 


are as predicted qualitatively by theory. 


I. INTRODUCTION 


HE customary theoretical formulation of atomic 

scattering problems of the type where an elemen- 
tary particle collides with an atomic system and where 
all the forces are known usually admits two sources of 
error in their solution. First, whenever the target atomic 
system consists of more than two bodies, its wave 
functions are not known and the problem cannot even 
be formulated exactly. Second, assuming that these 
wave functions are known, the scattering problem is 
still too difficult to solve exactly, for the quantum- 
mechanical treatment leaves an infinite set of coupled 
equations. 

A number of methods have been developed to obtain 
approximate solutions to this infinite set of equations. 
Generally, however, the validity of any approximation 
method is known but qualitatively. Comparison of a 
theoretically predicted cross section with an experi- 
mental result has not been very helpful in determining 
the validity of an approximation method, because the 
experiments usually involve target atomic systems for 
which the wave functions are not known. 

Clearly, by allowing the target system to contain 
only two bodies it should be possible to compare theory 
with experiment and known that any discrepancy 
between prediction and result must arise because of 
the intrinsic deficiencies of the scattering approximation 
used in the theory. Thus, the approximation methods 
themselves would be under direct scrutiny. To better 
analyze these methods, a program of experiments on 
the collision properties of the free hydrogen atom is 
being carried on at General Atomic, the results of which 
also bear directly on the understanding of controlled 
thermonuclear devices. 

The present paper, which is the first of a series to be 
published, discusses the total cross section for ionization 
of the hydrogen atom on electron impact. Because of 
the computational difficulties involved in any ionization 
calculation, this cross section has been predicted over 


the entire energy range using, to date, only the first 
Born approximation. The measurement described here 
therefore gives information only on this simplest of all 
quantum-mechanical scattering approximations. 


Il. EXPERIMENTAL APPROACH 


It is well known that hydrogen molecules can be 
thermally dissociated in a low-pressure furnace and 
that such furnaces may be used as sources for beams of 
neutral particles, an arbitrarily large fraction of which 
will be hydrogen atoms. Clearly, beams from such 
sources can be used in scattering experiments, in 
crossed-beam configurations. 

In the study of the interaction between hydrogen 
atoms in a beam and electrons (or any second parti- 
cipant which interacts with molecules as well as with 
atoms) a basic difficulty must be overcome. Furnaces 
and other atom sources producing large fractions of 
atoms operate at rather low pressures. By the time a 
collimated beam of particles is drawn from the source 
and taken far enough away for an experiment to be 
conveniently conducted, the density of particles in the 
beam may be of the order of 10° particles per cm’. 
This must be compared with a density of molecules in 
the residual gas in the vacuum chamber of about 
4X10" molecules per cm’ (for a vacuum of 10-* mm 
Hg). Since in the scattering of electrons any signal is 
proportional to the number density of scattering centers, 
a beam experiment on scattering requires isolating a 
signal of 1 part in about 40. Because of the rather 
violent slow fluctuations and drifts in pressure in 
ordinary vacuum systems, it is clear that looking for a 
signal of 1 part in 40 with de techniques promises little 
but difficulty. Indeed, this appears to be a funda- 
mental reason why electron scattering experiments 
using beams of free hydrogen atoms have been deferred 
for so long. 

Clearly, an ac experiment is suggested. If the atom 
beam is modulated by a mechanical chopper and the 
electron beam is run dec, the desired signal can be 
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Fic. 1. Schematic diagram of ionization experiment. 


identified by its having a specific frequency and phase. 
The signal arising from the interaction of electrons 
with molecules of the background gas will be a dc 
signal plus, of course, a certain amount of noise at the 
modualtion frequency. Most of the unwanted signal 
can be removed by a blocking condenser. Actually, the 
situation is somewhat more complicated than this and 
will be discussed later in this paper. 

In studying the ionization process, we used the ac 
currents, at the beam modulation frequency, of positive 
ions after mass analysis. Figure 1 shows a block diagram 
of the experimental arrangement. 


A. Source of Atoms 


In the present experiments, the source of atoms was 
a furnace. The type of furnace most used was tubular, 
about 3 in. leng and ;%; in. in diameter. The furnaces 
were constructed by rolling 0.001-in.-thick tungsten 
foil into tubes, with about 6 layers of foil making up the 
tube walls. The beam issued from an aperture in the 
side of the furnace and proceeded perpendicular to the 
furnace axis. Tungsten wadding was placed at each end 
of the furnace so that no gas could go from a cold 
surface (near the furnace mounting) to the aperture 
region without suffering many collisions with hot 
tungsten. The furnace was mounted between copper 
bus bars, one of which conducted gas to one end of the 
furnace. The other end of the furnace was blanked off. 

Furnace temperature was normally measured with 
an optical pyrometer, but on those occasions when 
studies were made at furnace temperatures of less than 
1200°K, thermocouples attached to the furnace were 
used. These thermocouples had to be detached, however, 
when the furnace was heated to above about 1800°K, 
as they would alloy with the furnace material, which led, 
usually, to burnout of the furnace. The usual tempera- 
tures measured, therefore, were room temperature and 
temperatures in the optical-pyrometer range. 

In using the pyrometer, the furnace was observed 
through a window at the back of the vacuum system. 
The view was upstream against the neutral beam, 
through the slits, and into the furnace aperture. 
Measuring the temperature by comparing the bright- 
ness of the aperture with that of the filament in the 
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pyrometer eliminated the need to correct for emissivity 
of the furnace material—the furnace itself was an 
ideal Hohlraum. 

A correction had to be made, however, for the fact 
that the viewer was looking at the furnace aperture 
through the chopper wheel. Measurements of the tem- 
perature with the chopper wheel both running and 
stationary showed that the moving chopper wheel head 
a transparency of 0.51+0.02, as was expected, and that 
this transparency was completely independent of tem- 
perature to within the limits indicated. 


B. Beam Shape 


In the design of « beam apparatus for the study of 
electron collisions, it should be noted that any signal 
derived is proportional to both the density of atoms in 
the neutral beam and the path length of the electrons 
as they cross the beam. The latter consideration 
suggests that the beam be made thick; the former, that 
the collision region be as close to the neutral-beam 
source as possible, in order to minimize the effect of 
geometrical spread of the beam with distance from the 
source. Thus, for collision work the neutral beam 
should be short and stubby, rather than long and thin 
as in conventional molecular-beam equipment. In the 
apparatus described here, the beam was about 4 cm 
long and at the collision region had a cross section of 
about 4 mm X6 mm. 


C. Vacuum System 


The neutral beam was not made appreciably shorter 
because two vacuum walls, bounding differentially 
pumped vacuum chambers, were interposed between 
the furnace and the collision region. This arrangement 
resulted from signal-to-noise considerations. It has 
already been remarked that the basic approach in 
these experiments is to modulate the neutral beam and 
run the electron beam dc. In this manner the desired 
signal is identified by its ac characteristics, while the 
dc signal arising from interaction of the electron beam 
with the residual gas in the vacuum chamber can be 
blocked by a condenser. Actually, the background 
interactions still compete with the desired signal as 
noise at the chopping frequency. Of course, shot noise 
arising from statistical variations in the interaction of 
the electrons with the background gas will always 
be present. Of much greater importance, however, is 
the effect of background pressure fluctuations, caused 
by irregular pumping by the diffusion pumps. Since the 
background interaction signal is proportional to the 
background density and, therefore, to the background 
pressure, even small changes of pressure can be quite 
serious because of Fourier components at the modula- 
tion frequency. 

The major device to minimize pressure fluctuations 
was a three-stage, differentially pumped vacuum system. 
The first-stage chamber, containing the furnace, was 
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pumped by a 6-in. diffusion pump, the high pumping 
speed of which quickly removed that gas issuing from 
the furnace aperture which was not part of the beam. 
This stage normally operated at a pressure of the order 
of 10-> mm Hg. The second-stage chamber, containing 
the chepper wheel, was pumped by a 2-in. pump and 
normally operated at from 3X 10~* to 1X 10~° mm Hg. 
The first stage served as the forepump for the second 


stage. The third stage, in which the experiment took 


place, used a 2-in. pump identical to that of the second 


stage, and the forepump for the third stage was the 
second stage. The third stage normally operated at 
from 7X10-7 to 1X10-° mm Hg, depending on how 
long the system had pumped since being opened to the 
air, on beam strength, etc. The beam passed from the 
first to the third chambers through slits in the vacuum- 
chamber walls. (It will be noted that 10-° mm Hg is 
quite a high pressure for atomic-beam work. It is an 
intrinsic advantage of modulated-atomic-beam work 
that extremely good vacuums are generally not re- 
quired.) This three-stage pumping system reduced 
pressure fluctuations in the third chamber due to 
irregular pumping because (1) the pressure difference 
between the high- and low-pressure sides of the third 
pump was small and (2) the third pump prevented 
irregular pumping in the early stages from producing 
serious effects in the third chamber. 

Pressure fluctuations also influenced selection of the 
modulation frequency and the size and pumping speed 
of the high-vacuum chamber. With a volume of about 
20 liters in the third chamber and a pumping speed of 
about 20 liters/sec, the pressure time constant in this 
chamber was about 1 sec. With a modulation frequency 
of 100 cps, pressure fluctuations at the modulation 
frequency were rather well integrated by the vacuum 
chamber. 

Before leaving the subject of the vacuum system, 
two features of any modulated-beam experiment must 
be considered. Both are concerned with completely 
coherent signals not arising from interactions of elec- 
trons with the neutral beam and which therefore must 
be subtracted from the ac signal obtained. 

The first results from having a differentially pumped 
vacuum system in which the pressures in the various 
chambers are not equal. Consequently, there will be a 
net flow of gas from a vacuum chamber of higher 
pressure to one of lower pressure through the slits 
which pass the beam. A fraction of this flow will 
coincide spatially with the beam. This fraction, of 
course, will be modulated by the chopper wheel and 
will be indistinguishable from the beam. With molecular 
beams this is usually not serious because the bulk of 
this gas flowing between vacuum chambers will be of 
the same species as the gas flowing from the beam 
source. With an atomic beam, however, one must 
subtract that part of the signal arising from the gas 
flow between vacuum chambers because it will be 
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almost entirely molecular. In the present case, a dc 
shutter, operated by a solenoid, was placed before the 
furnace aperture so as to block the direct beam but not 
interfere with the background-gas flow. The desired 
signal was obtained by subtracting the signals obtained 
with the shutter open from those with the shutter 
closed. By having three vacuum chambers, this gas-flow 
signal was kept quite small, never constituting more 
than a few percent of the total modulated signals. 

The second coherent modulation effect arises from 
the fact that when any neutral beam is admitted to a 
vacuum chamber, the pressure in the chamber increases 
because of the finite pumping speed of the vacuum 
pumps. (For usual beam apparatus this pressure gives 
an increase in the density of molecules over the entire 
vacuum chamber of about ten times the density of 
particles in the beam, if time is allowed for the steady 
state to be achieved. When an atomic beam enters the 
vacuum chamber, this background-gas increase is 
almost entirely molecular, because of the recombination 
of the atoms at the surfaces of the vacuum chamber. 
Thus, confusion between atoms and molecules appears 
unavoidable in any dc experiment on electron collisions 
with atoms.) 

When modulation of the neutral beam at a suitable 
frequency is introduced, the tendency of the back- 
ground-gas pressure to coherently follow the beam 
density changes exists but is not important. In this 
case, the vacuum chamber acts analogously to a large 
electrical condenser, or even more analogously to a 
muffler on an automobile. The vacuum pump and 
vacuum chamber are insensitive to pressure changes; 
as long as the period of chopping of the neutral beam 
is very small compared with the time constant of the 
vacuum system [i.e., the time for the pressure in the 
chamber to change by (e—1)/e the amount that it 
would change in an infinite time], the amplitude of 
background-gas density oscillations will be small 
compared with the density changes in the beam as it 
is turned on and off at the modulation frequency. 
(In the case of the present apparatus, which had a 
time constant of about 1 sec, a modulation frequency 
of 100 cps was adequate.) Also, because the pressure 
in the vacuum chamber continues to rise as long as the 
beam is in its ‘‘on” half-cycle (assuming that this time 
interval is small compared with the vacuum-system 
time constant), and reaches its maximum at the moment 
the beam is turned to its “‘off’’ half-cycle, the phase of 
coherent background-gas-density oscillations at the 
modulation frequency will be 90° behind the signal 
associated with the atomic beam. Thus, phase-sensitive 
detection can completely eliminate any signals arising 
from interaction of the dc electrons with the background 
gas. Of course, since an amplifier tuned to the modula- 
tion frequency is employed in the detection circuits, 
only the background-pressure oscillations at the modu- 
lation frequency are of any concern. 
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Fic. 2. Typical electron gun—schematic diagram. 


D. Electron Gun 


The source of electrons for the ionization experiment 
was constructed from cathode-ray-tube electron-gun 
components. Figure 2 illustrates schematically the type 
of gun most often used, which consisted of either an 
oxide-coated or a tungsten cathode; an aperture grid, 
usually 0.10 in. in diameter; an accelerating cylinder; 
two main cylinders, one on either side of the collision 
region; and an electron collector. The electron collector 
was maintained at a positive voltage with respect to 
the main cylinders, to prevent the escape of secondary 
electrons. The electron energy was determined by the 
potential difference between the main cylinders and the 
cathode, and calibration was made using the known 
ionization thresholds of H;, Hs, and helium. In addition 
to the focusing provided by the electrostatic lenses, the 
electron beam was collimated as the electrons passed 
through the aperture in the first main cylinder. An 
aperture also appears in the second main cylinder, 
because for relative-cross-section measurements (see 
Sec. III), it was necessary to ensure that all electrons 
arriving at the electron collector had passed through 
the neutral-particle beam. The second aperture was 
slightly smaller than the height of the neutral beam. 
Current was measured both to the second main cylinder 
and to the electron collector. The focus was then 
adjusted to eliminate current to the second main 
cylinder. Under these conditions there was good 
assurance that all electrons were passing through the 
neutral beam and that all ions formed came from 
electrons whose current was being measured at the 
electron collector. 


E. Mass Spectrometer 


In the present experiments, the signals used were the 
100-cps ac positive-ion currents which arose when the 
modulated neutral beam intersected the dc electron 
beam. It was desirable to mass-analyze these ions for 
two reasons. The first is that when relative cross 
sections for ionization of the atom were being taken, 
the signal-to-noise ratio could be greatly improved by 
preventing the dc molecular ions from reaching the ion 
detector. The second reason stems from the fact that 
the absolute cross section for ionization was determin- 
able (see Sec. III) by comparing the numbers of 
molecular and atomic ions formed when the electron 
beam crossed a beam containing both atoms and 
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molecules, i.e., by comparing the mass-spectrometer 
peak strengths. 

The mass spectrometer used most in the present 
experiments was a 30°-deflection magnetic-sector in- 
strument with a radius of curvature of 4 cm. It was 
inserted into the vacuum system. The ion energy was 
fixed, usually at 45 ev, and mass analysis was made by 
sweeping the magnet current. 

The electron gun and mass spectrometer operated as 
follows: The main cylinders of the gun (and therefore 
the interaction-region potential) were 45 v_ positive 
with respect to ground, and the electron energy was 
varied by varying the potential of the cathode. The 
first cylinder of the lens system of the mass spectrometer 
was maintained slightly below 45 v and a repeller, on 
the opposite side of the interaction region from the 
mass-spectrometer lens system, was maintained at a 
potential slightly above 45 v. This weak field caused 
the ions to drift down to the second cylinder in the 
lens, which was very near to ground. Primary focusing 
was done at the lens between the first and second 
cylinders. The third cylinder was at ground, as were 
the body of the magnet and the ion collector. The 
collector was a simple brass cup, behind a slit, to which 
was attached a preamplifier, to be described below. 
The neutral beam entered through an aperture in the 
repeller, crossed the electron beam, and proceeded 
down the cylinders of the mass-spectrometer lens to- 
gether with the ions. This geometry gave the atoms no 
surfaces on which to recombine into molecules in the 
vicinity of the electron beam. 

Since only electrostatic fields were used in the 
auxiliary optics of the mass spectrometer, the only 
initial conditions affecting the ion’s orbit as it entered 
the spectrometer were its energy and direction of 
motion; the orbit is independent of the mass of the ion. 
Since the neutral beam is directed, then if little velocity 
is imparted to the atom or molecule when it is ionized 
by electron collisions, the collection efficiency of the 
mass spectrometer is independent of mass for neutral 
beams arriving at the same temperatures. Certain 
indirect evidence, to be presented below, suggests that 
this is the case. 


F. Circuitry 


The circuitry required in this experiment was all 
designed to obtain good signal-to-noise ratio, and con- 
sists of (1) a preamplifier, to reduce the impedance at 
the ion collector; (2) a narrow band-pass amplifier; (3) 
a phase-sensitive detector and rectification stage; and 
(4) a de recording potentiometer. 


1. Preamplifier 


The basic physical measurable in the ionization 
experiment was positive-ion current. Typical ampli- 
tudes of this ac current were about 10-" amp. To 
provide a voltage signal, this current was passed 
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through a 10-kilomegohm resistor. The thermal noise 
of this resistor, and other electrical noise, gave signal- 
to-noise figures of the order of 100 to 1. The function 
of the preamplifier was to transform this high impedance 
to a lower value, so that the voltage signal could be fed 
into the amplifiers. 

The circuit used for the preamplifier, the voltage of 
which was supplied entirely from batteries, is illustrated 
in Fig. 3. A single CK 5702 WA subminiature pentode 
was used in a plate-follower circuit. This tube was 
mounted inside the vacuum system on the mass 
spectrometer at the site of the collection of positive ions. 

In applying a plate-follower impedance changer to 
this type of experiment, one slightly unusual feature 
must be employed. Positive ions formed by the electrons 
striking the background gas in the vacuum produce a 
de ion current which changes with vacuum-pressure 
drifts and which, when passing the large resistor, 
greatly changes the grid bias on the preamplifier tube. 
Since such changes can affect the behavior of the tube, 
it is necessary to provide for keeping the grid bias 
constant throughout an experiment. 

This is done by providing a variable dc potential 
between the plate of the preamplifier tube and the top 
of the large resistor. Assurance that the conditions are 
constant throughout an experiment is made possible 
by adjusting this variable potential so that a prescribed 
de plate current is drawn at all times. The prescribed 
current is determined for any particular preamplifier 
tube by measuring the grid current as a function of 
grid voltage and selecting a value of grid voltage 
negative to that at which the extremum of the grid- 
current-versus-grid-voltage curve lies. The plate current 
corresponding to this bias is taken as the prescribed 
plate current. This preamplifier offers high input and 
low output impedances, stable plate current, and 
flexible control of operating conditions. 


2. Amplifier 


The major function of the amplifier is to increase the 
voltage signal by several hundred to several thousand 
times and to filter out those frequencies not in the 
immediate neighborhood of the chopper frequency. 
Actually, the narrow effective bandwidth of the entire 
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electronic system was governed only by the time 
constant used in integrating the de output signal after 
rectification. The narrow bandpass in the early stage 
of the amplifier merely reduced noise and oscillation 
which would otherwise have blocked the electronics by 
overloading the electron tubes in the later stages. 


3. Phase-sensitive Detector 


The phasing signal was derived from a cadmium 
selenide photocell (Clairex CL-3) which was actuated 
by light reflected from the individual teeth of the 
chopper wheel. A unit consisting of a flashlight bulb 
and the photocell placed side-by-side was fixed in the 
second vacuum chamber just behind the plane of the 
chopper wheel. This unit noted the passing of each 
tooth. With such an arrangement the phasing signal 
was locked to the chopper wheel, and it was necessary 
to allow phasing of this reference signal to compensate 
for phase shifts of the ion signal as it passed through 
the main amplifier. Electronic phase shifting was used. 

The phase-sensitive detector-integrator utilized a 
single tube with push-pull output to convert the ac ion 
signal to full-wave rectified dc and to lower the im- 
pedance to that of the recorder into which the signal 
was ultimately fed. This rectified signal was fed onto 
the two outer terminals of a dc-ac chopper, which was 
actuated by the phasing signal coming from the phase 
shifter. The signals from the central terminal of the 
dc-ac chopper were fed into RC integrating circuits 
connected in parallel with the recorder input. 

An oscilloscope was used to ensure proper phase of 
the reference signal. 


III. MEASUREMENT OF THE IONIZATION 
CROSS SECTION 


A. Relative Cross-Section Measurements 


The number of ions produced per second when an 
electron beam crosses a gas of fixed number density of 
neutral particles is proportional both to the cross 
section for ionization at the particular electron energy 
and to the electron current. Cross sections at two elec- 
tron energies can be compared by comparing the ion- 
signal strengths divided by the respective electron 
currents at the two energies. For the comparison to be 
valid, of course, all the electrons whose current is being 
measured must pass similarly through the gas being 
ionized. For this reason, the electron gun in the present 
experiments had an aperture in the second of the two 
main cylinders (see Fig. 4); focusing the electron gun 
so that the current was received at the second main 
cylinder ensured that all measured electron current 
passed through a limited portion of the neutral beam. 
The ion-signal strengths used in the relative cross- 
section measurements were those received at the collec- 
tor of the mass spectrometer. 

To test the apparatus for the measurement of relative 
cross sections for ionization, these measurements were 
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made on standard gases such as He. Confirmation of 
the results of other investigators on naturally occurring 
gases indicated that the experimental methods were 
sound. 

In taking relative measurements for the ionization 
cross section of atomic hydrogen, the mass spectrometer 
was tuned on the proton peak and the neutral beam 
was adjusted to contain more than about 50% atoms. 
Atomic ions arising through dissociative ionization of 
the remaining molecules in the beam, even for such 
low dissociation fractions, necessitated corrections of 
less than 2% of the signal. 

Such relative measurements are actually all that is 
required. The first Born approximation becomes valid 
at sufficiently high energies of the incident electrons 
(i.e., several hundred ev), and these relative-cross- 
section curves can be normalized to the Born approxi- 
mation values at these energies. However, to cross- 
check this method of obtaining absolute cross sections 
by calibrating experimental results at high energies to 
Born approximation predictions, a different type of 
measurement was made which yielded absolute values. 


B. Theory of Absolute Cross-Section 
Measurements 


To determine experimentally the absolute cross 
section for ionization of the hydrogen atom, we first 
evaluated the ratio of atomic to molecular cross sections 
at any given electron energy and then used existing 
knowledge of the absolute molecular ionization cross 
section! to obtain the atomic cross section. 

Assuming a single atomic species in the beam, the 
cross section Q for ionization at a given electron energy 
is given by S=QL(J/2), where S is the ion current per 
unit electron current crossing the atom beam, L the 
path length of electrons through the atoms, J the beam 
intensity (particles per second per unit area normal to 
the beam’s direction), and @ the mean speed of beam 
particles. Calling NV the total number of particles per 
second leaving the furnace through the beam aperture, 
irrespective of their direction, the beam density for 
effusive flow is given by ]=GN, where G is a geometrical 
factor. Thus, the ion current per unit electron current 
is given by S=QLGN X1/€. 

If the gas comes to equilibrium in the furnace, the 
mean speed is given from kinetic theory by = (8k7/xm)', 
where m is the mass of the atomic species, & is Boltz- 
mann’s constant, and 7 is the absolute temperature. 
Substituting, 

S=BQ(m/T)' (1) 
[ Experimentally, gas was fed to the furnace from a 
reservoir in which the gas pressure was about 1 atmos. 
The gas crossed a needle valve as it flowed to the 


furnace, and then left the furnace through the beam 
aperture. On the furnace side of the needle valve the 


"1. T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932). 


B= LGN (n/8k)}. 
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pressure was always less than 100u Hg. Thus, with a 
fixed needle-valve setting the flow of gas to the furnace 
was independent of the furnace temperature and 
pressure. The furnace itself was mounted in such a 
way that at any furnace temperature at least 98% of 
the gas escaped through the aperture in which the 
beam was formed. Consequently, it is correct to a high 
degree of approximation to treat V as a constant 
independent of temperature. Since G, basically the 
fraction of particles leaving the furnace which pass 
through the beam-collimating slits, should be inde- 
pendent of temperature, B is a constant and S should 
depend on furnace temperature only through the 
inverse square root of 7. Intuitively, one may interpret 
the temperature dependence in Eq. (1) by saying that 
the hotter the furnace, the faster the beam particles 
go, and the less time the electrons have in which to hit 
and ionize the neutral particles. | 

If we now expand this agrument to consider not a 
single immutable atomic species (such as an inert gas) 
but a gas capable of thermal dissociation in the furnace, 
we have the experimental case with hydrogen. If we 
call D the fraction of molecules which are dissociated 
in the furnace and N the total number of molecules 
entering the furnace, the molecular ion signal per unit 
electron current, S2, is given, from Eq. (1), by 


S2= BQ2(m2/T)'(1—D), (2) 


where Q» and mz are the cross section and the mass of 
the molecule, respectively. The atomic ion current per 
unit electron current is given by S;= BQ; (m,/T)!X 2D, 
the factor of 2 occurring because each molecule dis- 
sociates into two atoms. Dividing the equations, and 
taking into consideration that m.=2m,, we obtain 


QO; Q2=[(1—D) v2D }S; So. (3) 
While this form of the equation is simple and con- 
venient,* it requires determination of the degree of 
dissociation at the time the molecular and atomic ion 
signals are taken. This can be obtained as follows. 
For temperatures below which dissociation occurs 
(~1500°K), from Eq. (2) 
S,T!=C=const. (4) 
We now define S» as the molecular signal at any 
temperature which would have been found had no 
dissociation occurred. That is, 


So=CT—, (5) 


* Note added in proof.—This derivation neglects the contribution 
to the mass 1 signal on the mass spectrometer arising from dis- 
sociative ionization of the molecules remaining in the beam. The 
very low probability of dissociative ionization in electron collisions 
with hydrogen molecules justifies its neglect and also justifies, to 
within our experimental uncertainty, taking the total ionization 
cross section as measured by Tate and Smith to be equal to the 
cross section for forming the molecular ion in electron-molecule 
collisions. The subject of dissociative ionization probabilities of 
diatomic molecules will be discussed in a future paper. 
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for all temperatures, with C evaluated for temperatures 
at which D=0 in Eq. (4). Clearly, then, the degree of 
dissociation is given from 


1 =_ D= So So. (6) 


It will be found convenient to substitute Eq. (6) into 
Eq. (3), giving 


Or /O2= (1 v2)[.S; (So— Se) ]. (7) 


C. Measurement of Absolute Cross Sections 


It is clear from Eq. (7) that three quantities will be 
sufficient for determining the ratio of atomic to molecu- 
lar ionization cross sections, and two of these, S$; and 
S», are directly measured on the mass spectrometer. 
The third quantity, So, the molecular signal which 
would have been observed had not the hydrogen 
molecule dissociated, must be obtained by extrapola- 
tion. It was expected that this could be obtained from 
Eq. (5), in which the constant, C, was evaluated 
from Eq. (4). 

The major difficulty, however, was finding the 
conditions under which Eq. (4) was valid, i.e., where 
S2T! was indeed equal to a constant for fixed gas flow 
over the temperature range below which any dissocia- 
tion occurred. It is convenient to define a function of 
temperature, C(T), by C(T)=5S.T'. It was found that 
under most experimental conditions C(7) increased 
with temperature, more or less linearly, at rise rates of 
up to 1.5% per hundred degrees Kelvin. With the mass 
spectrometer already described, C(7) never decreased 
with temperature, while on many occasions it took a 
constant value as was expected. The major effort in 
this experiment was devoted to finding the causes of 
the observed behavior and the experimental conditions 
which led to acceptable results. In these rather extensive 
experiments, nondissociating simulant gases, e.g., 
helium, argon, and nitrogen, as well as hydrogen, were 
used to study the function C(7) up to 3000°K. 

The observed behavior of C(7) is understood on the 
basis of two phenomena. The first is the change of 
mass-spectrometer collection efficiency with the energy 
of the neutral particle which becomes ionized. The 
second is the scattering of particles out of the beam by 
the gas cloud immediately before the furnace aperture. 

Regarding the first phenomenon, it will be recalled 
that the axis of the mass-spectrometer entry system lay 
in the neutral beam. As the furnace temperature was 
increased, the initial momentum of the neutral particle, 
which was changed but little in the ionizing collision, 
tended to carry the ion into the mass spectrometer 
more efficiently. It was found, for example, that in- 
creasing the collection fields of the mass spectrometer, 
so as to weaken the effect of initial momentum, always 
reduced the rise rate of C(7). A more dramatic demon- 
stration of the effect of the particle’s initial energy was 
made with a second mass spectrometer. This instrument 
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was similar to the first, except that the ions were 
drawn away at an angle of about 70° from the initial 
direction of the neutral beam, so that increased energy 
of the neutral beam would tend to carry the ions past 
the mass spectrometer and decrease collection efficiency 
with increasing temperature, thus leading to a function 
C(T) which monotonically decreased. This behavior 
was observed in the second instrument; C(7) always 
behaved oppositely to that using the first mass 
spectrometer. 

The strong variation of C(7T) with the collection 
efficiency of the mass spectrometer also suggests that 
the location of the mass spectrometer in the vacuum 
system might be quite critical, and this was observed 
to be the case. As long as the mass spectrometer was 
not moved, the functions C(7) were found to be quite 
reproducible; however, after removing and replacing 
the spectrometer, the character of C(7) would change, 
although it would again be reproducible in the new 
position. 

It thus became standard procedure to use a simulant 
gas (usually argon) to determine the collection efficiency 
of the mass spectrometer as a function of temperature 
for any mass-spectrometer position, and to use these 
results to correct the hydrogen data. 

The second important phenomenon, scattering of the 
beam by gas before the furnace aperture, was studied 
by varying the pressure in the furnace, keeping all 
other parameters fixed, and observing the functions 
C(T). It was found in these experiments that C(7) did 
not change until the gas flow through the furnace 
system was increased to where the room-temperature 
furnace pressure was about 10 « Hg. Above this pres- 
sure, temperature increases appeared to reduce the 
number of particles scattered out of the neutral beam. 
Consequently, major reliance was placed upon results 
obtained with the room-temperature furnace pressure 
below 10 uw Hg. 

Two experiments served to indicate that the gas was 
coming into translational equilibrium with the furnace, 
and therefore that nonequilibrium of the gas was not a 
difficulty in the experiment. The first was a study of 
C(T) for hydrogen up to dissociation temperatures, with 
all quantities fixed except the size of the furnace 
aperture, the variation of which changed the mean 
number of collisions a particle would have with the hot 
walls of the furnace before leaving and entering the 
beam. Varying the size of the aperture with fixed 
furnace volume, so that the mean number of particle 
collisions with the walls varied from about 130 to 
several thousand, showed no significant effect upon 
C(T). Assuming that equilibrium was achieved with 
several thousand collisions, the same result with the 
smaller number of collisions implies that the average 
thermal accommodation coefficient of molecular hydro- 
gen on tungsten exceeds 0.04. ; 

The second experiment was designed to study the 
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function C(T) without those complications resulting 
from temperature-dependent efficiency of the detection 
device that occur with ionization and mass-spectrome- 
tric detection. Basically, a signal derived from some- 
thing other than the heavy particle which was originally 
in the neutral beam is required. The signal chosen was 
that arising from low-energy (i.e., less than 10-ev) 
electrons scattered elastically from the particles in the 
neutral beam. In this case, the current of electrons 
arriving at what was normally the repeller on the mass 
spectrometer was measured. With hydrogen (up to 
dissociation temperatures), argon, and nitrogen, it was 
found that ST', where S is now the scattered electron 
signal, showed no significant deviations from constancy 
when the room-temperature furnace pressure was less 
than about 100 u Hg which was a good indication that 
equilibrium between the furnace and the gas was being 
reached. Above 100 « Hg pressure, an increase of S7° 
indicated significant gas scattering of the beam. In the 
case of helium, poor signal-to-noise ratio in these 
experiments prevented similar conclusions. (Using 
hydrogen and carrying the temperature up to where 
almost pure beams of atoms were produced allowed a 
determination of the cross section for elastic scattering 
of electrons from hydrogen atoms. Indeed, these 
elastic scattering measurements closely parallel that of 
Bederson, Malamud, and Hammer,’ although our re- 
sults are much smaller. This will be discussed in a 
later paper.®*) 

A third set of observations was made on the equili- 
brium of hydrogen with the furnace. In cases in the 
ionization experiment where the function C(7) was 
constant, the degree of dissociation as determined by 
Eqs. (5) and (6) was measured as a function of furnace 
temperature and estimated pressure. The closeness of 
the results to those predicted from statistical mechanics 
gave reassurance of gas-furnace equilibrium. 

In summary, it is believed that: 

1. Thermal equilibrium was achieved for argon and 
nitrogen in all furnaces and at all temperatures, and 
for hydrogen at least up to temperatures at which 
dissociation occurs. Helium may not be in complete 
thermal equilibrium. 

2. The major cause of C(7) not being a constant is 
ascribable to the variations in collection efficiency of 
the mass spectrometer, due to the effect of temperature- 
dependent momentum of the particles in the neutral 
beam. 

3. Placement of the mass spectrometer was quite 
critical in determining the form of C(7). 

4. Gas scattering of the neutral beam was not 
important at the low furnace pressures normally used 


2 Bederson, Malamud, and Hammer, Bull. Am. Phys. Soc. Ser. 
II, 2, 172 (1957). 

? Brackmann, Fite, and Neynaber, this issue [Phys. Rev. 112, 
1157 (1958) ]. 
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in the atomic-hydrogen-ionization experiment (i.e., less 
than 30 uw Hg). 

5. Argon simulated molecular hydrogen quite well 
in all experiments made. 


For the evaluation of absolute cross sections, the 
function C(T)=S.7' was significant because of the 
need to evaluate So, the molecular signal which would 
have been found at high temperatures had the hydrogen 
not dissociated, as was indicated in detail in Sec. III-B. 
If C(T) were always a constant for all gases, the 
assumption that it was also a constant for hydrogen, 
dissociated to an arbitrary degree, would be a reasonable 
extrapolation. The studies described immediately above 
indicated that such a simple approach was not always 
applicable. 

Particularly significant results from these studies are, 
however, that (1) in all experiments performed, molecu- 
lar hydrogen and argon appeared to behave similarly, 
even to the extent of giving functions C(T) of the same 
form for any given mass-spectrometer placement with 
comparable gas pressures; and (2) argon appeared to 
come into complete thermal equilibrium with the 
furnace. This allowed the next most simple extra- 
polation for obtaining So to be tried. It was assumed 
that the functions C(7) for molecular hydrogen and for 
argon are proportional at temperatures in excess of 
about 1200°K for any given mass-spectrometer place- 
ment. In this case, So would be proportional to the 
argon signal at the same temperature. Alternatively, 
it is convenient to redefine Sp by 

So=C(T)/T', (8) 
where the shape of C(7) above dissociation temperature 
will be determined from argon data. This approach may 
be thought of as using argon to determine the mass- 
spectrometer collection efficiency and then applying 
these results to the hypothetical molecular-hydrogen 
signal. Of course, using argon in this way is entirely 
satisfactory only if the momenta of both argon and 
hydrogen atoms and molecules are not changed in the 
ionizing collision. The mass of hydrogen is such that if 
large fractions of the momenta of the incident and 
liberated electrons were transferred to the remaining 
ion, very substantial sideways deviations in direction 
could occur, while the direction of motion of the argon 
would change negligibly in an ionizing collision because 
of its large mass. Although, to the authors’ knowledge, 
no detailed studies have been carried out on the transfer 
of momentum to the proton in an ionizing collision 
between an electron and a hydrogen atom, certain 
features of the Born approximation calculations 
strongly suggest that appreciable momentum transfer 
does not occur.‘ Further, indirect evidence gathered in 
this experiment indicates that the difference in momen- 


*N. F. Mott and H. S. W. Massey, Theory of Atomic Collision 
(Clarendon Press, Oxford, 1949), second pot ay pp. 232-236. é 
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tum between the atom and the ion is not important for 
the present purposes. 

While other @ priori objections may be raised against 
this procedure, it satisfies two necessary conditions of 
the entire experiment. First, it gives a satisfactory 
constancy of the ratio of atomic to molecular cross 
sections at various temperatures within a given run. 
Second, the values obtained from separate runs agree, 
for a given electron energy, even though the functions 
C(T) for the two runs differ widely. (A third advantage 
of this procedure is that the values given at high electron 
energies, where it is expected that the Born approxima- 
tion calculations will be correct, agree with the Born 
approximation values. ) 

To illustrate the first and second points, it is of 
interest to consider two sets of data which are extreme 
in the sense that the C(T)’s differ widely. These data 
are for an electron energy of 200 ev. In the first set, 
the C(T) for argon was shown to be constant to within 
experimental accuracy for all temperatures above 
1200°K and the constancy of C(T) for hydrogen is 
assumed. The hydrogen data, with pertinent calcula- 


TABLE I. First set of sample data.* 


T (°K) S2 St C(T) So D(%) 
1250 
1395 
1590 
2005 
2200 
2355 
2530 3.5 


65.0 0 230 0 

62.5 0 234 0 

57.0 0 228 0 4% 
39.7 9.5 31. 22 0.60 
23.0 22.5 ; : 53 0.62 
10.0 31.5 ‘ x 79 0.61 
36.0 : 92 0.61 


*® The temperature, 7, and the molecular and atomic ion signals, S: and 
Si, respectively, were directly measured. C(T) =S:7%. Values of So were 
determined from Eq. (8), with the value of the constant C(7) taken as 230, 
and D and Q:/Q2 were determined from Eqs. (6) and (7), respectively. 


tions, are given in Table I. (In this table the third 
significant figure is in doubt.) 

In the second set of data, conditions were such that 
C(T) for argon strongly increased with temperature, 
and the points fitted quite well a straight line of the 
form C(T)=Cyo[ 1+0.0128(7— 12:0) ], where Cy is the 
value of C(7) at 1200°K and T is measured in hundreds 
of degrees Kelvin. In the corresponding run with 
hydrogen, the experimental temperature nearest 1200°K 
was 1235°K, at which C had the value 868, Assuming 
the straight line given above describes the hydrogen 
case, it is straightforward to calculate that the value of 
C at 1200°K would have been 864. Table II describes 
the results of this run. 

Clearly, the value of Q:/Q2 at 1815°K is wrong. It 
will be recalled that the difference between S. and Sp 
enters into this calculation, the difference in this case 
being little more than 1% of the value of either. 
Neither value is known to this accuracy. 

These two sets of sample data are extreme in a 
second sense. The first set was taken at a room- 
temperature furnace pressure of about 12 u Hg, where 
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TABLE II. Second set of sample data. 


C(exp) C(calc) So D(%) 


T (°K) Ss S1 


GN a re nse ee “ws 
1235 ' 0 864 ae 0 
1445 ; 0 890 890. 0 
1620 . 0 894 910 (22.6) 0 
1815 a a 931 21.8 1 
2270 ; 8.5 981 20.6 48 
2580 1020 20.1 8&8 
2820 1040 = 19.7 


gas scattering of the beam is believed to be unimportant. 
The pressure in the second set was about 5 times this 
and beam scattering probably occurred. The remarkable 
point is that, in spite of gas scattering of the beam, the 
hydrogen signals, when normalized to argon signals for 
comparable hydrogen and argon furnace pressures, 
still gave values for Q:/Q2 which were consistent 
within the run and agreed with the values obtained 
from other runs. 

The data for all electron energies were handled as 
shown in the two preceding examples. The imposed 
requirements for acceptance of the results were that 
Q1/Q2 should (1) have the same values within any run, 
irrespective of temperature or degree of dissociation, 
and (2) have the same values between runs with 
different pressures and other operating conditions. 

The final results of this experiment are summarized 
in Figs. 4 and 5. The solid line is the relative cross 
section normalized at 500 ev to the average value 
obtained from measurements of Q;/Q2. The probable 
error, based only on the statistical spread of the 
results and indicating the reproducibility of the results, 
is shown at the 500-ev point in Fig. 5. The other points 
on the curve are mean values of the absolute cross 
section as determined in this experiment. 

While data were taken for the absolute cross section 
at energies lower than 40 ev, we feel that the relative 
cross-section curve is probably more accurate. Since 
below 40 ev the molecular curve is steep and actually 
crosses the atomic curve, the atomic 
values are more strongly dependent on exact knowledge 
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Fic. 4. Ionization cross-section curve for atomic and molecular 
hydrogen. Points are taken from relative cross sections normalized 
at 500. Crosses are absolute determinations. 
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Fic. 5. Ionization cross-section curve for atomic 
and molecular hydrogen. 


of the electron energy than are the relative-cross-section 
data, where differences of energy are measured quite 
easily and where the exact energy can be found by 
requiring that the threshold energy be at the known 
ionization potential of atomic hydrogen (13.6 ev). 

Absolute cross sections were not determinable in this 
experiment above 750 ev, which is the highest energy 
used in the measurement of the molecular cross section 
by Tate and Smith. Thus, the portion of the curve 
above 750 ev is also obtained purely by relative-cross- 
section measurements. 

Figures 4 and 5 show graphically the results of Tate 
and Smith for the molecular cross section, the calculated 
cross section using the exact Born approximation,‘ and 
the atomic cross section as determined in the present 
experiment. 

Regarding uncertainties and errors in the results, the 
signal-to-noise ratio on the mass-spectrometer peaks 
normally ranged from 50 to 100, and electron current 
was known to be constant during any run to within 
2% or less. The reproducibility of results within the 
experiment was generally about as indicated in Tables 
I and II, ie., +3%. The largest unknown in the 
experiment are, of course, the values of So, since they 
were obtained by an extrapolation the errors of which 
are impossible to ascertain. Also, in obtaining the 
absolute atomic cross section by multiplying the ratio 
obtained in these experiments by the molecular cross- 
section values of Tate and Smith, further uncertainty 
is introduced because probable errors in the molecular 
cross-section values are unspecified. 

A further uncertainty arises through the assumptions 
that (1) transfer of momentum from the incident 
electron to the remaining ion, giving it a sideways 
velocity component, may be neglected, and (2) argon 
may be used to determine the collection efficiency of 
the mass spectrometer. The indirect evidence support- 
ing these assumptions is as follows: 

1. The agreement of the relative cross-section curves 
of Hz with those of Tate and Smith indicates that if 
any sideways momentum transfer sufficiently strong 
to alter the mass-spectrometer collection efficiency 
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occurs, it is not dependent on electron energy in the 
case of Hy. 

2. If appreciable sideways momentum transfer occurs 
in ionizing the hydrogen molecule, C(7) for hydrogen 
below dissociation temperatures should increase with 
temperature more rapidly than C(7) for the heavy 
argon atom. Such a difference was not evident, suggest- 
ing that the H,*+ ion does not pick up a sideways 
velocity component of an amount detectable with our 
equipment. 

3. If appreciably more momentum were transferred 
to an atomic ion than to a molecular ion, Q;/Q2 would 
be expected to increase with temperature, and such a 
systematic increase was not discernible. 

Of course, these observations pertain only to the 
Mass spectrometers used in the present experiment, 
and it is not believed that they are particularly signifi- 
cant to the interesting question of momentum transfer 
in general. 

The agreement with the Born approximation at 
energies where this approximation is expected to be 
valid suggests that this measurement is more accurate 
than we can legitimately claim solely on the basis of 
the experimental approach. 


IV. DISCUSSION OF RESULTS 


The results shown in Figs. 4 and 5 are self-evident. 
The first Born approximation agrees quite well with 
the experimental values above about 15 times the. 
ionization potential and is higher than the experimental 
values at lower energies, as is predicted on the basis of 
the known limitations of the Born approximation. 
Unfortunately, at the present time there are no other 
theoretical predictions for the total cross section for 
ionization against which to compare the experimental 
results, except in the immediate vicinity of threshold.*:® 

Also, as threshold is approached the cross section 
becomes so small that the single-modulation techniques 
employed here make the results insufficiently accurate 
for a comparison with theory to be meaningful. How- 
ever, certain envisioned experimental modifications 
may make possible the study of the threshold in a 
future experiment. 
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The cross section for excitation of Lyman-alpha radiation in electron-hydrogen atom collisions has been 
measured as a function of electron energy. The measurement is made by observing Lyman-alpha photons 
with an iodine-vapor-filled photon counter. A relative-cross-section curve is normalized to fit the Born 
approximation for high electron energies. The experiment utilizes a 100-cps-modulated atomic beam whose 
purity in hydrogen-atom content is determined by ionization and mass analysis. A dc electron beam crosses 
the modulated ground-state atomic beam. The photon counter, which looks at the interaction region, has its 
output passed through a tuned amplifier and phase-sensitive detection system. Although this treatment of 
the counter output as an ac current (in which the quantum of charge is that of a Geiger-Miiller pulse) 
introduces some unique noise problems, it satisfactorily separates the photons which arise from the inter- 
action under study from those which arise from other processes (e.g., electron collisions with the residual 
gas in the high-vacuum chamber). 

Some implications of the measured excitation cross section upon scattering theory are discussed. 


I. INTRODUCTION 


N the first paper of this series, the measurement of 
the total cross section for ionization of the hydrogen 
atom on electron impact was described.' The present 
paper discusses the excitation of the hydrogen atom to 
certain discrete states upon electron impact. The 
states of interest are those which lead to the emission 
of Lyman-alpha radiation, which occurs at 1216 A and 
corresponds to a transition from the n=2 to the n=1 
state. Because of the differences in experimental 
procedures, this second experiment in General Atomic’s 
program of research on the free hydrogen atom is 
presented in a separate paper, although objectives of 
the experiment are essentially the same as those of the 
ionization-cross-section measurements, namely, to as- 
certain the validity of scattering approximations and 
to measure atomic cross sections of interest in controlled 
thermonuclear research. 

In the present measurements a relative-cross-section 
curve was taken directly. Absolute values were obtained 
by normalizing the relative measurements to Born 
approximation values at high energies. 


1W. L. Fite and R. T. Brackmann, preceding paper [Phys. 
Rev. 112, 1141 (1958) ]. 


II. EXPERIMENTAL APPROACH 


The experimental arrangement was as shown in Fig. 1. 
The atomic beam flowed from a tungsten furnace in the 
first of three differentially pumped vacuum chambers. 
It was modulated at 100 cps by a mechanical chopper 
wheel located in the second vacuum chamber. The 
modulated atomic beam then entered the third vacuum 
chamber, in which the experiment was carried out.’ 

In the third vacuum chamber, a single electron gun, 
constructed of cathode-ray-tube gun components, 
provided electrons for both ionization monitoring of 
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Fic. 1. Schematic diagram of experiment. 


? For further details of the beam apparatus and general experi- 
mental procedures, see reference 1 and W. L. Fite, General Atomic 
Report GA-267, December 20, 1957 (unpublished). 
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the neutral beam and excitation of ultraviolet radiation. 
In the excitation experiments the elements of the gun 
near the collision region were grounded, and energy was 
determined by the cathode potential. The mass spec- 
trometer used for ionization monitoring was the second 
instrument described in reference 1. Knowing the 
ionization cross sections of both the hydrogen atom 
and the molecule, we could ascertain the degree of 
dissociation of the neutral-beam particles and also 
know that the neutral beam contained only hydrogen 
atoms and molecules. The beam was normally from 
92% to 96% dissociated. 

For the detection of Lyman-alpha radiation an 
iodine-vapor-filled ultraviolet photon counter,’ a Geiger- 
Miiller counter in which ion pairs were made by 
photoionization of the I; molecule, was used. In front 
of this counter was a gas filter, consisting of a small 
cell with lithium fluoride windows at each end, through 
which a stream of liquid-oxygen-trapped molecular 
oxygen flowed. The absorption properties of oxygen are 
such that the filter was black to radiation in the wave- 
length range detectable by the counters, except at 
seven ‘““windows,” one of which occurs at about 1216 A.‘ 
Thus, the filter strongly attenuated ultraviolet radiation 
excited by electron collisions with the residual gas in 
the vacuum chamber, and also countable bremsstrah- 
lung, but was transparent to Lyman alpha. The counter 
looked directly at the interaction region. 

The most unorthodox procedure in these experiments 
was the treatment of the counter output. The back- 
ground gas, consisting of air and molecular hydrogen 
at a pressure of ~10-® mm Hg, produced enough 
ultraviolet radiation, at electron energies in excess of 
15 ev, to obscure completely the counts arising from 
electrons interacting with the atoms in the beam. 
Consequently, to identify the desired signal it was 
necessary to treat the counter output as an ac signal 
and pass the pulses through the electronics system 
used with the mass spectrometer. This procedure 
introduced remarkably large shot noise, because the 
quantum of charge was the Geiger pulse, about 10" 
electrons, rather than the usual single electronic charge. 
In spite of this, however, when a 40-sec time constant 
was used in the final integration of the signal, the signal- 
to-noise ratio was usually about 15:1. 

The output of the photon counter was developed 
over the 100-kilo-ohm resistor shown in Fig. 1, and the 
pulses themselves were observed on a Tektronix 
oscilloscope at this point, to ensure that the counter 
tube was operating properly. The amplifier on the 
oscilloscope served as a preamplifier for the ac signal, 
which was taken simultaneously to a scaler, to register 
dc count, and to the tuned amplifier. From this point, 
the signal proceeded exactly as described previously.' 
A second oscilloscope, which determined if the reference 


3 Brackmann, Fite, and Hagen, Rev. Sci. Instr. 29, 125 (1958). 
4 Watanabe, Inn, and Zelikoff, J. Chem. Phys. 21, 1021 (1953). 
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signal was phased correctly, also showed that each 
counter pulse was Fourier-analyzed to a 100-cps wave 
train of about 20 oscillations. 

In the present experiments the dc shutter immediately 
in front of the furnace was used, as in the case of the 
ionization experiment, to distinguish the effects of the 
beam from those of the bulk gas flowing between the 
differentially pumped vacuum chambers. Its major 
use, however, was in the determination of the cross 
section for excitation of countable ultraviolet radiation 
in collisions between electrons and hydrogen molecules. 
When the beam is admitted to the third chamber, an 
increase in de pressure in that chamber occurs, and 
since this increase is almost pure molecular hydrogen, 
formed by the reassociation of the atoms in the beam 
as they arrive at the vacuum-chamber walls, differences 
in de counts on the scaler with the shutter open and 
closed could be used to determine this relative cross 
section, which was checked by making ac measurements 
using a pure molecular-hydrogen beam. Although the 
intensities of the various wavelengths were not directly 
ascertainable in this measurement, the wavelengths 
are defined by the seven windows in the oxygen absorp- 
tion spectrum. 


III. COMPARISON OF ATOMIC AND MOLECULAR 
EXCITATION CROSS SECTIONS 


It has already been remarked that the beam in this 
set of experiments was kept only 92% to 96% dis- 
sociated. While purer atomic beams may be produced 
with furnaces, they generally require reduced pressure 
in the furnace and thus a lower actual density of atoms 
in the beam as it crosses the electron beam. To obtain 
a high actual atomic signal, it was advantageous to 
take greater beam intensity and less purity of the 
atomic beam. However, such a choice necessitates a 
correction for the signal derived from the molecules in 
the beam. It becomes necessary to determine the ratio 
of atomic to molecular cross sections for excitation of 
countable ultraviolet radiation. Of course, the only 
countable ultraviolet radiation emanating from the 
atom is Lyman-alpha radiation. 

In determining this cross-section ratio, advantage 
was taken of the facts that (1) complete thermal 
equilibrium apparently is achieved in the furnaces and 
(2) the amount of mass flow per unit time in the beam 
is constant and independent of both the furnace 
temperature and the degree of dissociation in the 
furnace, under the experimental conditions. (The reader 
is again referred to reference 1 in regard to these state- 
ments, as well as for further details of the present 
arguments.) Under these circumstances, it is convenient 
to define the signal So{7,) as that which would be 
observed with the furnace at absolute temperature, 7), 
if molecules of hydrogen did not dissociate, for a given 
electron current. It can be related to the signal observed, 
with the same gas flow in the beam, for the furnace at 
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absolute room temperature, 7’, by 

So(T )= ie T,)'S,. (1 ) 
This equation occurs because the signal is proportional 
to the density of particles in the beam, which for fixed 
mass flow decreases as the square root of temperature. 
Actually, the signal at temperature 7, arises from both 
molecules and atoms, and their contributions are, 
respectively, 


S(T) = (1—D)So(T1) = A-—D)(T,/T,)'S,, (2) 


S1(T1) = (Q1/Q2)(2D/V2)So(T1) 
= (Q1/Q2)(2D/V2)(T,/T1)'S,, (3) 


where D is the dissociation fraction and Q,/Qz» is the 
ratio of atomic to molecular cross sections for excitation 
of countable ultraviolet radiation. In Eq. (3), the 2 
in the numerator occurs because the molecule dis- 
sociates into two atoms, and v2 in the denominator 
occurs because the atom moves faster than the molecule 
at the same temperature by this amount, and hence 
spends less time in the region of interaction between 
the neutral beam and the electron beam. 

The total signal, Stotai(71) = $1(71) + S2(T)), obtained 
with the furnace at temperature 7), can be expressed 
alternatively as 


Srotai(T1)=S,(Tr/T1)[V2D(01/02)+1—D], (4) 


Stotat (71) = S1(T1) {1+ (Q2/Q0LU—D)/v2D }}. (3) 


The dissociation fraction, D, is determined 
comparing peak intensities with the mass spectrometer 


from 


and using the formula 
D=1/[(1+v2(Q1'/Q2") (S2'/ Si) ], (6) 


where S,;‘ and S:' are atomic and molecular peak 
strengths on the mass spectrometer and Q,'/Q2' is the 
ratio of cross sections for ionization of the atom and 
molecule, as determined in the measurement described 
in reference 1. 

To illustrate how the ratios of cross sections for the 
atom and molecule to excite and radiate countable 
photons were determined, we take an experimental case 
at 60-ev energy, where with a dissociation fraction 
D=0.92 and with 7,=2700°K (7, having been 300°K), 
Stotal Was observed to be twice S,. Substituting into 
Eq. (4) and rearranging, we have 


Q: 1 £72700) !Seotai 
~-—_|( ) -(1-D)}=45 (7) 
Q, v2DL\ 3007 5S, 


At other energies, similar measurements indicated that 
the atomic cross section exceeds the molecular cross 
section by about the same amount. 

The important result, for present purposes, is seen 
immediately from Eq. (5). It is evident that for D 
greater than 90% the contribution to the total signal 
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arising from excitation of the remaining molecules in 
the beam, i.e., the second term in Eq. (5), is less than 
2% of the total observed signal. 


IV. ATOMIC CROSS SECTION 
A. Total Cross Section 


As was remarked previously, the approach adopted 
for the present experiments was to take directly 
relative cross sections for excitation as a function of 
electron energy and then obtain absolute values by 
assuming Born approximation calculations at high 
energies to be correct. Since the published theoretical 
work on excitation of the hydrogen atom to discrete 
states above the ground state presents total cross 
sections, it was of primary interest to obtain the total 


cross section. 
Experimentally, the most satisfactory situation, from 
signal-to-noise considerations, was to observe photons 


emitted perpendicular to the direction of the electron 
beam. Such relative-cross-section measurements would, 
however, represent the relative total cross section only 
if the angular distribution of photons were independent 
of electron energy. Generally, it would be necessary to 
apply corrections for photon angular anisotropy to 
these 90° relative measurements, and this would entail 
measuring the angular distribution of the photons as a 
function of electron energy. 

Since Lyman-alpha radiation is electric dipole radia- 
tion, the angular distribution must be expressible as 
proportional to (1—/ cos*@), where P is a constant and 
6 is the angle between the direction of photon emission 
and. the direction of the incident electron beam. 
Alternatively, one can define the cross section per unit 
solid angle for photon emission, and relate it to the 
total cross section by 


q(6)={30/[44(3—P) ]} (1— P cos’). (8) 


Since observations made at two angles @ will give 
relative signals proportional to relative g’s for the two 
angles, P may be determined at each electron energy 
by measurements at the two angles, and the entire 
angular distribution will be known. 

To make the measurement experimentally, the elec- 
tron gun was mounted on a table which rotated on an 
axis coincident with the neutral beam. The photon 
counter was located so that it looked at the interaction 
region at an angle of 45° with respect to the neutral 
beam’s direction of travel. Thus, rotating the table 
made it possible to continuously vary the angle of 
observation from 45° to 135° with respect to the elec- 
tron beam’s direction. The actual correction term for 
the relative-cross-section data taken by observing the 
photons at 90° was obtained by making observations 
at 90° and 45°. Defining Sys and Sgo as the ac photon 
signals at 45° and 90°, respectively, it may be shown 
that 

R=S5/S9o=1-—(P/2). (9) 
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Thus, the total relative cross section of the atom for 


excitation of Lyman-alpha is obtained from 


Q1 « Syo(2R+1). (10) 


This approach of using the data taken under the 
convenient experimental conditions of making 90° 
observations and then correcting for angle seemed 
entirely satisfactory for electron energies above 25 ev. 
In this range there was no significant difference between 
signals at 45° and 135°, and the average of readings at 
these angles was taken for S4;. Below 25 ev, however, 
the signals at 45° exceeded those at 135° by significant 
amounts. We therefore regard this procedure for cor- 
recting the 90° data as satisfactory only above 25 ev. 

(While the cause of the 45°-135° discrepancy has 
not yet been completely investigated, we believe it 
may arise from a Doppler-shift effect and an imperfect 
coincidence of the wavelengths of Lyman-alpha radia- 
tion and the 1216-A oxygen absorption window. The 
experimental arrangement is such that if momentum is 
transferred to the atom in the collision with the electron, 
radiation observed at 45° will be Doppler-shifted 
toward shorter wavelengths, and that observed at 135° 
will be shifted toward longer wavelengths. The observed 
discrepancies below 25 ev, where considerable momen- 
tum transfer to the atom is to be expected, suggest 
that the wavelength of Lyman-alpha radiation lies on 
the long-wavelength side of the oxygen window. 


Further experiments on this matter will be made in 
the near future.*) 

A second method for obtaining the relative total 
cross section was used to check the method described 
above. It will be noted from Eq. (8) that there is a 


“magic angle” at which signal strengths [which are 
proportional to g(@) ] are proportional to the total cross 
section. This magic angle is defined by cos*@= 1/3, i.e., 
6=54.5°. Relative-cross-section measurements were 
made by observing photons emitted at 54.5° from the 
direction of the electron beam; and these agreed with 
the relative measurements for the total cross section 
obtained from correction of the 90° data to within 
experimental uncertainty. 

Having obtained a curve of the relative total cross 
section for excitation of Lyman-alpha radiation, we 
found that this curve would fit the Born approximation 
calculations for the 1s-2p excitation over the energy 
range 200 to 700 ev (the highest electron energy used 
in these experiments). Below 200 ev, substantial 
deviations from the first Born approximation values 


* Note added in proof.—Since submission of this paper, an ex- 
periment has been performed on the absorption of molecular 
oxygen in the immediate neighborhood of Lyman alpha radiation, 
where the source of light was the collision-excited atomic beam and 
where Doppler shift due to the beam’s motion provided the varia- 
tion of wavelength. This experiment showed that Lyman alpha 
from atomic hydrogen does not lie on a steep side of the oxygen 
absorption window, and thus makes the proposed explanation of 
the 45°-135° discrepancy untenable. This experiment will be 
described in full in a future paper. 
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occurred. Figure 2 compares experimental results with 
three theoretical predictions—the first® and second® 
Born approximation calculations and a recent calcula- 
tion by Massey and Khashaba’ using the distorted 
wave approximation. Two features are of interest in 
this curve when it is compared with the cross section 
for ionization of the hydrogen atom, presented in the 
first paper in this series. The first is that the deviations 
between experimental values and first Born approxima- 
tion values at lower energies are more pronounced in 
the case of excitation of Lyman-alpha radiation. The 
second is the suggestion that for electron scattering 
problems both the second Born approximation and the 
distorted wave approximation are hardly worth the 
computational effort—their values are very little better 
than the much simpler first Born approximation values, 
if indeed the observed radiation does arise from the 
simple 15-2 excitation. 

While this comparison of experimental data with 
calculations for the 1s-2 excitation is the most reason- 
able one to make, there are other excitations which 
might lead to the emission of the observed Lyman- 
alpha radiation. Three types of processes suggest 
themselves particularly strongly. 

The first is the excitation of the hydrogen atom from 
the ground state to the 2s metastable state, with 
quenching of this state by very weak stray fields in the 
collision region. However, the smallness of the computed 
values* and of the experimental values*:'® for the cross 
section for the 1s-2s excitation strongly suggest that 
this process is insignificant compared with the 1s-2p 
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Fic. 2. Comparison of theoretical and experimental cross 
sections. The experimental cross sections are normalized to fit 
the first Born approximation over the range 200 to 700 ev. 


°H. S. W. Massey, Encyclopedia of Physics (Springer-Verlag, 
Berlin, 1956), Vol. 36, p. 354. 

6 W. Rothenstein, Proc. Phys. Soc. (London) A67, 673 (1954). 

7H. S. W. Massey and S. Khashaba, Proc. Phys. Soc. (London) 
71, 574 (1958). 

8 G. A. Erskine and H. S. W. Massey, Proc. Roy. Soc. (London) 
A212, 521 (1952); H. S. W. Massey and B. L. Moiseiwitsch, Proc. 
Phys. Soc. (London) A66, 406 (1953); and B. H. Bransden and 
J. S. C. McKee, Proc. Phys. Soc. (London) A70, 398 (1957). 

9 W. E. Lamb and R. C. Retherford, Phys. Rev. 79, 549 (1950). 

© W, Lichten and S. Schultz, paper read at New York Univer- 
sity Conference on Physics of Electronic and Atomic Collisions, 
January, 1958 (unpublished), and private communication. 
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excitation, except possibly in the immediate vicinity 
of threshold. 

The second is a double collision process in which the 
ground-state hydrogen atom coming from the furnace 
is excited to the 2s state by an electron and then is 
induced to radiate by a collision with a second electron. 
The experimental evidence against any significant con- 
tribution by this process to the results of the present 
experiment consists of the observed linearity of an ac 
counter signal with electron current. A double process 
would indicate itself by a signal which varied quadra- 
tically with electron current. Unfortunately, in the 
present experiments it was not possible to increase 
electron current to the point where such a quadratic 
effect would be expected on the basis of presently 
estimated cross sections for the double process. Since 
the photon counter was a Geiger counter, currents 
could be increased only to where the dc count rate was 
such that the mean time interval between counts was 
approximately equal to the recovery time of the 
counter. For lesser current the signal appeared to vary 
linearly with the electron current to within an experi- 
mental uncertainty of about 8%. It may be noted that 
for the geometry of the apparatus and with Born 
approximation values for the 1s-2s excitation cross 
section, a cross section for the 2s-2 excitation" of the 
order of 10-* cm? would contribute a singnal of less 
than the 8% experimental uncertainty. We therefore 
believe that this double process did not contribute 
significantly to the final signal. 

The third possible type of process is the cascade, in 
which the atom is excited to states of quantum number 
n>2, from which it radiates back to the 2p state and 
thence emits Lyman-alpha radiation. We believe that 
the contribution of such cascades to the final signal is 
quite negligible. This opinion is based on consideration 
of the cross section for excitation of the atom to higher 
states, from which it could radiate to the 2p state, and 
the probability that, given the excitation, it would do 
so. Using Born approximation calculations’ for the 
excitation cross sections, all such possible single cascades 
give contributions to well within the experimental 
error. Since the Born approximation values for the 
cross sections must be high, the actual contributions 
must be even less significant than is indicated by the 
calculations. More complicated cascading processes 
appear to be even less important. 

Since these most obvious processes competing with 
1s-2p excitation appear to be insignificant, considering 
the experimental uncertainty, we shall continue, in this 
paper, to compare experiment results with predictions 
for only the 1s-2p excitation process. 


B. Angular Distribution of Radiation 


To correct the 90° data to obtain the total cross 
section, it was necessary to learn the angular distribu- 


1M. J. Seaton, Proc. Phys. Soc. (London) A68, 457 (1955). 


ATOMS. II 





u 
ip 
fet:) 
OB 
a7 


Q6 
Qs 
as 
03 
a2 





Polorizotion fraction 

















200 
Electron energy(ev) 


Fic. 3. Polarization fraction for Lyman-alpha radiation 
from electron-hydrogen atom collisions. 


tion of the radiation. This was done by measuring the 
ratio of signals with the photon counter observing at 
90° and at 45° with respect to the electron beam, as 
indicated in Eqs. (8) through (10). From this ratio the 
constant P was determined as a function of electron 
energy. The constant P is the customary polarization 
fraction, i.e., 


P=(I,,-I,) (iitT,). (11) 


where /,;, and J, are radiation intensities observed at 
an angle of 90° to the direction of the electron beam 
which are polarized with electric vector parallel and 
perpendicular, respectively, to the direction of the 
electron beam.” Figure 3 shows a plot of the polariza- 
tion fraction as a function of electron energy. The 
experimental points shown are those taken directly 
from measurements of R [see Eq. (9) ], and the experi-. 
mental uncertainty at each point is indicated. These 
results indicate that above about 200 ev the radiation 
appeared isotropic in angular distribution, while at 
lower energies a very clear preference for radiation 
perpendicular to the direction of the electron beam was 
evident, both from measurements of R down to 25 ev 
and from comparison of relative cross sections taken 
at 90° and 54.5°. 


C. Behavior Near Threshold 


The behavior of a cross-section curve near threshold 
gives information on the type of incoming electron 
wave responsible for the excitation in this energy region. 
Wigner" has shown that the cross-section contributions 
from electrons having an angular-momentum quantum 
number / after the excitation process go as £*4, where 
E is the kinetic energy of the electron after the excita- 
tion process is completed. While the range in which 
this energy dependence should hold is rather ill-defined, 
it is interesting to note that in the range from 11 to 
16 ev, the cross-section values best fit a curve of the 
form £", with n~ 1.3. The uncertainty in this exponent 
arises from the uncertainty in the signals rather than 


12 J. A. Smit, Physica 2, 104 (1935). 
18 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
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from scattering of the mean-value signals about the 
assumed mathematical form. This clearly suggests that 
the primary excitation involves an incoming s-wave 
electron and an outgoing p-wave electron. In the first 
electron volt above threshold the signal strength be- 
came so small that it was not possible to verify the 
general theoretical prediction that in the ill-defined 
immediate vicinity of threshold all outgoing electrons 
in an electron-excitation process must be s-wave 
electrons. Figure 4 shows low-energy cross-section data 
taken with observations at 90°. The absolute values 
for the cross section are appropriate to the assumption 
of zero polarization of the radiation. 


V. EXCITATION OF THE HYDROGEN MOLECULE 


Reference has already been made to information 
which had to be gathered on excitation of the ultraviolet 
radiation accepted by the photon counter which arose 
from electron collisions with the hydrogen molecule. 
As miscellany to this paper, this information is sum- 
marized in Fig. 5, which compares excitation cross 
sections of the atom and the molecule for which the 
photons were observed at 90° with respect to the 
direction of the electron beam. In this graph, the values 
of the cross section for the molecule must be considered 
as only approximate; no correction was made for 
angular distribution of the photons. 

One feature of interest is not indicated on the graph. 
This is the behavior of the molecule’s excitation cross 
section at low energies. From data on a dc scaler count 
with the shutter open and closed, it was evident that 
no excitation appeared until the electron energy was 
about 11.5 ev, when a very slight background count 
from Hy» appeared. It is presumed that this radiation 
arose from excitation of the B state of the molecule, 
with subsequent radiation. A more substantial increase 
in background count from H» appeared at about 14.5 
ev. This energy coincides quite well with the energy 
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required to dissociate the molecule and excite one of 
the dissociated atoms. However, a mild violation of 
the Franck-Condon principle as applied to the hydrogen 
atom is involved in this interpretation; according to 
this principle, this process should not be observed." 
A similar violation was observed by Lamb and Rether- 
ford’® in the formation of 2s atoms in electron-molecule 
collisions, although their threshold energy was some- 
what higher. 


VI. DISCUSSION OF ERROR 


The uncertainty of the measurements reported here 
has already been presented. It seems unlikely that the 
approach used here can be made to give appreciably 
more precise results. The basic difficulty is that the 
usual method of increasing a signal-to-noise ratio by 
increasing both signal and noise, the former at a faster 
rate than the latter, is inapplicable. Such a program 
can continue in these experiments only to the point 
where the photon counter begins to operate on its 
recovery time and the separate counts seriously overlap 
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Fic. 5. Comparison of cross sections for excitation of Lyman- 
alpha radiation from the hydrogen atom and countable ultraviolet 
radiation from the molecule. 


each other. In the present experiments, count rates 
were normally kept at about the maximum that this 
limitation would allow. 
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Collisions of Electrons with Hydrogen Atoms. III. Elastic Scattering 


R. T. BRACKMANN AND WADE L. Fite, John Jay Hopkins Laboratory for Pure and Applied Science, 
General Atomic Division of General Dynamics Corporation, San Diego, California 


AND 


Roy H. NEYNABER, Convair Division of General Dynamics Cor poration, San Diego, California 
(Received May 12, 1958) 


The cross section for elastic scattering of electrons of less than 10-ev energy by free hydrogen atoms has 
been measured. The experimental approach was similar to that used by Bederson, Malamud, and Hammer 
in that a de electron beam crossed an atomic hydrogen beam, which was chopped at a low frequency, and 
the signal was derived from the electrons scattered by the particles in the neutral beam. The electrons 
scattered by the beam were identified by their signal’s appearing at the modulation frequency and at a 
specified phase. Direct measurements of the ratio of cross sections of the hydrogen atom and the molecule 
were made, and absolute values for the atomic cross section were obtained from knowledge of the absolute 
molecular cross section. The experimental results agree with theory. 


I. INTRODUCTION 


EDERSON, Malamud, and Hammer' recently 

conducted an ingenious experiment to measure 
the absolute total cross section for elastic scattering of 
electrons by free hydrogen atoms below 10 ev, a process 
for which several theoretical predictions had previously 
been made.”* The results of that measurement were in 
marked disagreement with all the predicted values, 
except in the region of 8 to 10 ev. At lower electron 
energies, the experimental values of the cross section 
greatly exceeded the theoretical values. This disagree- 
ment between theory and experiment led to improved 
calculations‘ of the cross section for elastic scattering, 
the values of which, however, did not resolve the 
discrepancy. 

It therefore seemed desirable to remeasure the elastic 
scattering cross section on the atomic-beam apparatus 
at General Atomic. While experimental conditions were 
somewhat different from those of Bederson and his 
collaborators, the basic approach was the same. The 
agreement between theory and these experiments was 
acceptable. This paper summarizes the remeasurement 
of the elastic scattering cross section. 


Il. EXPERIMENTAL APPROACH 


The basic General Atomic beam apparatus was 
described in the first paper of the present series.’ The 


1 Bederson, Malamud, and Hammer, Bull. Am. Phys. Soc. Ser. 
II, 2, 122 (1957); see also Technical Report No. 2, Electron 
Scattering Project, College of Engineering, New York University 
(unpublished). 

2 J. McDougall, Proc. Roy. Soc. (London) A136, 549 (1932); 
P. M. Morse and W. P. Allis, Phys. Rev. 44, 269 (1933); S. 
Chandrasekhar and F. H. Breen, Astrophys. J. 103, 41 (1946); 
L. K. Hulthén, Kgl. Fysiograf. Sallskap. Lund, Férh. 14, 21 
(1944); W. Kohn, Phys. Rev. 74, 1763 i048): T. Kato, Progr. 
Theoret. Phys. (Japan) 6, 394 (1951); S. Borowitz and H. Green- 
berg, Phys. Rev. 108, 716 (1957). 

3H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 

4Bransden, Dalgarno, John, and Seaton Proc. Phys. Soc. 
(London) 71, 877 (1958). 

5 W. L. Fite and R. T. Brackmann, this issue [Phys. Rev. 112, 
1141 (1958). 
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atomic beam is produced in a tungsten furnace in the 
first of three vacuum chambers, flows through a second 
chamber where it is modulated at 100 cps by a me- 
chanical chopping wheel, and then enters the third 
chamber where the experiment is performed. The 
electron beam interacting with the atomic beam is run 
de. In this manner, any signal] arising from interactions 
of the electron beam with the atomic beam can be 
distinguished from the much larger effects arising from 
interactions of electrons with residual gas in the vacuum 
chamber, because the former signal is identifiable by 
its time characteristics, i.e., frequency and phase. 

This experiment differs from those described in the 
earlier papers of this series in two respects. First, the 
signal in this case was the ac current at the modulation 
frequency carried by electrons which were scattered by 
particles in the modulated neutral beam. Second, since 
the detector was nondiscriminating it was necessary to 
add electrostatic deflection plates to prevent electrons 
and ions from the hot furnace from reaching the 
scattered-electron collector. A schematic diagram of the 
experimental arrangement is shown in Fig. 1. As is 
customary in our experiments, a mass spectrometer 
was used to monitor the neutral beam, so that for any 
given set of operating conditions, the relative pro- 
portions of atoms and molecules in the beam were 
known. 
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Fic. 1. Schematic diagram of elastic scattering experiment. 
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Two scattered-electron detectors were used. The 
first was the repeller plate of the mass spectrometer. It 
collected electrons scattered over slightly less than 
one-half the spherical zone extending between the polar 
angles of 45° and 135° from the direction of the electron 
beam. The second was a specially built scattered- 
electron collector which was placed, along with the 
one-tube preamplifier described in reference 5, inside a 
metal shield which was closed except for a circular 
aperture through which the scattered electrons entered. 
The observed electrons were scattered into a cone with 
a half-apex angle of 45° and with its axis perpendicular 
to the direction of the electron beam. (The schematic 
drawing in Fig. 1, because of its two-dimensionality, 
does not depict this detector accurately.) In both 
detection arrangements all electrodes in the vicinity of 
the region of interaction between the neutral beam and 
the electron beam were normally held at ground 
potential, so that electrostatic fields would influence 
neither the incident electron beam nor the scattered 
electrons. 

It is important to note that with no fields in the 
collision and collection regions, all electrons scattered 
within the angular range determined by the detector 
were collected, irrespective of the scattered electron 
energy. Thus, the cross section under study was the 
elastic scattering cross section only for electron energies 
of less than the first excitation potential, i.e., 10.15 ev 


for the hydrogen atom. 

Actually, the second detector was built after the 
failure of the first detecting arrangement. It was found 
that when the regular mass-spectrometer repeller plate 
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Fic. 2. Absolute experimental and theoretical cross sections for 
scattering of electrons into the experimental cone of observation. 
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was used to collect the scattered electrons, “stray’ 
electrons from the cathode of the electron gun arrived 
at the scattered-electron collector. Although this would 
cause no difficulty, except for increased shot noise, if 
the electron current from the cathode were truly dc, 
the introduction of a modulated beam of hydrogen 
atoms into the third vacuum chamber was found to 
modulate the electron current from the oxide-coated 
cathode by a factor of ~10~*. When ~1°% of the total 
electron current was either straying to the electron 
collector or being scattered off the background gas in 
the vacuum chamber, the modulated current from the 
cathode produced a signal of the order of magnitude of 
the desired signal. Even after the removal of the second 
vacuum wall, so that the chopping of the neutral beam 
occurred in the experimental chamber, this cathode 
modulation was still quite serious. 

This cathode-modulation effect manifested itself by 
a phase shift. The reference signal phase from an Hy» 
beam was adjusted to give a proper rectified output. 
Heating the furnace continued to give a proper output- 
signal phase up to the temperature at which hydrogen 
atoms began to appear in the beam, at which point the 
signal seen on the phase-monitoring oscilloscope shifted 
in the direction of a lag. When a highly pure atomic 
beam was run, a phase lag of ~70° was seen. 

It is presently presumed that the cathode modulation 
effect arose because hydrogen atoms, a small fraction 
of which did not recombine into molecules at the walls 
of the vacuum chamber, arrived at the cathode and 
slightly enhanced its emission. Supporting this con- 
tention is the observation that the dc electron current 
was increased by ~5% upon emission of the atomic 
beam. The fact that the phase lag of ~70° was observed 
for 100-cps modulation suggests that the emission 
enhancement was a cumulative effect and had a time 
constant of a few milliseconds for the usual atomic-beam 
strengths used. 

In the present experiments, replacing the oxide- 
coated cathode by a tungsten cathode appeared to 
eliminate the cathode modulation effect associated with 
atoms in the neutral beam. However, the broad energy 
spread accompanying the use of a tungsten-filament 
cathode (in our case 1.2 ev, as determined from stopping 
potential curves) made its use unsatisfactory in the 
present experiments where electron energies were less 
than 10 ev. 

To allow the use of an oxide-coated cathode, with 
its improved electron energy resolution, the second 
collection arrangement was adopted. The shield was 
placed over the electron-collecting electrode and the 
preamplifier solely to reduce currents of stray electrons 
and by so doing to reduce the bothersome cathode 
modulation signal. 

The interaction between hydrogen atoms and the 
cathode is believed to be the cause of a second trouble- 
some effect found in this experiment. This effect was 
the drift in the apparent cathode work function as 





COLLISIONS OF EL 


determined from stopping potential measurements. It 
was found that running the atomic beam altered the 
apparent work function of an oxide-coated cathode by 
up to 0.4 ev and that of a tungsten cathode by almost 
2 ev. Although data are far from complete, drift times 
appear to be of the order of one hour and with both 
types of cathodes an increase in apparent work function 
was noted upon running the hydrogen-atom beam. 
Since work-function drifts cause the actual energy of 
the electrons to drift also, and since long time constants 
were used in the final integration of the signal in order 
to obtain suitable signal-to-noise ratios, we cannot be 
certain that within each reading energy drifts did not 
occur. While such drifts are of relatively little im- 
portance for elastic scattering cross-section measure- 
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Fic. 3. Total scattering cross section assuming 
only S-wave scattering. 


ments for hydrogen atoms above 3 or 4 ev, where the 
cross-section curve is rather flat, below 3 ev, where the 
cross-section curve is quite steep, even small energy 
uncertainties alter the apparent cross-section values 
by large amounts. Indeed, the large scatter of points 
on the atomic cross-section curves in Figs. 2, 3, and 4 
is attributed primarily to energy uncertainties. 


III. DETERMINATION OF ABSOLUTE 
CROSS SECTIONS 
As in the case of the two experiments discussed in 
previous papers of the present series, it was possible to 
make direct measurements of the ratio of atomic and 
molecular cross sections, as well as to measure relative 
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Fic. 4. Total scattering cross section assuming P-wave scattering 
as calculated by Bransden, Dalgarno, John, and Seaton. 


atomic cross sections. The formulas used are analogous 
to those previously used since mass flow conditions in 
the beam were again constant. 

First, it is convenient to define the signal So, repre- 
senting the scattered electron signal which would have 
been seen with a furnace temperature T (in absolute 
degrees) had the hydrogen molecule not dissociated, by 


So(T)=S,(T,/T), (1) 


where 7, is any reference temperature at which the 
beam is actually purely molecular (usually taken as 
room temperature), and S, is the signal observed at 
that reference temperature. Below dissociation tem- 
peratures, the observed signal was found to agree with 
this definition of So, which fact was used in the first 
paper of this series as a major piece of evidence that 
translational thermal equilibrium was being achieved 
in our furnace. 

At temperatures above that at which dissociation 
occurs, the contribution to the signal from the molecules 
remaining in the beam is given by 


S:= (1 —D)So, (2) 


where D is the dissociation fraction, and the contri- 
bution of atoms in the beam to the total signal is given 
by 


Si=V2D(Qa Qm)So, (3) 


where Q4 and Qy are the measured scattering cross 
sections of the hydrogen atom and molecule, respec- 
tively. The total signal, S(T), is the sum of Eqs. (2) 
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and (3), which give, on substitution from Eq. (1), 


i+ ; Oa 
si=s.(—) [2-*+1-p], (4) 


Ou 


from which the ratio of cross sections is given by 


QO. 17S(1D TY? 
~-—|~—(—) +p-1} (5) 
Om v2D Se : 
The dissociation fraction D is again measurable by the 
mass spectrometer, as was outlined in the second paper 
of this series, so that all quantities on the right side of 
Eq. (5) are directly measurable. In this experiment, D 
was usually kept from 0.90 to 0.96. 

It will be recalled that in our experimental arrange- 
ment only electrons scattered into a cone of 45° half- 
apex angle, with its axis at 90° with respect to the 
electron beam, were detected. Thus, the cross sections, 
Q,4 and Qy, introduced in ratio as a proportionality 
constant in Eq. (3), are not total cross sections but are 
those for scattering into the cone of observation. In 
order to make absolute determinations of the atomic 
cross section for scattering of electrons into the obser- 
vation cone, it is necessary to know the absolute cross 
section for scattering into this cone by the molecule. 

This molecular cross-section curve was determined 
by numerical integration from the differential cross- 
section data of Ramsauer and Kollath.® 

Agreement to within 5% between this calculated 
cross section and a measured relative cross-section curve 
for the molecule, normalized to give a “‘best fit” to the 
calculated curve, was found. This gave confidence in 
our relative-cross-section measurements of atomic 
scattering cross sections. 

The absolute cross sections for scattering by mole- 
cules into the observation cone were used to obtain the 
absolute atomic cross section for scattering into the 
cone. Experimental points for the absolute cross 
sections for scattering into the observation cone are 
shown in Fig. 2, which also shows the curves of Massey 
and Moiseiwitsch* and Bransden, Dalgarno, John, and 
Seaton,’ as calculated from their total cross-section 
curves. These two curves are chosen for comparison 
because similar variational methods were used in both 
cases, although the former authors consider only S-wave 
scattering while the calculations of the latter authors 
include a fairly large P-wave component as well. 

Clearly, the present experimental data cannot dis- 
tinguish between the two calculations on the basis of 
the cross section for scattering into the cone of obser- 
vation, but give qualitative agreement with either 
calculation. 

It is of interest to consider the relation between the 
experimental values for the cross section of the hydrogen 
atom for scattering into the cone of observation and the 


6C. Ramsauer and R. Kollath, Ann. Physik 12, 529 (1932). 
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total scattering cross-section values. The total cross 
section may be expressed as the sum of partial scattering 
cross sections, Q;, where / is the angular momentum 
quantum number of the incident electrons, i.e., 


Orvotai=QotQit “8 Oy (6) 


When electrons are collected only in the angular range 


‘of this experiment, the cross section measured is related 


to the partial cross sections by 
Qa= (2x/4r)[1—(1/V2) ](Qo+0.400:4 ---). (7) 


The derivation of this equation is discussed in the 
appendix. Neglecting all but Qo and Q;, and combining 
Eqs. (6) and (7) so as to eliminate Qo, 


Orotai= 6.8504+0.600, (8) 


relates the total, measured, and P-wave partial cross 
sections. 

If it is assumed that the scattering is isotropic so 
that Q; may be neglected, the experimental points 
predict a total cross section as given in Fig. 3. If it is 
assumed that Q, takes values calculated by Bransden, 
Dalgarno, John, and Seaton (BDJS), the total cross 
section would be as shown in Fig. 4. The fact that the 
experimental points, especially those at 5.3 and 5.7 ev, 
map over to fit the BDJS total cross-section curve, 
using their Q,, better than the Massey and Moiseiwitsch 
curve, neglecting (1, appears to indicate that the experi- 
mental data are more consistent with the BDJS calcu- 
lations. 

IV. CONCLUSION 


While this measurement is not sufficiently refined to 
allow a choice between the various theories of low- 
energy scattering of electrons by hydrogen atoms, it 
seems eminently clear that above 3 ev the theories are 
not in substantial disagreement with the experimental 
facts, as ascertained in these measurements. 
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APPENDIX 


To derive Eq. (7), one has merely to integrate the 
differential cross section over the angular range ob- 
served in this experiment. As is shown in any textbook 
on quantum mechanics, the differential cross section is 
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given in terms of phase shifts, m, by 


1 * 2 
2 (0)=——| 5: (204+1)(2"—1)P,(coss)| . (A-1) 


4k?| i=0 


In integrating over a right circular cone whose axis 
lies in the equatorial plane of the scattering sphere and 
which has a half-apex-angle 7/4, the cross section Q4 
will be given by 

3n/4 


Os= f 
4 


T/ 


o(8) sindp(6)d8, (A-2) 


where 


¢(0)=cos(cot’@). (A-3) 


On expansion of Eq. (A-1) and integration, the inter- 
ference terms vanish because of the symmetry of the 
integration limits around the equator of the scattering 
sphere, leaving 


Ou = (1 k?) (Io sin’not+ 9], sin?n;+ ‘es ), (A-4) 
where 
3r/4 
I,= f (cos6)?" sin? cos~!(cot*@)d@. —_ (A-5) 


r/4 


After integration by parts to eliminate the arccosine 
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from the integrand, changing variables by 
cosé= (1/V2) sin(w/2) 


and by z=e’¥ transforms the integrals to 


(s— 1}**** 
g"t1(22+-62+1) 


where the integration is taken about the unit circle in 
the complex plane. Evaluation of the residues at the 
two poles inside the unit circle yields 
Io= 2x[1—(1/v2) ], 
I= 4/3[2—(5/2v2) ]. 


1 (—1)"4! 1 


2n+1 23rt2 4 


(A-7) 


(A-8) 


Substituting (A-8) into (A-4) and recalling that the 
total partial cross sections are given by 


Oo= (4ar k?) sin’no, 
Qi = (4r/k?)3 sin*m, 


yields Eq. (7) immediately. 

The analytical evaluation of the cross section for 
scattering into a right circular cone of any apex angle 
whose axis lies in the equatorial plane of the scattering 
sphere may be carried out similarly. 
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The charge-exchange cross sections for the reactions +H 


»H+), and H.*+H — H2+ ? have been 


examined over the energy range 200 to 14 000 ev. In the experiment a dc fast-ion beam crossed a slow atomic 
hydrogen beam which was chopped at 100 cps. The desired signal thus was separable from the much larger 
signal arising from interaction of the ions with the residual gas in the vacuum chamber, because the signal 
arising from the interaction of the two beams occurred at the chopping frequency and in a specified phase. 
The signals used were the saturated slow-ion currents, recorded at a detector which did not discriminate the 
ion mass, and the slow-ion currents after mass analysis. The measured values at high energies agree very 
satisfactorily with the Born approximation calculations by Bates and Dalgarno and, at low energies, with 
calculations by Dalgarno and Yadav using the method of perturbed stationary states. Experimental com- 
parison of cross sections for proton and deuteron collisions is presented. 


I. INTRODUCTION 


S a target system in a collision experiment, the 

free hydrogen atom possesses the virtue that its 
wave functions are completely and exactly known. 
Thus, in the theoretical treatment of a collision between 
the hydrogen atom and any elementary particle, the 
only error which can arise occurs through the intrinsic 
failure of the particular scattering approximation used 


* This research was supported by the joint General Atomic 
Texas Atomic Energy Research Foundation Controlled Fusion 
Project. 


in the theory. As a result, comparison of a theoretical 
prediction with experimental results of scattering cross- 
section measurements for those collisions in which the 
hydrogen atom is the target serves to evaluate the 
validity and degree of failure of the scattering approxi- 
mation only. 

In addition to this basic interest, collision cross 
sections of the hydrogen atom (or deuterium atom, 
since the extranuclear properties are virtually identical) 
are of importance in understanding the operation of 
experimental controlled thermonuclear devices, es- 
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pecially in their early heating stages. In this connection 
the charge-exchange cross sections discussed in this 
paper are perhaps especially important, for through 
charge exchange fast ions in a thermonuclear device 
can become neutralized and escape any “electromag- 
netic bottle.” 

For these reasons, as well as to understand better 
certain astrophysical and auroral processes, the col- 
lisions between protons and hydrogen atoms are 
perhaps the most interesting of the inelastic atomic 
collisions of heavy particles. 

In the present experiments, as in usual charge- 
exchange measurements, data were to be derived from 
the appearance of free electrons and slow ions resulting 
from the collision of fast ions with slow neutral atoms 
and molecules.! 


II. EXPERIMENTAL APPROACH 


A schematic diagram of the modulated atomic beam 
apparatus used in the present experiments is shown in 
Fig. 1. The atom beam proceeded from a tungsten 
furnace in the first of three differentially pumped 
vacuum chambers, into the second vacuum chamber 
where the beam was modulated at 100 cps by a me- 
chanical chopping wheel, and thence into the third 
vacuum chamber. As the beam proceeded into the 
third chamber, it first passed between a pair of parallel 
deflecting plates used to remove electrons and ions 
coming from the furnace and accompanying the atoms 
in the beam, after which the atom beam was crossed 
by a dc ion beam. With this arrangement, any signal 
caused from interactions of ions and the residual gas 
in the vacuum chamber was a dc signal (plus noise), 
whereas the signal arising from the interactions of the 
ions with atoms in the beam was identifiable by its 


1 For a general discussion of charge exchange and scattering of 
ions by atoms and molecules, see H. S. W. Massey and E. H. S. 
Burhop, Electronic and Ionic Impact Phenomena (Clarendon Press, 
Oxford, 1952), Chap. 8. 














occurring at the modulation frequency and in a specified 
phase. The circuitry and general experimental features 
of our atomic beam apparatus have been described 
previously.?~* 

The ion beam was produced in an electron bombard- 
ment source, which is a simplification of the type of 
source described by Finkelstein.’ It was normally 
operated as a hot-cathode arc discharge through a 
mixture of hydrogen gas and water vapor. The ion 
beam was magnetically analyzed by a 45° deflection 
magnet. For simplicity, the plane of the ion orbit was 
rotated 90° for representation in the schematic diagram. 
The analyzing magnet was actually placed so that the 
direction of the magnetic field was parallel to the atomic 
beam machine’s axis, along which the beam proceeded, 
so that the sector magnet alone tended to focus the ion 
beam into a line image coincident with the atomic beam. 
In addition, two electrostatic focusing devices were 
used for the ion beam. The first was a “cylinder lens” 
(not shown in the schematic), placed between the ion 
source and the analyzing magnet, which focused the 
beam into a line image at the same position as, but 
perpendicular to, the magnetic focusing image. Thus, 
the actual ion-beam shape was, at the point of inter- 
section of the two beams, more a point than a line. The 
second lens—the trimming lens shown in the schematic 
diagram—was sometimes used to increase ion current, 
at the cost of ion-energy resolution, by focusing into 
the first aperture ions which would otherwise have been 
excluded because of their energy. The first aperture 
was made small enough and placed so as to ensure that 
all ions leaving the aperture would have to traverse the 
atomic beam. With the trimming lens in use, the energy 


2 W. L. Fite and R. T. Brackmann, this issue [Phys. Rev. 112, 
1141 (1958). 

3 W. L. Fite and R. T. Brackmann, this issue [Phys. Rev. 112, 
1151 (1958) ]. 

4 Brackmann, Fite, and Neynaber, preceding paper [Phys. Rev. 
112, 1157 (1958)]. 

5 A. T. Finkelstein, Rev. Sci. Instr. 11, 94 (1940). 
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spread, as determined from stopping potentials, was 
about 10% of the ion energy at energies less than 1000 
ev, and above this value the energy spread was about 
90 ev. At the higher energies, the spread was determined 
by the fields in the electron-bombardment ion source. 
Without its use, the ion-energy spread, at energies less 
than 2000 ev, was about 4% of the ion energy, and less 
at higher energies. 

The second aperture was made smaller than the 
height of the atomic beam, so that when no current was 
recorded to this aperture, it was ensured that all current 
to the ion collector had indeed traversed the atomic 
beam. In practice, less than 1% of the total ion current 
was recorded at the second aperture. The ion collector 
was made deep and electrically biased to suppress 
secondary electron emission, and was enclosed by a 
shield to prevent collection of ions and electrons formed 
in the background gas. 

Installed within the ion collector was a tungsten 
filament (not shown on the schematic diagram) for the 
production of an electron beam which crossed the atomic 
beam in the direction opposite to that of the ion beam. 
This beam was used to mass-monitor the particles in 
the neutral beam under any set of furnace operating 
conditions. Since the cross sections for ionization on 
electron impact of both H and Hy, are known,’ mass 
spectrometer signals gave direct measures at any time 
of the relative number densities of atoms and molecules 
in the neutral beam. 

Two signals were used in measuring the numbers of 
slow ions produced in the collisions of fast ions and the 
slow neutral particles. The first was the current to the 
various mass peaks in the mass spectrometer. This 
instrument operated exactly as previously described? 
when either the ion or electron beam produced the slow 
ions. Not only were relative cross sections at various 
ion energies for production of slow ions directly meas- 
urable, but also the various species produced by the 
interactions of ions and neutral species were ascer- 
tainable. 

The second signal was the saturated current at the 
modulation frequency which arrived at the lower one 
of a pair of parallel plates located immediately above 
and below the region of interaction of the atom and ion 
beams, when electric fields were placed so as to draw 
all particles of a given sign of charge to the lower plate. 

These plates were operated in the same basic manner 
used by other investigators in the measurement of 
charge exchange.*:? With parallel plates biased to 
receive saturated positive and negative currents, 
addition of these currents will automatically cancel 
both the current contributions of ionization on ion 
impact and secondary electron emission by ion impact 
at the negative plate, leaving only the true charge- 
exchange current. Rather than simultaneously meas- 

6 J. B. Hasted and J. B. H. Stedeford, Proc. Roy. Soc, (London) 


A227, 466 (1955). 
7J. P, Keene, Phil. Mag. 40, 369 (1949), 
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uring these currents, we planned the present experi- 
ments to resemble those of Keene,’ where the plates 
were biased first in one direction and then in the other 
and the measured signals at one of the plates were 
combined mathematically. Adding the two currents 
electrically, as was done by Hasted,* was precluded by 
signal-to-noise considerations. This subject will be 


discussed later. 

One simplification was possible in the use of these 
plates in the present experiments as compared to the 
more usual charge-exchange experiment. With crossed 
beams, the source of the slow ions resulting from charge 
exchange is a very small region of space—essentially a 
point source rather than the usual line source formed 
where an ion beam is passed through a gas. Thus, the 
use of guard rings, etc., was not necessary in the 
determination of the path length over which the ions 
were formed; the path length was given by the neutral- 
beam geometry. Actually, in measurements of the 
proton-hydrogen-atom cross sections, even this in- 
formation was not required, for the direct physical 
measurable was the ratio of the cross sections of the 
hydrogen atom and the hydrogen molecule. The 
absolute atomic cross sections were determined from 
knowledge of the molecular cross sections. The only 
requirement on geometry was that it should be constant 
and independent of the relative numbers of atoms and 
molecules in the neutral beam. 

The cross sections for the appearance of slow ions 
were measured with both the mass spectrometer and 
the parallel plates. However, because of the intrinsic 
capability of the plates to determine only the charge- 
exchange component of the ion current, the primary 
data were obtained with the parallel plates. The mass 
spectrometer was used to provide a check on these 
results, to mass-monitor the neutral beam through 
ionization on electron impact, and to ascertain the 
species of ions resulting from any given ion-atom or 
ion-molecule collision. 

The signals from the preamplifier of either the parallel 
plates or the mass spectrometer were treated in the 
manner previously described in reference 2. 


III. DETERMINATION OF ABSOLUTE 
CROSS SECTIONS 

As in our earlier work,?~* the approach used to deter- 
mine absolute charge-exchange cross sections was to 
measure the ratio of the cross sections of the hydrogen 
atom and the hydrogen molecule at a given ion energy 
and then multiply the ratio by the absolute molecular 
cross section determined by other investigators. As an 
alternate approach, curves of relative cross section, 
requiring normalization at any one energy, were taken. 

In measuring the ratio of cross sections, advantage 
was taken of the facts that (1) apparently complete 
thermal equilibrium was achieved in the furnace, and 
(2) the amount of mass flow per unit time in the beam 
was constant and independent of both the furnace 
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temperature and degree of dissociation in the furnace 
under the experimental conditions. (The reader is 
referred to reference 1 in regard to these statements as 
well as for further details of the present arguments.) 
Under these circumstances, it is convenient to define 
So(T) as the signal per unit current of a specific ion 
of a given energy, which would have been observed 
with the furnace at the absolute temperature, 7, if the 
hydrogen molecules had not dissociated. Defining a 
reference furnace temperature, 7,, which is sufficiently 
low that the beam is a pure molecular beam, the signal 
per unit ion current (of the same ion at the same 
energy), S,, is related to So(T) by 


S{7)=(7,/7)3S.. (1) 


This equation arises because the signal in a collision 
process is proportional to number density of particles 
in the neutral beam, which, for fixed mass flow, de- 
creases linearly with the particle speed and therefore 
with the square root of the absolute temperature. [The 
prediction of Eq. (1) that ST! should be constant at 
temperatures below which dissociation occurs was again 
verified by using the heavy-particle collisions. ] 

At furnace temperatures at which the hydrogen gas 
is partially dissociated, the signal per unit ion current, 
S2, arising from collision of the ions with molecules in 
the neutral beam is given by 


S2(T) = (1—D)So(T)= (1—D)(T,/T)'S,. (2) 


Similarly, the contribution to signal per unit ion current 
arising from the atoms in the neutral beam is 


(=) 53 
ys —S,. (3) 
T/] Qo 


In these equations, D is the dissociation fraction, 
defined by Eq. (2), and Q1/Qz is the ratio of the atomic 
and molecular cross sections for the processes leading 
to the observed signal. In Eq. (3), the 2 in the numerator 
arises because the molecule dissociates into two atoms, 
and the square root of 2 in the denominator comes from 
the fact that the atom is lighter than the molecule and 
moves faster by this fraction, therefore remaining in 
the region of interaction of the ion and neutral beams 
for a shorter time. 

When parallel plates are used to detect the production 
of all slow ions formed in the collisions, the signal is 
given by 


tT. ; QO; 
S=5:+5.-5,(—) (zo—+1-n), (4) 


2 


Sc a 


The dissociation fraction, D, is determined from com- 
paring peak intensities with the mass spectrometer 
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when the neutral beam is crossed by the electron beam 
(the gun for which was built into the ion collector) by 
using the formula 


p=1 [1 =), (6) 


where S;‘ and 5S,‘ are atomic and molecular peak 
strengths on the mass spectrometer, and Q,'/Q2' is the 
ratio of cross sections for ionization of the atom and 
molecule, as determined in the measurements described 
in reference 2. 

Equation (4) was used to evaluate Q;/Q2. For the 
experiments described here, the usual procedure was 
to work only at room temperature and around 2700°K 
with the furnace pressure such that at this higher 
temperature, D was greater than 0.96. Only spot checks 
were made for values of Q,/Q2 over a range of dis- 
sociation fractions. Since, as the results presented later 
indicate, Q:/Q22>1, for charge exchange, the total 
molecular contribution to signals at high furnace 
temperatures was about 3% or less, as is evident from 
Eq. (5). 

When the mass spectrometer was used in making the 
measurement of the ratio of cross sections, the mass 
spectrometer peak heights for both the slow protons 
and slow H.*+ ions were measured. Since both .S; and S» 
were directly measurable, to obtain Q:/Q»2, the dis- 
sociation fraction was eliminated between Eqs. (2) and 
(3). 

To this point, the derivation of the appropriate 
equations has been simplified to the case where a single 
type of ion collides with both atoms and molecules. 
Actually, in the present experiments there were four 
charge-exchange reactions of interest, and it is con- 
venient to think of all four simultaneously. The four 
reactions are 


(1,1) 
(1,2) 


p+H— H+ 49, 

p+H:— H+H:2", 
H.*++H — H2+9, (2,1) 
H.*++H:— He+H:2*. (2,2) 


It is straightforward to derive the relationships for 
the ratio of any pair of cross sections in terms of meas- 
urable signals with either mass spectrometric detection 
or nondiscriminating slow-ion detection being used in a 
manner similar to that described above. 

In principle, either of the previously measured (1,2) 
or (2,2) reactions or both can be used to calibrate all 
cross sections. In practice, however, the (2,2) reaction 
is ‘not satisfactory; the various investigators of this 
cross section are in fairly wide disagreement as to its 
values. For example, in the vicinity of 1800 ev, where 
the measurements of Wolf,’ Hasted,*® Stedeford,® and 

8F. Wolf, Ann. Physik 29, 33 (1937) (cited by Hasted in 
reference 6). 


°H. B. Gilbody and J. B. Hasted, Proc. Roy. Soc. (London) 
A238, 334 (1956). 
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Keene’ overlap, values of the charge-exchange cross 
section between H,* and H, range from 6.5 to 9.0 10~"* 
cm’. It is not obvious whose value is best. 

In the case of the (1,2) reaction, these four investi- 
gators are in much less disagreement where their energy 
values overlap. At lower energies Wolf and Hasted are 
in close agreement and at higher energies Keene and 
Stedeford do not seriously disagree, nor do they 
disagree seriously with Whittier’ or Stier and Barnett." 
We have somewhat arbitrarily chosen the primary 
calibration point as 1800 ev, where Wolf’s, Hasted’s, 
Stedeford’s, and Keene’s values range from about 
7X10-'* to 8X 10~'* cm’, and have adopted the value 
7.3X10-'® cm? for the charge-exchange cross section 
at this point. Although at other energies absolute 
calibrations to the (1,2) reaction cross section were 
made, our primary data at other energies have been 
based upon measurements of relative cross section. 

Since the primary data were taken with the parallel 
plates, when saturated currents of all slow ions were 
measured, two additional points must be considered. 
The first matter is the species of slow ion formed as a 
result of the collision. In this regard, mass analysis of 
the slow ions was made with the mass spectrometer. 
(Of course, only the ac component of ion current was 
of interest since only this type of current resulted from 
interactions of the crossed ion and neutral beams.) 
Using the four possible combinations of protons and 
molecular ions colliding with both atoms and molecules, 
both ‘slow protons and slow molecular ions were re- 
corded. This analysis was made at different energies of 
the incident ions. In all cases except one the resultant 
ion not expected on the basis of pure charge exchange 
was not observable above the noise level. The one case 
was the appearance of slow protons in the (2,2) reaction 
at 600 ev where the slow-proton current was 2.5% of 
the slow molecular ion current. On the other hand, the 
noise level generally was such that unexpected ion 
current of less than 3 to 5% of the expected ion current 
could have escaped notice. Consequently, we cannot 
guarantee that any more than 95 to 97% of the slow 
ions formed were those predicted in the four charge- 
exchange reactions given above. 

The second matter in regard to the detection schemes 
used here is ionization of an atom or molecule on ion 
impact. The mass spectrometer can be used only to 
detect slow ions and not to determine whether they 
were formed through a charge exchange or an ionization 
process. The intrinsic advantage of using nondis- 
criminating detection of the saturated current at a plate 
is as follows: When the signal from all slow ions is 
measured first and then the various electrodes are 
biased oppositely so that only the electron current from 
ionizing collisions is measured, subtraction of the 
magnitudes of two signals (or adding them, main- 
taining signs of charge) yields only the charge-exchange 


A.C, Whittier, Can. J. Phys. 32, 275 (1954). 
uP. M. Stier and C. F. Barnett, Phys. Rev. 103, 896, (1956). 
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currents. If the secondary electron emission properties 
of all electrodes are identical, this procedure also 
automatically eliminates the very small effects of 
secondary electron emission due to ion impact at the 


negatively biased electrodes. 

In the present measurements, attempts were made 
to observe the appearance of ionization electrons in the 
ion-atom collisions and secondary electrons, but in all 
instances no signal was discernible above the noise level. 
Consequently, in the handling of data, no subtraction 
of electron signal from ion signal was made to separate 
charge exchange from ionization effects. It is appro- 
priate to comment that the actual noise levels in de- 
tection of electrons were higher than in detection of 
slow ions, and from the measured noise levels, upper 
limits on the ionization cross sections may be set. For 
both the +H and H;*++H collisions, we believe that 
2X10~'* cm? is a very generous figure for upper-limit 
values over the energy range up to 10 kev. The Born 
approximation calculations of Bates and Griffing™ 
appear to agree with this statement, although their 
calculated ionization cross-section values above 15 or 
20 kev slightly exceed 2 107! cm’. 

The noise associated with the collection of electrons 
was found to be several times higher than that asso- 
ciated with the collection of positive ions. With the 
biases set so that electrons were drawn to the plate, a 
large dc electron current was found from which, un- 
questionably, came the noise. The de electron current 
is believed to have originated through secondary 
emission as the fast-ion beam struck the two apertures 
indicated in the schematic in Fig. 1. Since the observed 
electron current was too large to have come from the 
1% or less of the ion current which struck the second 
aperture, the major portion of the electron current 
must have come from the collimating aperture, probably 
from the side away from the neutral beam where large 
ion-beam currents were recorded. The electric field 
penetrating the aperture was adequate to draw slow 
secondary electrons to the collecting plate in the 
quantity required to explain the observed dc electron 
current. 

Because of our inability to observe the appearance 
either of unexpected ions in the mass spectrometer, or 
of electrons produced in ionizing collisions and sec- 
ondary emission on ion impact at ion-collecting sur- 
faces, we have treated the appearance of slow ions as 
being due solely to the charge-exchange process where 
the resultant slow ion is of the type expected in the 
four reactions under study. This procedure will tend 
to make our results high by an amount which is less 
than 3X 10~'* cm? at low energies, and less than 2X 107° 
cm? at high energies. As is evident from the results to 
be presented, these indeterminable systematic errors 
constitute only a small percentage decrease in the 


2D. R. Bates and G. W. Griffing, Proc. Phys. Soc. (London) 
A66, 961 (1953). 
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Fic. 2. Relative cross section for slow-ion formation in p+A 
collisions, normalized at 960 ev. 


values of the cross section as presented in the next 
section. 

Our treatment of the ion signal as arising solely 
through the charge-exchange process (i.e., neglecting 
those slow ions formed through ionization) would be 
expected to show itself on our curves of relative cross 
section. Figures 2 and 3, showing our curves of relative 
cross section for production of slow ions compared with 
the results of other experimenters on charge exchange 
only, demonstrate the extent to which neglect of 
ionization effects introduces error into all measurements 
presented in this paper. It seems likely that the p+A 
cross section of Fig. 2, where the data were normalized 
to fit Hasted’s results, agrees with Stedeford’s curve 
because of formation of argon ions through ionization. 
In Fig. 3, showing the ~+H, collision results of our- 
selves and others, normalization at 1800 ev, where 
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Fic. 3. Relative cross section for slow-ion formation in p+Hz2 
collisions, normalized to the value 7.3X 10~'* cm? at 1800 ev com- 
pared with results of measurements of charge-exchange cross 
section by Wolf,’ Keene,’ Hasted,*® Stedeford,* Whittier,"® and 
Stier and Barnett." Different symbols at experimental points are 
indicative of different runs. 
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ionization effects should be quite small, puts our higher 
energy points above the curves of other workers by 
amounts suggestive of ionization cross-section values. 
Indeed, a major reason for our selection of 1800 ev as 
our primary calibration point for determination of 
absolute cross sections is that, at this energy, ionization 
must be quite a small effect compared to charge 
exchange in all reactions studied in these experiments. 


IV. RESULTS 


The following results were obtained in the deter- 
mination of absolute values for charge-exchange cross 
sections. 

The (2,2) reaction Because of the wide disagree- 
ment between Wolf,’ Hasted,®* Stedeford,® and Keene’ 
as to the absolute value of the cross section for the (2,2) 
reaction, it was of interest to measure relative values 
of the (1,2) and (2,2) reactions at the same energy. 
Doing this and calibrating on the (1,2) reaction cross 
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Fic. 4. Cross section for slow-ion formation in collisions between 
H,* and He. Experimental points are normalized to p+ Hz results 


at 1800 ev. 


section at 1800 ev, the resulting (2,2) points shown in 
Fig. 4 were obtained. 

The (1,1) reaction —The proton-hydrogen-atom cross 
section obtained in our measurements is presented as 
curve C in Fig. 5, which also shows the calibrating (1,2) 
reaction (curve A) and the (2,2) reaction (curve B) as 
determined by ourselves. Individual experimental 
points are shown to indicate the degree of reproduci- 
bility in the experiment at various energies; the 
probable error shown at 1800 ev (i.e., at 42.5) results 
from a statistical analysis made with the large amount 
of data at this point. This probable error does not 
include the uncertainty in the value of the calibrating 
point, i.e., the cross section for the (1,2) reaction at 
1800 ev whose value was taken as 7.3 10~'* cm*. The 
reader is again cautioned that our (1,1) curve must be 
high by amounts which are unknown but which must 
be less, and are probably substantially less, than 
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3X 10-'® cm? at low energies and 2X10~'* cm? at high 
energies. This correction arises from the unmeasurable 
effects of ionization and incomplete determination of 
the slow ions produced in the collisions. 

Curves D and £ are theoretical curves for the (1,1) 
process. Curve D is a Born approximation calculation 
carried out by Bates and Dalgarno,” and curve £ is 
the calculation by Dalgarno and Yadav" using the 
method of perturbed stationary states discussed by 
Bates, Massey, and Stewart.!® This method formulates 
the entire problem in terms of molecular-ion wave 
functions. 

As would be expected using the Born approximation, 
agreement between theory and experiment should be 
found only at high energies. At lower energies the 
values should become too large. It is 


theoretical 
interesting to note that in our electron-hydrogen-atom 
collision measurements on ionization? and excitation 
of Lyman alpha radiation,’ Born approximation calcu- 
lations appear correct above about 250 ev. In the 


proton-hydrogen-atom charge-exchange reaction, the 
threshold proton energy for validity of the Born 
approximation is about 10000 ev. Since both these 
threshold energies correspond to a velocity of about 
9X10~* cm/sec, it appears reasonable to generalize 
that for the Born approximation to be completely 
reliable, the velocity of the impinging charged particle 
must be about four times the orbital electron velocity. 
In regard to the theory of the +H charge-exchange 
reaction, Professor Bates comments that the extent of 
disagreement between the Born approximation pre- 
dictions and the experimental results “is associated 
with the very large magnitude of the cross section (due 
to the resonance); thus in the Born approximation the 

reaction 
H*++H — H+Ht* (A) 


is taken into account, but the inverse reaction 


H+H+— H*t+H (B) 
is ignored, and the effect of this inverse reaction is very 
pronounced since, in effect, the population of the state 
represented by the right-hand side of (A) and therefore 
the left-hand side of (B) is very high. In the perturbed 
stationary state method the coupling due to this back 
reaction is taken into account (and in the case of reso- 
nance is more important than the use of molecular wave 
functions) .!®” 

The remarkable agreement between our measured 
values and the perturbed stationary state calculations 
of Dalgarno and Yadav" constitutes a very strong 


4D. R. Bates and A. Dalgarno, Proc. Phys. Soc. (London) 
A66, 972 (1953). 

4A, Dalgarno and H. N. Yadav, Proc. Phys. Soc. (London) 
A66, 173 (1953). 

15 Bates, Massey, and Stewart, Proc. Roy. Soc. (London) A216, 
437 (1953). 

16D. R. Bates (private communication). 
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Fic. 5. Cross section for production of slow protons in p+H 
collisions (curve C) compared to charge-exchange cross sections 
for ~+H.— H+H,.* (curve A) experimental; H2*+H: — 
H:+H,* (curve B) experimental; p+H—H+p) (curve D) 
theoretical (Bates and Dalgarno); +H —H+p (curve £) 
theoretical (Dalgarno and Yadav). 


recommendation for more extensive use of this approxi- 
mation in low-energy heavy-particle collision processes. 

The (2,1) reaction——This reaction was of interest 
primarily because it is the inverse of the p+ Hp collision 
process. As Fig. 6 demonstrates, the relations between 
the two inverse reactions are as expected on the basis 
of the near-adiabatic theory of nonresonant charge- 
6,17 


exchange processes. 


V. EXPERIMENTS USING DEUTERIUM 


As stated in the introduction, one of the major 
motives in our experimental program on atomic col- 
lisions is to provide experimental values for cross 
sections of interest in understanding controlled thermo- 
nuclear devices. In all electron-hydrogen-atom collision 
processes, it makes no difference whether the target is 


e— 





Fic. 6. Comparison of cross sections for inverse processes 


p+H2 = H+H,". Calibration was at 1800 ev. 
17H. S. W. Massey, Repts. Progr. Phys. 12, 248 (1949). 
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Fic. 7. Comparison of +D2 and d+Dz charge-exchange re- 
actions, showing shift of energy for given cross-section value 
expected on basis of difference of velocity of the two ions for the 
same energy. 


a hydrogen atom or a deuterium atom. The only 
differences between the two types of collision are a 
negligibly small correction in the reduced masses of the 
electrons and an equally negligible correction in trans- 
ferring from center-of-mass to laboratory coordinates. 

However, when the target particle is an ion, the cross 
section for any collision at a given ion energy would be 
expected to depend on whether the ion is a proton or a 
deuteron. Although there is presumably no change in 
the forces acting during the collision, the time during 
which the interaction takes place will depend on the 
ion mass. 

If the collision cross section depends only on the 
forces involved and the velocity of the incident ion, 
the relation between the cross sections for proton and 
deuteron collisions against the same target system 
should be very simple. The entire cross-section curve 
for the deuteron collision should be shifted toward high 
energies. Using coordinates where the abscissa is the 
logarithm to the base 10 of (ev)!, such as we have used, 
the appropriate shift is a constant 0.15 of a cycle for all 
energies. 

To check this expected shift with ion species, experi- 
ments were conducted with deuterium gas (D2) in the 
furnace and with ion beams of protons and deuterons. 
Using the same neutral beam and switching ion types 
for the same ion energy (by changing the analyzing 
magnetic field) gives direct measurements of the ratio 
of cross sections for proton and deuteron collisions 
against either D or De, at the same energy, by taking 
the ratio of the signals per unit ion current. 

Actually, a slight experimental complication arose 
because the deuteron beam contained some H;* ions. 
This occurred because the ion source used water vapor 
for proton production and heavy-water vapor for 
deuteron production. Since the changeover for ions 
involved the replacing of gases in the ion source and 
had to be made expeditiously in order to ensure that 
the conditions of the neutral deuterium beam remained 
constant for both types of ions, and since water vapor 
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Fic. 8. Comparison of +D and d+D charge-exchange re- 
actions, showing observed shift and shift expected on basis of 
difference of velocity of the two ions for the same energy. 


is a very persistent contaminant, the gas in the ion 
source was actually a mixture of water and heavy-water 
vapors at all times. Although there is no question as to 
the purity of the proton beam (because any other ions 
are automatically rejected by the ion-beam analyzing 
magnet), the deuteron beam was contaminated with 
H,* ions formed from residual light-water vapor in the 
ion source. 

To estimate the amount of H,* ions in the deuteron 
beam, the following procedure was used. Ion currents 
of mass 1, 2, and 4 (1, Js, and J4, respectively) were 
measured. Assuming (1) that C, the ratio of molecular 
ion to atomic ion currents, is the same for light and 
heavy water vapor, (2) that J; is a pure proton current, 
and (3) that J, is a current of Dz* ions only, then the 
current at the mass-2 peak is given by 


To= Inet Tg=Cl t+ 14; iC, (7) 


The currents at the mass-2 peak due to H2* ions and 
deuterons are, respectively, 
Tagt= Ch, 
and 
Ta=1,/C, 
where 


C=([Ie— I? —414)*)/ 2h. (8) 


Thus, the signal, A(2,D), found when the mass-2 ion 

beam crosses the deuterium atom beam is given by 

A (2,D) « [@0(d,D)+Q(H2*,D) Inz*, 
=1,0(d,D)+[Q(H:+,D)—Q(d,D) Im, — (9) 
=0(d,D)[12—Ch ]+Q(H2*,D)Ch, 


where ()(d,D) is the cross section for the d+D reaction 
and Q(H;*,D) is that for the H:++D reaction. After 
ten minutes following change-over from light water to 
heavy water, C was found to take a steady-state value 
of 0.15+0.01, and J,/J_ became equal to 0.37+0.01, 
which also held steady for the duration of the measure- 
ments, so that CJ,/J2 became 0.055+0.004. Thus the 





CHARGE EXCHANGE IN 


signal per unit mass-2 ion current becomes, from (9), 


S§(2,D) = A (2,D)/I22 [0.9450 (d,D) 

+0.0550(Hs*,D) ]. (10) 
Since the signal per unit ion current found when the 
proton beam crossed the deuterium atom beam is given 


by 
S(1,D)=A(1,D)/1,<Q(p,D), 


and the constant of proportionality is the same for the 
same neutral beam and geometry, we have 


Q(4,D) _ 1 | 


———0,055—— 


S(1,D) 


Q(p,D) 0.945 


$(2,D) Q(H,+,D) 
cones - | (10a) 


Q(p,D) 


Similarly, when the neutral beam consists of D2 rather 
than deuterium atoms, an identical argument yields the 
analogous formula 


[—— 


Q(H2*,De) 
05s | 
S(1,D2) 


De 
Q(p,D2) 0.945 O(p,Dz) 


These two formulas were used in evaluating the 
cross-section ratios. The values for Q(p,D), Q(p,Dz2), 
Q(H2*,D), Q(H:*,D2) were taken as the values previ- 
ously determined when the neutral beam consisted of 
light hydrogen atoms and molecules (as shown in Figs. 
5, 3, 6, and 4, respectively) after it had been ascertained 
that the curves of relative cross section were the same 
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whether light or heavy hydrogen was used in the neutral 
beam. 

The results of the measurements comparing proton 
and deuteron bombardment of the same neutral beam 
are shown in Figs. 7 and 8, where the data were handled 
according to Eqs. (10). When the deuterium molecule 
was the target (Fig. 7), the shift of the two curves along 
the energy axis could hardly have been in better 
agreement with the theoretical considerations presented 
above. 

When the target system was the deuterium atom 
(Fig. 8), the expected shift was not observed. We cannot 
at the present time resolve the dilemma presented by 
the disagreement between the very convincing simple 
theoretical arguments and the equally convincing direct 
experimental data. 
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Electron Spin Resonance of Atomic and Molecular Free Radicals 
Trapped at Liquid Helium Temperature* 
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Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 
(Received June 17, 1958) 


Electron spin resonance spectra of H, D, N, and CH; trapped in solid matrices at liquid helium tem- 
perature have been observed and interpreted. The effect of the matrix field on the resonance properties of 
the radicals has been investigated by depositing the radicals in matrices with different binding energies. 
The effect of the matrix on the g factor is extremely small in all cases. The deviation of the hyperfine coupling 
constant from the free-state value increases in a systematic way with increase in binding energy of the 
matrix, the percentage deviations being smal] for H, D, and CH; but rather large for the case of N. The 
widths and shapes of the spectral lines are discussed in terms of dipolar broadening, spin-lattice relaxation, 
anisotropic broadening, rate of passage and the modulation parameters used for observation. 

Complex spectra, not adequately identified, have been observed from discharges in hydrogen and hydro- 
gen-oxygen systems. Deductive evidence for an HO: resonance spectrum is presented. 

The stable molecular free radicals O2, NO, and NO: have been studied. Only NO: yielded a positive 
result. Resonances for oxygen and chlorine atoms have been sought but not observed. It is suggested that 
radical species with orbital angular momenta may escape spin resonance observation because of matrix 
field anisotropy and that radical species with an even number of electrons may be unobservable because of 
crystalline field splitting resulting in a singlet ground level. 


I. INTRODUCTION 


PRE radicals trapped in solid media can be gener- 
ated in situ by irradiation (uv, x-ray, y-ray, 
electron, neutron, etc.) or can be generated in the 


gaseous state and subsequently deposited in a suitable 
matrix. While the technique of stabilizing free radicals 
by isolating them in a rigid matrix is not new! and 
many frozen chemical systems have been examined 


1G. N. Lewis and D. Lipkin, J. Am. Chem. Soc. 64, 2801 


wr This work supported by Bureau of Ordnance, Department of 
(1942). 


the Navy. 
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for free radicals, the problem of detecting and identify- 
ing intermediates in a solid is complicated by matrix 
interactions, and only a few trapped free radicals have 
been identified with certainty. The spectra obtained 
with high-energy radiations, while quite interesting 
from a radiation damage standpoint, are not so readily 
interpretable as those obtained either by uv irradiation 
of the solid or by deposition from the gas state of 
systems whose radical content has been studied by 
other methods. 

Electron spin-resonance techniques have been applied 
with great effectiveness to the study of trapped free 
radicals. The resonance method is inherently selective 
in detecting only those species with unpaired electron 
spins. Hyperfine structure in the resonance spectrum 
frequently permits an unambiguous identification of a 
free radical. However, there are many instances where 
the resonance spectra by themselves are inadequate to 
determine the identity of free radicals. 

In this paper, electron spin resonance studies of a 
number of atomic and molecular free radicals trapped 
at liquid helium temperature are presented. The effect 
of the trapping matrix on the resonance spectra is 
examined. Also discussed are the instances where the 
resonance approach, as currently applied, has failed to 
give a positive result. 


II. EXPERIMENTAL 
A. Production of Free Radicals 
Atomic and simple molecular free radicals are rather 
easily generated by electric discharges in appropriate 
gases. As the free radicals being studied increase in 
complexity, more selective methods of radical produc- 
tion, such as photolysis or photosensitization are needed 
to obtain specific radicals. While we have used all of 


LIQUID He | 
___J | L10. 


Ne 





j= + SAPPHIRE 
| ROD 


| 
| 
MAGNET | 
| 





RF ELECTRODES 
4 La] 


. Fi 
i __j 
Lb 

















! 
| 
| 
\ 





TO PUMPS <«— 


7-7 MICA 
WINDOW 


~~ 


Fic. 1. Discharge system and low-temperature cell. 
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the above methods for free radical production, the 
principal method for the simple free radicals reported 
here was the electric discharge. 

The free radicals were produced by an “‘electrodeless”’ 
discharge in a rapidly flowing gas stream. Two strips 
of aluminum foil wrapped around the quartz discharge 
tube (25-mm diameter) coupled the energy from an 
8-Mc/sec transmitter into the gas. The power input to 
the discharge depended on the gases used and was set 
considerably higher for atom production, roughly 100 
watts, than for production of molecular free radicals. 
The discharge products were pumped by a liquid 
nitrogen trapped mercury diffusion pump and _fore- 
pump at a speed of about 1500 cm/sec past a short 
side tube connected to the low-temperature cell. The 
side tube was terminated by a glass slit which served 
as the source slit for a simple molecular beam system. 
The gas pressure in the discharge varied, depending on 
the particular experiment and on the size of the glass 
slit, but was usually about 0.1 mm Hg. 


B. Low-Temperature Cell and Sample 
Deposition System 


The general arrangement of the discharge system and 
the low-temperature cell is shown in Fig. 1. The upper 
portion of the low-temperature cell is essentially the 
metal Dewar system described by Duerig and Mador.? 
The sample is collected on a sapphire rod which is in 
direct thermal contact with liquid helium. The sapphire 
rod, 2 mm in diameter and 50 mm long, projects into 
the liquid helium reservoir through a vacuum-tight 
solder joint. Temperature of the sapphire rod is meas- 
ured either by a 2.1% Co-Au, 0.37% Au-Ag thermo- 
couple or by a 2.1% Co-Au, Chromel-P thermocouple 
soldered to a silver band on the sapphire about 2 mm 
below the vacuum joint. The liquid helium assembly 
can be raised or lowered mechanically by means of a 
sylphon bellows arrangement.’ Since liquid helium 
cooled surfaces are excellent pumps, there are four 
radiation baffled pumping slots (not shown) in the 
liquid nitrogen cooled radiation shield. Except for the 
slits used for sample deposition, the liquid helium 
assembly is surrounded by a liquid nitrogen radiation 
shield. The microwave cavity, shown in Fig. 1, is 
cooled to liquid nitrogen temperature by thermal con- 
tact with the radiation shield. 

The sample deposition system is shown in detail in 
Fig. 2. The molecular beam from the glass slit is 
uncollimated and is condensed on the sapphire target. 
The discharge products can be condensed in various 
matrices by sending selected gases through the matrix 
slits at the same time the beam from the discharge is 
being deposited. The ratio of matrix to discharge 
products in the sample is typically of the order of 
100: 1. The glass slit varied in size from 0.5 mm X10 mm 


2W. H. Duerig and:I. L. Mador, Rev. Sci. Instr. 23, 421 
(1952). 
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(early experiments on hydrogen atoms*) to 0.11 mm 
X6 mm for most of the matrix effect experiments. The 
molecular beam flux to the sapphire target with the 
smaller slit is 3.8 10'* molecules/cm? sec for hydrogen 
molecules at 300°K and 0.10 mm Hg pressure. If the 
effective length of the sapphire target is taken as 1 cm 
and condensation is assumed perfect, then 1.410" 
hydrogen molecules would be condensed in a 30-minute 
run. This would correspond to a layer about 2.6 10 
cm thick. After the sample has been deposited, the 
sapphire rod is lowered into the microwave cavity. 


C. Microwave Equipment 
A rectangular microwave cavity of the reflecting type 
is used and resonates in the 7/012 mode at a frequency 
of around 9178 Mc/sec. The cavity is electroformed and 
has internal dimensions of a 1-wavelength section of 
standard X-band wave guide. The sample-rod entrance 
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Fic. 2. Sample deposition system. Cross-section 
view of the slit system. 


hole (5-mm diameter) is located at the center of the 
surface which allows the inserted sample to occupy the 
position of maximum microwave field intensity. The 
penetration of the sample rod into the cavity is ad- 
justable up to a maximum of 16 mm. A microwave iris 
window (4.9-mm diameter) is located at the center of 
one end plate, the wall thickness being tapered to a 
thin edge at the aperture. The wave guide is extended 
a quarter wavelength beyond the iris and terminates to 
provide a vacuum gap between the liquid nitrogen 
cooled cavity and the room temperature coupling wave 
guide. A mica window is placed in the room temperature 
wave guide to maintain the cell vacuum. The unloaded 
Q of the cavity is about 18000 at liquid nitrogen 
temperature and the window Q, controlled by the iris 
aperture, is chosen to make the ratio of the unloaded Q 


8 Jen, Foner, Cochran, and Bowers, Phys. Rev. 104, 846 (1956). 
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Fic. 3. Block diagram of the microwave system. 





to the window Q about 0.4, which is close to the condi- 
tion for maximum sensitivity for detection. 

The microwave system used is shown in Fig. 3. In 
many respects the system is conventional for an electron 
spin resonance spectrometer. The klystron is stabilized 
at the sample cavity resonance frequency by a servo- 
loop using the discriminator characteristic of the cavity 
relative to a small-frequency modulation of the klystron. 
The microwave frequency is measured with a Hewlett- 
Packard electronic counter and transfer oscillator system 
which is standardized with radio station WWV. 


D. Magnetic Field and Signal Recording 


A 12-inch Varian magnet with 3-inch gap supplies 
the magnetic field. The microwave cavity is placed in 
the central and most homogeneous region of the 
magnet. The magnetic field is measured with a proton 
resonance magnetometer with the probe placed as close 
as possible to the center of the cavity (3 cm). The 
difference between the fields at the sample and the 
magnetometer probe is a very small known quantity, 
negligible for most of our measurements. 

A magnetic field modulation of 400 cps is used. The 
modulation is supplied by a pair of pancake coils out- 
side the vacuum jacket surrounding the cavity. With 
this arrangement the field has to penetrate both the 
brass vacuum wall and the copper cavity. With reason- 
able power, modulation fields of several oersteds ampli- 
tude can be obtained. The resonance of a sample 
appears at the output of the crystal detector as a 
signal at the modulation frequency. This signal is 
amplified, phase detected, and fed into an X-Y recorder. 
For resonance observations, the magnetic field is slowly 
swept over the desired range in two to ten minutes. 
The direction of sweep is alternately reversed in taking 
data. 

The sensitivity of the apparatus with the sample at 
liquid helium temperature was measured by using a 
known amount of DPPH (dipheny] picryl hydrazy]) on 
the end of the sapphire rod. It is conservatively esti- 
mated that the sensitivity is 10-" mole of DPPH or 
about 6X10" spins for a line having a half-width of 
about 4 oersteds. 
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Fic. 4. Low-field line of the doublet spectrum for H in H; 
matrix. Detector phase at 90° with respect to the field modula- 
tion. In this and other figures, the symbol ¢ is used to denote 
oersteds. 


III. RESONANCE SPECTRA OF TRAPPED 
ATOMIC FREE RADICALS 


A. Observed Spectra of Hydrogen, Deuterium, 
and Nitrogen Atoms 


Results obtained from the observation of the electron 
spin resonance of trapped hydrogen, deuterium, and 
nitrogen atoms have been briefly reported before.* 
A somewhat more detailed description of these cases 
will be given here. In addition, an unsuccessful search 
for the resonances of oxygen and chlorine atoms will 
be mentioned. The effect of different matrices on the 
resonance characteristics will be deferred to Sec. V, 
where atomic and molecular free radicals are jointly 
considered. 


Hydrogen Atoms 


The observed hyperfine spectrum for hydrogen atoms 
trapped in a solid matrix is a doublet which is very 
nearly the same as that observed for free hydrogen 
atoms in the gaseous state. Figure 4 shows a trace of 
the low-field line, which has the same spectral shape as 
the high-field line, for hydrogen atoms in an H, matrix. 
The field positions of the two lines at a fixed microwave 
frequency are given in Table I. 

The spectral shape of the line in Fig. 4 is not a slow 
passage presentation of an absorption line detected 
with field modulation.® The result may be interpreted 


‘Foner, Jen, Cochran, and Bowers, J. Chem. Phys. 28, 351 
(1958). 

5 The spectral shape of an absorption line detected with field 
modulation under slow passage conditions is usually in the form 
of the derivative of the absorption coefficient. The absorption 
signal at the modulation frequency is in phase with the modulation 
field. If, however, there is a long spin-lattice relaxation time (7;) 
and a high modulation angular frequency (wm) such that wn7121, 
the absorption signal has also a component in phase quadrature 
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as a fast passage phenomenon brought about by a long 
spin-lattice relaxation time of the sample and a rela- 
tively high modulation frequency. Additional evidence 
for a long spin-relaxation time is the observation that 
the hydrogen lines show the effect of intensity saturation 
even with the smallest microwave magnetic field used 
(5X 10-* oersted). 


Deuterium Atoms 


Consistent with the doublet spectrum for hydrogen 
atoms, the observed hyperfine spectrum for trapped 
deuterium atoms is a triplet. Figure 5 shows a trace for 
the center line, which is also generally representative in 
appearance of the higher and lower field lines. The 
field positions of the three lines at a fixed microwave 
frequency are given in Table I. 
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Fic. 5. Center line of the triplet spectrum for D in D2 matrix. 
Detector phase at 90° with respect to the field modulation. In this 
and following figures, H, stands for the free electron resonance 
field given by the relation hy=g,uoll, with g,= 2.00230. 


The spectral shape of a deuterium line is similar to 
that of a hydrogen line though somewhat broader. This 
spectral presentation, together with the easy saturability 
of a deuterium line, again suggests the presence of a 
fairly long spin-lattice relaxation time. There is, in 
addition, an apparent anomaly in the intensity dis- 
tribution among the triplet components. The ratio of 
the peak intensity of the center component to that of 
either side component varies from about 4 at a high 
microwave power level to about 1.5 at the lowest 
detectable power. This ratio should be unity according 
to the theory for free atoms. We shall comment on an 
explanation of this anomaly in a later section. 


with the modulation field, particularly if the line is partially 
saturated [see A. M. Portis, Phys. Rev. 100, 1219 (1955); A. G. 
Redfield, Phys. Rev. 98, 1787 (1955)]. It seems that under 
certain conditions, a field-modulated absorption curve at fast 
passage can look like a field-modulated dispersion curve at 
slow passage, 
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Nitrogen Atoms 


In agreement with the known spectrum of a free 
nitrogen atom, the observed hyperfine spectrum for this 
atom in the trapped state is a closely spaced triplet as 
shown in Fig. 6.7 The field positions for nitrogen atoms 
in an Ne matrix are tabulated in Table I. 

In contrast to the cases of hydrogen and deuterium 
atoms, the spectrum in Fig. 6 shows a normal differ- 
entiated absorption line shape typical of a slow passage 
condition. There is also an even intensity distribution 
among the triplet components in accordance with 
theory. 


B. Theory of the Hyperfine Spectra of Free 
Atoms in S States 


The magnetic resonance properties of atoms are well 
known both theoretically and experimentally. We shall 
state the essential theoretical results for an S-state 
atom, which is the simplest as well as the only relevant 
case for the present considerations. Let J be the total 
electronic angular momentum and I be the angular 
momentum of the nucleus. Then the spin Hamiltonian 


TABLE I. Resonant magnetic fields (oersteds) of H, D, and N 
trapped in He, De, and Ne matrices, respectively. 
frequency (Mc/sec). 


= microwave 


Atom Ha Hb ¥ 


H 3000.86 3509.55 9177.76 
D 3196.42 3351.83 9178.47 
N 3270.96 3279.58 9177.68 


5 for an atom in a magnetic field H is 
K=gyuoI-H+-guol-H+AJ-I, (1) 


where g,=electronic g factor (absolute value), gr=nu- 
clear g factor, defined by gr = —ur/ (uol), uo= Bohr mag- 
neton, and A=hyperfine coupling constant. 

For an atom in a 2S; state (such as an H or D atom), 
the solution of Eq. (1) for the magnetic energy levels 
is given by the Breit-Rabi formula,®? 


: Ali 
aay senor gree 
™ iD 
4Mx } 
2 
2\ ° ret 


where AW =}(2/+1)A which is the hyperfine energy 


t Note added in proof.—Under certain experimental conditions 
we have observed for N in Ne four weak satellite lines, two on 
each side of the main triplet, similar to those reported by T. Cole 
and H. M. McConnell, J. Chem. Phys. 29, 451 (1958). The satel- 
lites were not observed in our slow deposition experiments. How- 
ever, they were seen when the sample deposition rate was high 
suggesting that the occurrence of satellites is related to the 
crystalline order of the N2 matrix. 

6G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

7J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 
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separation, M= magnetic quantum number of F= J+I, 
and x= (gy—gr)uoH /AW. In this case, the quantity A 
is, by the Fermi formula,*” 


16n wr «dG 
A=—no—|¥(0) |?=—-— grao?| ¥ (0) |?, (3) 
3 I 3 


‘ . 


where ¥(0)=wave function of an S electron at the 
nucleus. 

For an atom in a ‘4S; state (such as a nitrogen atom), 
solution for Eq. (1) can be carried out in a way similar 
to the derivation of Eq. (2), except that a cubic equation 
is involved in addition to a quadratic for 7=1. How- 
ever, for A<jyol, the solution can be most easily 
obtained by the perturbation method with the result 


W (at 7,M7 )= M sg suc0d+ Mgr 
+AM jM,+A?f(My,Mr1), (4) 


where 


1 
ft j--———_._—_ I+) 
2(g7—g1)m 


—Mi{J(J+1)—My*}]. (5) 


For a nitrogen atom, with the configuration 1s?2s? 
(2p)* 4S;, the hyperfine coupling constant A would be 
zero if the electrons with unpaired spins were all in 
pure 2p orbitals. However, when one allows for con- 
figuration interaction, with the resulting admixture of 
a 3s orbital, then the coupling constant will assume an 
appropriate nonzero value. 

The general selection rules for the transition between 
two states are: AF=+1 or 0 and AM=+1 or 0. How- 
ever, for most magnetic resonance experiments, the 
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Fic. 6. Triplet spectrum of N in Hg matrix. 


8 E. Fermi, Z. Physik 60, 320 (1930). 
*E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 
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steady magnetic field is high enough so that a large 
measure of the Paschen-Back condition is attained. 
Under these conditions, the allowed transitions are 
governed by the selection rules: AM y= +1 and AM;=0. 
Any forbidden transition should be very much less 
intense than the allowed ones. 


C. Interpretation of the Hyperfine Spectra 
of Trapped Atoms 


One basic approach to the problem of interpreting the 
hyperfine spectrum of a trapped atom is to solve the 
problem in which the total Hamiltonian contains the 
terms in Eq. (1) for the free atom plus another term 
which describes the interaction energy between the atom 
and the solid matrix. Such a solution is at present not 
feasible, because we do not have a detailed knowledge 
of the fields in the neighborhood of the trapped atom, 
not to speak of the computational difficulties that may 
be involved. Another approach is to apply the known 
solutions for a free atom, such as in Eq. (2) or Eq. (4), 
to the case of a trapped atom with the quantities gz 
and A treated as effective values in a given medium. 
Thus, the effect of a matrix field can be regarded as 
being embodied in the measured departures of gy and A 
in the trapped state from those in the free state. This 
procedure will be adopted for all the interpretations in 
this paper. 

H in Hy Matrix 


There are two allowed transitions (with each partici- 
pating state designated by its F, M value): (0, 0-1, 1) 
and (1, —1—1, 0) which should correspond to the ob- 
served low-field and high-field lines at a constant micro- 
wave frequency. Application of Eq. (2) to these transi- 
tions gives two equations, from which the values for gy 
and AW can be uniquely determined with /(H)=3, 
gr(H)=—3.04X10- and the data in Table I for the 
microwave frequency and the two resonance fields. The 
results of such a calculation are shown in Table II 
together with the corresponding known values for the 
free hydrogen atom. From the evidence presented we 
have secured an unambiguous identification of trapped 


TABLE II. g factors, hyperfine energy separations (AW) and/or 
hyperfine coupling constant (A) of H, D, and N trapped in 
He, De, and Ne matrices, respectively.* 


A(Mc/sec) 


AW (Mc/sec) 


Atom Matrix &; 


H_§ free>* 2.002256(24) 1420.40573(5) 
H: 2.00230(8) 1417.11(20) 
D free? 2,002256(24) 327.384302(30) 
Dz 2.00231(8) 326.57 (27) 
N free® 2.00215(3) 
Ne 2.00200(8) 








1420.40573(5) 
1417.11(20) 
218.256201 (20) 
217.71(18) 
10.45(2) 
12.08(12) 








® The numbers in parentheses indicate experimental and/or conversion 
errors in the last figures of the associated values. 

Kusch, Phys. Rev. 100, 1188 (1955). 
© R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 
4A, G. Prodell and P. Kusch, Phys. Rev. 79, 1009 (1950) ; 88, 184 (1952). 
¢ M. A. Heald and R. Beringer, Phys. Rev. 96, 645 (1954). 
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hydrogen atoms as the origin of the observed doublet 
spectrum. Furthermore, on the basis of their magnetic 
properties, the trapped atoms can be considered to be 
very nearly, but not completely, free. 


D in Do Matrix 


There are three allowed transitions (with each 
state designated by its F, M value): (4, $3, 3), 
(3, —}->3, 3) and (3, —}->+3, —}). These transitions 
with the aid of Eq. (2) give three equations for the 
determination of only two unknowns: gy and AW. We 
also use the known quantities: 7(D)=1, gr(D) = —4.67 
X10~, and the data in Table I for the deuterium atom. 
The results of calculation, affirmed by over-determina- 
tion, are shown in Table II, together with the known 
values for the free deuterium atom. It is seen that the 
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Fic. 7. Satellite lines accompanying the H high-field line. 


constant gy is, similar to the case of the hydrogen atom, 
hardly affected by the solid matrix and that the hyper- 
fine energy for a trapped deuterium atom is slightly 
reduced by a D» matrix in much the same proportion 
as that for a trapped hydrogen atom by an Hy: matrix. 
This result seems reasonable from the point of view that 
D2 and Hz, solids have quite comparable binding 
energies. 

Furthermore, it is worth noting that the Fermi 
formula [ Eq. (3) ] predicts, aside from a possible small 
hyperfine anomaly, An(free)/Ap(free) = gr(H)/gr(D) 
and experimentally we find An(trapped)/A p(trapped) 
=gr(H)/gr(D) to within 0.017%. If we regard the 
Fermi formula as being applicable to trapped atoms, 
then the experimental result implies that the quantity 
|W (0)|* for a trapped hydrogen atom is very nearly the 
same as for a trapped D atom. If, on the other hand, 
we conclude from the physics of the situation that 
|¥(0)|* should be very nearly the same for trapped 
hydrogen and deuterium atoms, then the experimental 





ELECTRON SPIN RESONANCE 


result implies that the Fermi formula gives a correct 
description of the hyperfine interaction of trapped 
atoms in the S state. 


N in No Matrix 


The hyperfine coupling energy for a nitrogen atom 
in the 4S; state is small enough so that Eq. (4) is quite 
adequate for the description. Using, for convenience, 
the high-field designation (M,,Mr7) for a magnetic 
level, there are twelve energy levels, with M , assuming 
any of the values: —$, —}, 3, 3, and M; assuming 
any of the values: —1, 0, 1, since 7(N“)=1. There are 
nine transitions of the type (My, M;->M ,+1, Mr); but 
they actually fall into three groups, each designated by 
a constant M;. The separation among the three lines 
in each group, which is determined by the A? term in 
Eq. (4), is extremely small and is not resolved in the 
present measurements. The constants gy and A are 


given by 
y AH\? 
reed} 
(u0/h)Ho Hy 


AH 
A= 
Hy 


Vv; 


where v= microwave frequency, H o= magnetic field of 
the center line, AH=average separation of adjacent 
lines and h=Planck’s constant. Since (AH /Ho)?=1.7 
x 10~-*, the expression for gy [ Eq. (6) ] can be replaced 
by the simpler expression 

y 


gy= (8) 


“(uo/h)Ho 


The results for trapped nitrogen atoms are shown in 
Table II together with the known values for the free 
nitrogen atom, It is seen that gy is very slightly affected 
by the matrix but that the hyperfine coupling constant 
is larger for a trapped nitrogen atom than for a free 
atom, in contrast to the cases of hydrogen and deu- 
terium where the coupling constant is smaller for the 
trapped atom. 


D. Satellite Lines in the Hyperfine Spectra 
of Trapped Atoms 

Satellite lines were observed in the hyperfine spectra 
of hydrogen and deuterium atoms trapped in their 
parent molecular matrices. They were usually very 
much weaker in intensity than the main lines and were 
observed only when the microwave power level was 
high enough to heavily saturate the main lines. 

In the case of hydrogen atoms in a molecular hydro- 
gen matrix, each of the two hydrogen lines was accom- 
panied by two satellite lines symmetrically placed 
relative to the main line. A trace of such a spectrum is 
shown in Fig. 7. The separation in magnetic field be- 
tween either satellite and the main line is equal, within 














Fic. 8. Unresolved satellite structure of the D high-field line. 


measurement error, to (g:/g7)Ho, where Ho is the 
resonance field of the main line. 

In the case of deuterium atoms in molecular deu- 
terium, each of the three deuterium lines shows an 
unresolved structure which indicates the presence of 
satellites, as illustrated in Fig. 8. The satellite separation 
in D should be smaller than in H by the factor g;(H) 
g:(D)=6.5. Because of the unresolved picture, the field 
positions of the satellites cannot be determined accu- 
rately. A rough estimate indicates that there are two 
pairs of satellites centered around each main line. The 
field separation between the main line and either line 
in the first pair is approximately (gr/g,)Ho and the 
corresponding value in the second pair is approxi- 
mately 2(g:/g7)Ho. 

Satellite lines in the resonance spectrum of hydrogen 
atoms have been observed before by Zeldes and 
Livingston’ under somewhat different conditions. Their 
presence was interpreted as evidence for a mechanism 
in which the spin of a neighboring proton is flipped 
simultaneously with the electron of the hydrogen atom. 
A similar explanation would seem reasonable for our 
observations. In the present case, the atomic electron 
may be assumed to be coupled to the protons in a 
neighboring hydrogen molecule. A flip of electron spin 
could cause a simultaneous change in orientation of the 
two parallel nuclear spins of ortho-hydrogen with the 
change of Zeeman energy as observed. The flip of a 
single proton spin simultaneously with the electron 
spin flip is considered unlikely since this would involve 
the conversion of para- to ortho-hydrogen or vice versa, 
a process which involves a large energy change because 
of the large energy separation (121 cm™) of the J=0 
and J=1 rotational ground states of these two species. 
A similar picture would hold for deuterium atoms in a 


” H. Zeldes and R. Livingston, Phys. Rev. 96, 1702 (1954). 
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deuterium matrix with the additional possibility of 
induced transitions with AM;==+:2, corresponding to a 
field separation of 2(gr/g,)Ho, as a result of deuteron 
quadrupole coupling. Because of the unresolved spec- 
trum for deuterium satellites, there is some uncertainty 
in the experimental evidence for this additional effect. 


E. Attempts to Observe Resonance Spectra of 
Trapped Oxygen and Chlorine Atoms 


Oxygen" and chlorine’ are P-state atoms whose 
magnetic properties in the free state are well known but 
which have not been observed in the trapped state. In 
this work, several experiments have been performed 
for each atom by depositing the discharge products of 
the parent gas in several matrices such as He, A, or Cle 
(for chlorine discharge). A wide range of the magnetic 
spectrum was searched, but no resonance lines were 
found in either case. 

If the matrix effects were extremely small, the 
spectral patterns of oxygen and chlorine atoms would 
be similar to those of the free state atoms. An oxygen 
atom in the *P, ground state and nuclear spin /(O'*)=0 
is expected to give a single line with four unresolved 
components at the field corresponding to g,= 4. A chlo- 
rine atom in the ?Py ground state and nuclear spin 
1(Cl*)=7(C")=§ is expected to give a hyperfine 
magnetic spectrum consisting of twelve lines for each 
isotope, in four equally spaced groups of three closely 
spaced lines, centered around the field corresponding to 
gs=4/3. 

The absence of resonance spectra is evidence that 
the matrix field is very potent in its effect on P-state 





























Fic. 9. Quartet spectrum of CH; in CH, matrix at 4.2°K. 
Small line near the center of the spectrum is due to a calibration 
sample of DPPH. 


1 E. B. Rawson and R. Beringer, Phys. Rev. 88, 677 (1952). 
2 Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 
(1949). 
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atoms. The matrix field may partially quench the 
electronic orbital angular momentum. It also may 
split some degenerate levels and leave only a singlet 
ground level for an atom with an even number of 
electrons. The possibility of splitting to give a singlet 
nonmagnetic ground level may explain the failure to 
observe resonances for the oxygen atom. On the other 
hand, there should still be a Kramers’ degeneracy for 
the ground level of the chlorine atom because it has 
an odd number of electrons. To explain the failure to 
observe resonance in this case, it is reasonable to assume 
that the interaction between the matrix field and the 
orbital angular momentum produces a large enough 
magnetic anisotropy to broaden the resonance lines 
beyond recognition. 


IV. RESONANCE SPECTRA OF TRAPPED 
MOLECULAR FREE RADICALS 

Molecular free radicals can be divided into two 
classes: (a) unstable molecules, and (b) stable para- 
magnetic molecules, exemplified by a very small number 
of species like O., NO, NOs, etc. Magnetic resonance 
studies have been made of the stable molecules men- 
tioned above in the gaseous state, but, as yet, very 
little study has been made of unstable molecules. 

A large number of magnetic resonance spectra of free 
radicals trapped in solids have been reported. The 
identification of the species responsible for the spectra 
is, however, not a simple matter and in many cases may 
not be definitive. In this section a comprehensive study 
of the methyl radical is presented. Complex spectra 
whose identities are uncertain are then considered. Also 
for purposes of comparison and evaluation, results for a 
few stable molecular radicals under trapped conditions 
are discussed. 


A. Methyl Radical 


When the products of a very-low-power discharge in 
methane were condensed at 4.2°K, a four-line spectrum 
as shown in Fig. 9 was obtained. The same spectrum 
was also observed when a frozen sample of 1% CHsglI in 
argon was irradiated by 2537 A mercury light. The 
field positions of the spectral lines at fixed microwave 
frequency are listed in Table III. The average separa- 
tion between adjacent lines is 22.9 oersteds. The in- 
tensity distribution among the spectral lines in Fig. 9 is 
approximately 1:2.2:2.2:1. As the sample was slowly 
warmed from 4.2°K, the intensity of the lines increased, 
they became narrower, and the intensity distribution 
approached the ratio 1:3:3:1. Above about 8°K, the 
entire spectrum weakened with increasing temperature 
as expected from the temperature effect on suscepti- 
bility. However, the positions of the lines remained 
unchanged during warmup. We deduce from this that 
the spectrum at 4.2°K shown in Fig. 9 is probably 
power saturated and if we were able to obtain an un- 
saturated spectrum at 4.2°K, the line ratio would 
be 1:3:3:1. 
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TABLE III. Resonant magnetic fields, gy and A for 
CH; in CH, matrix.* »=9177.85 Mc/sec. 


Resonant fields (oersteds) by A (Mc/sec) 


3240.11 3262.89 3285.96 3308.95  2.00242(8)  64.39(18) 


* The numbers in parentheses indicate experimental and/or conversion 
errors in the last figures of the associated values 


The observed spectrum is consistent with the inter- 
pretation that it is produced by CH; radicals trapped 
in a solid matrix. The quartet is expected from the 
hyperfine interaction of an unpaired electron with 
three protons, each having a nuclear spin of 3. The 
observed intensity distribution under unsaturated con- 
ditions is in agreement with the 1:3:3:1 statistical 
distribution of nuclear spins. 

In another experiment, a spectrum was obtained 
from the discharge products of partially deuterated 
methane. The spectrum was quite complicated. It was 
possible, however, to assign all the observed lines to 
the isotopic forms of the methyl radical (CD;, CD.H, 
CHDz, and CH;) by supposing the hyperfine contribu- 
tion of a deuteron is reduced from that of a proton by 
the factor gr(D)/gr(H). 

An elementary analysis of the CH; problem can be 
made in a way analogous to previous considerations 
for an atom. We have for the spin Hamiltonian 

KH=gyu0IJ-H+-gm0d: I;-H+>; A,J-I,, (9) 
where J is, as before, the angular momentum of the un- 
paired electron and 7 denotes the ith hydrogen nucleus. 
If all three hydrogen nuclei are equivalent, we can 
write the last term in Eq. (9) as 

KRne= A J > 3r; I,. 
If uoff>>A, then the expectation value of the energy 
for Eq. (9) is to the second-order approximation : 
W=M wg suoll + M rgmoH+ A MiM,; 
+ A*F(M ;,Mz), 
where M;= >; m;, my= +43, My=+3}, and"® 


(10) 


(11) 


1 
Se ee 7, a | | 
4(gy—g1)uoll 


We note that Eq. (11) for a molecular free radical 
having equivalent magnetic nuclei is formally the same 
as Eq. (4) for an atom, provided the second-order 
correction (the A? term) is negligible. However, the 
intensity distribution of the spectral lines for a molecule 
is quite different from that of an atom because of the 
difference in the statistical weights for a given M,. 

By applying Eqs. (11) and (12) and the selection 
rules AM,;=+1 and AM;=0, values for gy and A 
pertaining to CH; in a CH, matrix have been calculated, 
with the results shown in Table ITI. 


18 Equation (12) is not a general equation for all values of My 
and M, but is restricted to the present special case. 
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While there is as yet no general theory for hyperfine 
interactions which directly applies to the CH; radical, 
McConnell has worked out a theory for isotropic 
hyperfine interactions in z-electron radicals which bears 
on this case. The relationship obtained by McConnell 
for the hyperfine coupling constant A, is 


A=Op,, (13) 


where p, is defined as the “unpaired electron density” 
at the carbon atom and (Q is a semiempirical constant, 
Q=—22.5 oersted, assumed to be the same for all 
aromatic CH bonds. If we try this formulation for a 
methyl radical, taking p, equal to unity, since there is 
only a single carbon atom, we obtain 22.5 oersteds for 
the numerical value of A. This is in good agreement with 
our measured value of 22.9 oersteds for CH; in a CH, 
matrix and indicates that the theory is applicable to 
this case. 


B. Unidentified Spectrum from 
Hydrogen Discharge 


Since the region around the free electron resonance 
field is not occupied by the atomic hydrogen lines, any 
new spectral system falling in this region can be studied 
without complication. In our first experiments with 
commercially pure hydrogen, a triplet spectrum was 
observed which was soon identified with nitrogen atoms 
formed in the discharge from the nitrogen impurity. 
These nitrogen lines disappeared when the hydrogen 
was purified either by diffusion through a heated 
palladium tube or by fractional distillation from a liquid 
helium cooled trap. With the highly purified hydrogen 
under certain conditions we obtained the four line 
spectrum shown in Fig. 10. The separation between 
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Fic. 10. An un- 
identified spectrum 
observed from the 
condensed products 
of a discharge in He. 





He 
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4H. M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 
107 (1958). : 

















JEN, FONER, 





Fic. 11. A spec- 
trum observed by 
condensing H2O¢ dis- 
charge products in 
H, matrix. The spec- 
trum is probably due 
to HOs. 











adjacent lines is 7.3 oersteds, but the intensity distribu- 
tion is quite asymmetrical. We do not have sufficient 
evidence to state that the spectrum in Fig. 10 is neces- 
sarily due to a single radical. 

Because of the apparent quartet structure presented 
in Fig. 10, it has been speculated that the spectrum 
might be evidence for H; in the trapped state. Yet, the 
speculated presence of H; implies a similar situation 
for D; which, by the same reasoning, should give a 
seven-line spectrum with the line separation reduced by 
a factor of 6.5. A spectrum of this type was not found 
in a sample condensed from the deuterium discharge. 
The possibility that the spectrum was due to an im- 
purity generated by the discharge cannot be com- 
pletely excluded. Since hydrogen atoms can react with 
quartz to produce silane, SiH,, it was thought that the 
spectrum might, perhaps, be due to SiH;. This explana- 
tion was rendered unlikely, however, by the failure to 
observe the spectrum when silane was subjected to 
discharge. 


C. Complex Spectrum in the Hydrogen- 
Oxygen System 


Discharges in hydrogen-oxygen systems are potential 
sources of the free radicals H, O, OH, and HO». The 
spectrum for hydrogen atoms has been discussed in 
detail. Negative results for trapped oxygen atoms have 
been described and negative results for trapped oxygen 
molecules will be described in the section on stable 
molecules. From these considerations, one concludes 
that any new spectrum is probably due to OH or HO, 
radicals. 

A low-power discharge in H,O2 has been used by 
Foner and Hudson" as a source of HO: radicals for 
mass spectrometric studies. They find that OH radicals 
are removed very rapidly by reaction with H,O., and 
within milliseconds after leaving the discharge the 
predominant free radical in the gas is HO». Under con- 
ditions favorable for HO, production, the discharge 
products from H,O, were condensed in an Hz matrix. 

15S, N. Foner and R. L. Hudson, Symposium on Free Radicals, 


Laval University, Quebec, September 10, 1956 (unpublished). 
Also J. Chem. Phys. 23, 1364 (1955). 


COCHRAN, 


AND BOWERS 


The spectrum is shown in Fig. 11. It is essentially a 
broad asymmetrical line. The high-field lobe is seen 
to have a double-humped structure. A similar spectrum 
was also obtained from a discharge in HO. 

There is no clear-cut explanation for this spectrum. 
From the resonance information alone we are unable to 
determine the origin of the spectrum. However, the 
spectrum is obtained in a system which is favorable for 
HO, production. Furthermore, the alternative possi- 
bility that the spectrum is due to OH is weakened by 
the negative results on trapped NO (discussed later) 
which has a similar electronic structure. The evidence, 
therefore, favors identification of the spectrum with HO,. 

Similar resonances have been observed'®:'” for the 
products of discharges in H,O and related substances 
condensed at liquid nitrogen temperature. HO. was 
suggested as the radical responsible for the resonance 
line. This interpretation is supported by our obser- 
vations. 


D. Magnetic Spectra of Stable Free Radicals 


The stable molecular free radicals NOs, NO, and O» 
were individually deposited in argon matrices at 4.2°K 
and examined for spin resonance. 


NO» 


Since NO, has a ground state analogous to that of a 
“> molecule with an almost free electron spin, its reso- 
nance spectrum is expected to be a triplet for /(N"“)=1. 
Castle and Beringer'® observed a spectrum of three 
broad peaks for NO» at a gas pressure of 5 to 15 mm 
Hg. The locations of the peaks could only be roughly 
determined and had an average separation of about 
48 oersteds. At a lower pressure, each peak was partially 
resolved into a large number of lines, which were 
qualitatively interpreted as the rotational fine structure. 

In this work, the resonant spectrum of NO, trapped 
in an argon matrix was observed with the result as 
shown in Fig. 12. The spectrum contains a recognizable 
triplet whose components are labelled as a, 6, and ¢ in 
the figure. But it also contains d, e, and f which have 
very little uniformity among themselves except approxi- 
mately equal spacing. In another high resolution trace 
(not shown), c and f were seen to be separate lines but 
that c was broadened by a part of f which had a differ- 
entiated absorption curve. 

The triplet formed by the lines a, 6 and c agrees with 
our expectations for the resonance spectrum of NOs in 
the trapped state. The center line position corresponds 
to a g factor of 2.0037. The average separation between 
adjacent lines is 57.8 oersteds corresponding to a hyper- 
fine coupling constant (A) of 162 Mc/sec, which is 12% 
higher than the value reported by Castle and Beringer 


16 Livingston, Ghormley, and Zeldes, J. Chem. Phys. 24, 483 
(1956). 

17 Gorbonev, Kaitmazov, Prokhorov, and Tsentsiper, Zhur. 
Fiz. Khim 31, 515 (1957). 

18 J. G. Castle and R. Beringer, Phys. Rev. 80, 114 (1950). 
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for_free NOs. The difference between the two results 
may be partly due to the complicating effect of the 
rotational structure present in the gaseous experiment 
and partly to the matrix effect on the trapped NO» 
molecules. We have as yet no reasonable explanation 
for the presence of the lines d, e, and f. 


NO 


No spin resonance was observed for the NO molecule 


trapped in an argon matrix at liquid helium tempera- 
ture. This result is certainly not surprising, since NO 
would be almost entirely in the nonparamagnetic *II, 
state at this temperature. Accordingly, another experi- 
ment was done in which NO was deposited in a CO, 
matrix at liquid nitrogen temperature, at which tem- 
perature the “IL; state was expected to have an appreci- 
able population. Nevertheless, the result of the obser- 
vation was also negative. We believe that the failure to 
observe resonance results from crystalline anisotropy 
of the matrix field, which in the case of a II-state 
molecule may be sufficient to smear out the resonance 
lines. 
On 


Spin resonance lines were not observed for oxygen 
trapped in argon at liquid helium temperature. Two 
possible explanations for the absence of resonance lines 
were suggested : (1) Since O- in the free state can occupy 
only odd rotational states, freezing the molecule in a 
solid could result in a hindered rotation, in which case 
the fluctuating coupling between molecular rotation and 
electron spin might broaden the resonance below detec- 
tion; (2) The crystalline field of the matrix could split 
the * levels of O, to produce a singlet ground level in 
which case resonance absorption could not be observed 
with our apparatus. 

Recent studies on oxygen trapped in a #-quinol 
clathrate have clarified the situation regarding Op» 
resonance observations in favor of the second possi- 
bility mentioned above. Meyer, O’Brien, and Van 
Vleck'® measured the magnetic susceptibility of Op» 
down to 0.25°K and explained their results by assuming 
that rotation of the molecule was hindered by a poten- 
tial barrier. To fit the experimental data they required 
an effective coupling constant of 4.15°K to describe the 
spin-molecule axis interaction energy. This corresponds 
to a zero-field splitting of the *~ levels of 86.5 kMc/sec. 
More recently, electron spin resonances for Oz, at 4.2°K 
in a B-quinol clathrate single crystal have been observed 
by Foner and Meyer.” The resonance lines observed at 
37 kMc/sec and 71 kMc/sec with pulsed magnetic 
fields indicate a large zero-field splitting of the oxygen 
energy levels confirming the magnetic susceptibility 
results. Our negative result with Oz is, therefore, rather 


19 Meyer, O’Brien, and Van Vleck, Proc. Roy. Soc. (London) 
A243, 414 (1958). 

*® Simon Foner, Lincoln Laboratory, Massachusetts Institute 
of Technology (private communication ) 
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Fic. 12. Spectrum 
of NO: in argon ma- 
trix. 




















easily explained. With our relatively low microwave 
frequency (9 kMc/sec), rather high magnetic fields 
would be required to attain resonance. Even under 
these conditions, the random orientation of the crystals 
in our samples probably would smear out the resonance 
lines so that they would not be observable. 


V. MATRIX FIELD EFFECTS ON SPIN RESONANCE 
PROPERTIES OF TRAPPED RADICALS 


When a free radical is trapped in a solid matrix, there 
is an interaction between the radical and its environ- 
ment. This interaction, in spin resonance experiments, 
manifests itself in deviations of the spectrum of a 
trapped radical from that of a free radical. We are 
interested in comparing the effects of different matrices 
on the spin resonance properties of a radical and, 
wherever possible, evaluating these effects on the basis 
of the known properties of the radical in its free state. 

In discussing matrix effects, it would be desirable to 
be able to specify in detail the solid-state structure in 
the neighborhood of the radicals. Unfortunately, such 
a description is not available. It is not known with 
certainty whether the samples, prepared by condensa- 
tion of molecular beams on the liquid helium cooled 
sapphire rod, are amorphous, crystalline or a combina- 
tion of both. The samples probably consist of many 
randomly oriented microcrystals possibly joined by 
amorphous material. The crystals may have different 
structures corresponding to various solid modifications 
which can exist at these temperatures. The measured 
effect of a matrix on a radical may, therefore, be con- 
sidered as the result of averaging the crystalline effects 
over all possible orientations. 

In order to study matrix field effects in a systematic 
way, we have taken H, N, and CH; as representative 
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TABLE IV. g factors and hyperfine coupling constants (A) of 
H, N, and CH; in various matrices.* 


Deviation 
of A from 
free value 


Free 
radical 
species 


Matrix gs 


free 2.002256(24) 
He 2.00230(8) 
A 2.00220(8) 
CH, 2.00207 (8) 


A(Mc/sec) 


1420.40573(5) 
1417.11(20) 
1413.82(40) 
1411.09(32) 





- —0.23% 


10.45(2) 
11.45(8) 
12.08(12) 
13.54(22) 


free 2.00215(3) 
H, 2.00202(8) 
No 2.00200(8) 
CH, 2.00203 (8) 


free ore 

CH Hz 2.00266(8) 65 

“ A 2.00203 (8) 64. 
CH, 2.00242(8) 64. 


(13) 
(20) 
( 


.07 
64 
39 


18) 


* The numbers in parentheses indicate experimental and/or conversion 
errors in the last figures of the associated values. 


(zero orbital momentum) free radicals and put each 
one individually into a series of representative matrices, 
namely He, A or No, and CHy. These matrices have 
rather different binding energies (Van der Waals’ 
energies). The matrix effects on the resonances of the 
radicals are conveniently discussed by considering the 
spectral parameters gy, A, and line width. 


A. g,; and A 


The quantities gy and A are calculated by using the 
experimental data on the resonance fields of spectral 
lines at a constant microwave frequency. The results 
of these calculations are given in Table IV. 

We note that the variation of the g values with 
matrices is rather small for all three radicals, with a 
slight tendency of decreasing gy with increasing binding 
energy. This implies that the spin-orbit coupling in- 
duced by the matrix field is exceedingly small. The 
variation of the hyperfine coupling constant A is 
interestingly different for the three radicals. In the 
cases of H and N, the deviation of A for a trapped atom 
from that for a free atom increases with the binding 
energy but in opposite directions for the two atoms. 
Furthermore, the percentage deviation of the coupling 
constant for H is very much smaller than for N. This 
situation may be interpreted qualitatively in the 
following way. A free hydrogen atom has a pure 1s 
wave function having maximum density |y(0)|? at the 
nucleus. Any matrix perturbation resulting in the 
admixing of other orbitals would tend to lower the 
density function at the nucleus. On the other hand, a 
free nitrogen atom is in a 4S; state with three p-electrons 
having zero density at the nucleus as a first-order 
approximation and having a small density when one 
considers configuration interaction. It seems to us, 
that under these conditions a matrix perturbation has 
a larger probability of increasing the density function 
at the nucleus than of decreasing it. Also, when the 


COCHRAN, 


AND BOWERS 

coupling constant is initially small for a free atom, 
small changes in electron density at the nucleus can 
easily cause large percentage changes in A. 

In the case of CH3, while there are no free-state data 
for comparison, the variation of A among the matrices 
is exceedingly small. In this connection, we have been 
puzzled by recent reports of CH; spectra in which the 
line spacing was substantially different from ours. An 
over-all spread for the CH; quartet of 80 oersteds has 
been reported”! for CH; produced by ultraviolet irradi- 
ation of an 0.1M solution of toluene in EPA (ether, 
isopentane, and alcohol) at liquid nitrogen temperature. 
We deposited CH; radicals in EPA at liquid helium 
temperature and obtained a quartet spread of 69.9 
oersteds, which is very close to the quartet spread found 
in the other matrices. It is difficult to explain the 15% 
discrepancy between the results. Since the experiments 
were run at different temperatures, some of the differ- 
ence might be attributed to a temperature effect, 
although we did not observe such an effect in a limited 
warmup experiment. It appears fron our data that the 
spacing of the CH; lines is rather insensitive to environ- 
ment and can be used to identify this radical in a 
variety of matrices. 


B. Line Width 


The theory for the width and shape of spin resonance 
lines of trapped free radicals is too involved to permit 
an exact treatment. It is complicated by spin-lattice 
relaxation, spin density, matrix anisotropy, intensity 
saturation, rate of passage, and the modulation param- 
eters used in observation. The observed shapes of spectra 
lines are generally neither Gaussian nor Lorentzian. 
They are, however, close enough to Gaussian that we 
shall assume that they are so for our discussions. The 
line width parameter used here is the usual AH, (width 
at half-intensity points). Table V lists the values of 
AH, for H, N, and CH; in various matrices. These line 
widths should be regarded as typical values. Experi- 
mentally, the half-width is not a well-controlled param- 
eter and there is appreciable variation among the values 
obtained in various experiments. 

We note in Table V that for a given radical there is a 
marked broadening of the line as the matrix binding 
energy increases in going from He, through A or Ng, 
to CHy,. Furthermore, the line widths for the three 
radicals are rather comparable when they are trapped 
in the same matrix. It appears that the line widths for 
the free radicals are more conditioned by the nature of 
the matrices than by the properties of the radicals. 
We shall discuss qualitatively the pertinent factors 
which play a part in determining line shape and width, 


21H. N. Rexroad and W. Gordy, Bull. Am. Phys. Soc. Ser. II, 2, 
227 (1957). 

“For all spectral lines that appear as derivative curves, the 
measured width between the maximum and minimum slopes 
(AH ys) is converted into AH, by the relation AH;/AHys=1.178 
for a Gaussian shape. 
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Dipolar Broadening 


Dipolar broadening is caused by electron spin inter- 
actions between neighboring radicals. Using a result of 
Kittel and Abrahams,” the half-width due to dipolar 
broadening can be expressed by 


AH,~2X 10-"n oersteds, (14) 


where n= number of spins per cc (spin density). Dipolar 
broadening effects were studied in the case of hydrogen 
atoms in Hp. If it is assumed that the line width is 
solely due to dipolar effect, then it should increase 
directly with spin density. Even though the spin 
density is not known in our experiment, the ratio of 
spin densities in two independent depositions can be 
determined from the ratio of the integrated absorption 
intensities, provided the sample volumes are the same. 
In a particular experiment, the width of the hydrogen 
line increased by a factor of 1.5 for a spin density in- 
crease of roughly a factor of 10. This evidence supports 
the previously expressed view that the line width is 
largely controlled by the matrix. The highest spin 
density in that experiment can be determined from the 
increase in the line width. The estimated dipolar 
broadening, 0.7 oersted, leads to a spin density of 
approximately 4X 10'8/cc. As the density of solid hydro- 
gen is known, we get a figure of 0.01% for the con- 
centration of hydrogen atoms in its molecular matrix. 
This figure does not represent the highest concentration 
achievable for hydrogen atoms, as we have made no 
serious attempt to obtain highly concentrated samples. 


Spin-Lattice Relaxation 


Let 7, denote the spin-lattice relaxation time and 72 
the spin-spin relaxation time in Bloch’s notation.™ If 
T\>T>», as often happens with paramagnetic species at 
very low temperatures, the line shape or width is 
usually conditioned by 7, in the absence of intensity 
saturation. However, the longer 7; is, the easier it 
becomes for the line to be saturated at a given micro- 
wave field. 

Confining our attention to the case of hydrogen 
atoms, a hydrogen line shows a marked saturation effect 
at a microwave field H;=5X10~ oersted. This implies 
that the saturation parameter S= (yH)*7\7> is roughly 
unity. From our data on dipolar broadening we can 
calculate 7; from the relationship AH, (dipolar) = 2/y7; 
=2h/gsuoT2, and find Ty~10-" sec. This leads to a 
value of 7, of the order of 10~* sec. Such a value of 7; 
is also derived from other experimental evidence. When 
field modulation at an angular frequency w, is used, the 
conditions w@m7\K1 and w,7\>1 are usually taken to 
define the so-called slow-passage and _ fast-passage 
regions. In the present experiment a modulation fre- 
quency of 400 cps is used, so that with an assumed 


*% C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953), 
* F. Bloch, Phys. Rev. 70, 460 (1946). 
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TABLE V. AH, (oersteds) for H, N, and CH; in various matrices. 


Radical 
H 8 4 ef 
N 1. (N: 5.6* 
CH; e 3.7 (2 5 


He matrix A or N2 matrix CHg matrix 


* Estimated from partially resolved lines. 


T,=10-* sec we have wmZ\=2.5 which fits into an 
intermediate-passage region. The departure of the 
hydrogen line presentation from the usual absorption- 
derivative curve, as has been noted before, can be 
interpreted as an intermediate-passage phenomenon. 
Furthermore, when the quadrature component of the 
absorption signal at the modulation frequency becomes 
comparable to the in-phase component, as has been 
observed with hydrogen lines, we can follow Redfield’s 
method? to determine 7; by noting that w»71=1(90°)/ 
1(0°), where J denotes the intensity at resonance. The 
result of one such determination gave the value 0.5 
X10-* sec for T;, which is in essential agreement with 
our preceding discussions. 

The intensity distribution of the lines in a spin 
resonance spectrum may change markedly with micro- 
wave power. This is a saturation phenomenon that can 
arise when there are differences in the relaxation times 
associated with the energy levels involved in the 
transitions. Such a phenomenon is clearly involved, for 
example, in the deuterium atom experiments. As a 
possible mechanism for spin-lattice relaxation in the 
case of hydrogen and deuterium atoms, Abragam*® 
proposed a model based upon hyperfine coupling in the 
following manner. In the hyperfine interaction term 
AJ-I=A[J,/, |+}3A[J,/_+J_I, }, the operator in the 
second term on the right-hand side has matrix elements 
connecting any two levels having the same M,, iLe., 
M,+My. A radiationless transition between any two 
such levels acts as an agent for the restoration of thermal 
equilibrium. They are, therefore, spin-lattice relaxation 
paths for the energy levels considered. Figures 13 and 14 
show, respectively, diagrams for the hyperfine energy 
states of hydrogen and deuterium atoms in a magnetic 
field with the radiation and relaxation paths indicated. 
Assuming that all relaxation paths have equal effective- 
ness, then for a given radiative resonance transition, 
a relaxation path taking spins from the upper energy 
level is equivalent to a path delivering spins to the 
lower energy level. We note that the two hydrogen 
lines illustrated in Fig. 13 are equally relaxed, whereas 
the center line in the deuterium triplet in Fig. 14 is 
relaxed twice as fast as either of the side lines. This 
means that the hydrogen lines should be equal in in- 


2 A. G. Redfield, Phys. Rev. 98, 1787 (1955). There is some 
question whether the theory is strictly applicable to the present 
case. We, therefore, consider the result by Redfield’s method as 
confirmatory evidence for the order-of-magnitude calculation of 7; 
rather than a more accurate determination of 7). 

26 A. Abragam (private communication). 





JEN, FONER, 


Fic. 13. Spin-lattice re 
laxation by hyperfine cou 
pling for hydrogen atoms. 
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tensity with or without saturation, but the deuterium 
spectrum should have a stronger (also somewhat 
narrower) center line, except when saturation is neg- 
ligible. 

Abragam’s theory on the saturation effect has, to a 
large extent, been verified by the experimental results 
for the deuterium atom. We observed that the ratio of 
the intensity of the center line to that of either side line 
continuously decreased from about 4 to 1.5 as the 
microwave power was reduced. The fact that the center 
line in deuterium remained sensibly stronger than either 
side line even at very low power level indicates that the 
theory does not fully explain the observations and that 
other mechanisms may be involved. 


Anisotropic Broadening 


The line widths can be considered as the result of 
three effects: (1) dipolar interaction; (2) spin-lattice 
relaxation; and (3) crystalline anisotropy. We have 
shown that for the spin densities encountered in this 
paper, dipolar broadening produces only a smail effect. 
Since the spin-lattice relaxation time is large compared 
to the spin-spin (dipolar) relaxation time, it is also a 
small contributor to the line width. It, therefore, seems 
most probable that the observed line widths are largely 
the result of anisotropic broadening by the matrix 
field. The line widths for the radicals H, N, and CH; 
were comparable when trapped in the same matrix, 
indicating that the line width was more affected by the 
nature of the trapping matrix than by the characteristic 
properties of the individual radicals. The observed lines 
in our polycrystalline matrices are the result of averaging 
resonances over all crystallographic orientations. The 
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Fic. 14. Spin-lattice re- 
laxation by hyperfine cou- 
pling for deuterium atoms. 
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anisotropy due to the crystalline field, contained in the 
orientation dependences of gy and A in a single crystal, 
is reflected in our experiments as a broadening of the 
resonance lines. 

CONCLUSION 


A systematic study has been made of the electron 
spin resonance spectra of atomic and molecular free 
radicals under well-defined experimental conditions. 
The effects of the matrix field on gz, hyperfine coupling 
constant, line width and line shape have been investi- 
gated by depositing the radicals in matrices with 
different binding energies. 

Cases where the electron spin resonance method, as 
currently applied, has failed to detect radicals have also 
been considered. It appears that radicals with orbital 
angular momentum may escape observation because of 
matrix field anisotropy and that radicals with an even 
number of electrons may not be observed because of 
crystalline field splitting resulting in a singlet ground 
level. The use of a single crystal for the matrix is 
a means of alleviating the difficulty of anisotropic 
broadening. There exists a need for developing tech- 
niques for the preparation of single crystals containing 
selected unstable free radicals. 

In addition to the identification and study of the 
properties of trapped free radicals, the electron spin 
resonance method could be extended to non-stationary 
chemical systems. The investigation of free radicals in 
excited states may prove to be rewarding. The diffusion 
of radicals at low temperatures could be followed in a 
quantitative way by observing the decrease in resonance 
signal resulting from radical recombination. The chemi- 
cal kinetics of radical reactions in the solid state is also 
an interesting area for exploration with this method. 
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K Series X-Ray Wavelengths in Rare Earth Elements* 
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(Received July 21, 1958) 


The K-series x-rays in ten rare earth elements have been studied with a two-meter-radius bent-quartz 
crystal spectrograph. The 3.7-Mev proton beam of the A-48 accelerator (UCRL, Livermore) was used to 
produce the atomic excitations. The wavelengths obtained for the Kai, Ka2, Kg3, and Kg; lines are compared 
with previous wavelength measurements. Two weaker transitions, Kg; and KO;1O111, were also observed 
and the energies are compared with energies obtained from tables of known atomic energy levels. 


I. INTRODUCTION 


HE wavelengths of nuclear gamma rays resulting 

from electric (or Coulomb) excitation have re- 
cently been determined with high precision using a 
bent-quartz-crystal spectrograph.! In all electric excita- 
tion experiments, the characteristic A-series x-rays of 
the element which is being bombarded are also ob- 
served.” Generally, these x-rays appear as a rather broad 
peak in the Nal crystal pulse-height spectrum which is 
centered around the K.; and Kq» energy of the element. 
At a proton energy of 3.7 Mev, the total intensity of 
these characteristic x-rays emitted from the target may 
be as much as 50 to 100 times as large as the intensity of 
the nuclear gamma rays. (In most electric excitation 
experiments it is indeed necessary to use selective 
absorbers to reduce the x-ray intensity relative to that 
of the nuclear gamma rays.*) 

The high resolution of the bent-quartz-crystal spec- 
trograph makes it possible to observe directly seven 
lines of the AK spectrum of the target element. The most 
intense lines are Kao, Kai, Kg3, and Ag, which arise 
from the transitions between the A shell and the Zn, 
Lin, Mu, and My shells, respectively. The doublet 
line, Age is also easily visible. This line corresponds to 
the transitions between the A and the Ny and Nin 
shells. Finally, two rather weak lines also appear on 
each plate. One of these is the transition between the K 
and the Oy and Oy shells, and the other is a line, 
usually called Ags, which corresponds to the quadrupole 
transition between the K and the Myy and My shells. 
Both of these weak lines are doublets, but the resolution 
of the bent crystal is not sufficient to separate the 
components. The most intense lines (Ka2, Kai, Kgs, and 
Kg) are easily visible in an exposure time of the order 
of 10 ma-hr since the atomic excitation cross sections in 
the region Z>60 are reasonably large.‘ The two weak 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t California Institute of Technology, Pasadena, California. 

t Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 

1 Chupp, Du Mond, Gordon, Jopson, and Mark, Phys. Rev. 112, 
518 (1958). 

2 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

’P. H. Stelson and F. K. McGowan, Phys. Rev. 105, 1346 
(1957). 

4 Lewis, Simmons, and Merzbacher, Phys. Rev. 91, 943 (1953). 


lines, Kgs and KOyOy1, have intensities between 10? 
and 10-* of the Ka; line, and hence exposures of the 
order of 100 ma-hr are necessary.® (For a detailed dis- 
cussion of the efficiency of the spectrograph and the 
exposure times necessary for measurements, see refer- 
ence 1.) 

It has already been pointed out that in the electric 
excitation experiments,! certain characteristic x-ray 
lines from each of the target elements were used for 
calibration purposes. In several cases it was found that 
certain lines, particularly Ag; and Kg; x-rays, in some of 
the rare earths seemed to give unsatisfactory results 
when the known® wavelengths for these lines were used 
for calibration. These discrepancies led to a careful 
examination of the previous measurements of the A- 
emission spectra in the rare earth region, and it was 
therefore decided to remeasure the intense K-series 
x-rays in the rare earth elements. In addition, the wave- 
lengths of the weak Kgs and KO; Oy transitions were 
also measured, since these have apparently never been 
directly observed as emission lines in the rare earth 
elements using the conventional method of excitation by 
electron bombardment in an x-ray tube. Weak emission 
lines in heavy elements are easy to observe, however, if 
protons are used for atomic excitation since the continu- 
ous Bremsstrahlung expected from high-energy protons 
is many orders of magnitude smaller’ than that pro- 
duced by electrons. 


Il. EXPERIMENTAL PROCEDURE 


The experimental methods used in this work have 
been described in reference 1. The weak transitions (Kg; 
and KO;Oi11) were observed on the same spectral plate 
which were used in reference 1 to record the nuclear 
gamma rays from electric excitation. The samarium K- 
series x-ray spectrum is shown in Fig. 1 with both of the 
weak lines clearly visible on the plate. The calibration 
lines used to determine the wavelengths of these x-rays 
are shown in Table I of reference 1. The strong lines 
(Kat, Kas, Kgs, and Ks:) were measured by recording 
the x-ray spectrum obtained from several different 
targets on the same spectral plate. Three such plates 
were made, each having three or four x-ray spectra 

5 P. A. Ross and F. Bloch, Phys. Rev. 47, 884 (1935). 


6 J. M. Cork and B. R. Stephenson, Phys. Rev. 27, 530 (1936). 
7S. D. Drell and K. Huang, Phys. Rev. 99, 686 (1955). 
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Fic. 1, K-series x-ray spectrum of samarium. This plate was exposed for 100 ma-hr. For a part of the exposure, the lower portion of 
the plate was shielded with a lead screen. The weak transitions (Kgs and KO11O111) are easily seen on the plate. 


along with the calibration lines from a tantalum source, 
discussed in reference 1. Since exposures of only 10 
ma-hr were necessary to record each spectrum, such 
plates could be made in reasonably short times. Figure 2 
shows the plate with the x-ray spectra of dysprosium, 
holmium, and erbium. The strong x-ray lines were 
recorded in this manner so that relative distance 
measurements could be made in case there were large 
discrepancies in the absolute wavelength measurements. 
The methods used to calculate the wavelengths \ and 
standard deviations o(\) of unknown lines are described 
in reference 1. 


III. RESULTS 


The wavelengths of all x-ray lines measured are shown 
in Table I. The wavelengths obtained in the present 
work are compared with wavelengths measured previ- 
ously by several workers. The large discrepancies be- 
tween the Kg; and Kg; wavelengths for certain elements 
given here and those given by Cork and Stephenson are 
not surprising. These authors state that the standard 
deviations of their measurements of the Kg; and Kg; 
lines are considerably larger than +0.05 x-units, and 
Ingelstam® has estimated that their standard deviations 
may exceed +0.1 x-unit. The dysprosium x-rays were 


8 E. Ingelstam, Nova Acta Regiae Soc. Sci. Upsaliensis 4, No. 5 
(1936). 


measured on two separate plates. The values obtained 
on the second plate are shown in parentheses in Table I. 
The good agreement between the two sets of numbers 
indicates the reliability of the method. 

Table II shows a comparison between the energies of 
the transitions measured and the energies of the corre- 
sponding transitions obtained from existing tables of 
atomic energy levels.’ These latter tables were obtained 
by combining the best available measurements of the K 
and Ly absorption edges with the best measurements of 
L-emission spectra.’ The comparison made here is 
between the levels obtained in this manner and our 
direct determinations of the transition energies by 
measurement of the corresponding wavelengths. The 
energies shown in Table II," column 3, were obtained 
from our wavelengths as given in Table I by the 
conversion formula : 


12372.44+0.16 


kev. (1) 
\(x-units) 


There is a slight systematic discrepancy between the 
energies given in reference 9 and those obtained from 
the present wavelength measurements. The present 
~ ®Y. Cauchois, J. phys. radium 16, 253 (1955); 13, 113 (1952). 

1 P, Sakellaraides, Compt. rend. 236, 1767 (1954). 

1 Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 
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TABLE I. The x-ray wavelengths of the rare earth elements are 
shown. The present values are compared with previous direct 
measurements of the wavelengths of these x-rays. 


Element 


Neodymium 


Samarium 


Gadolinium 


Terbium 


Dysprosium 


Holmium 


Erbium 


Thulium 


Ytterbium 


Lutetium 


* Reference 6. 
> Reference 8. 


A. Leide, Compt. rend. 180, 1203 (1925); and dissertation, 


(unpublished). 


KOnOunr 
Kaz 
Kai 
Kgs 
Kai 


Kgs 
KOvOn 


Kao 
Kai 
Kgz 
Kai 
Kas 
KOn011 


Ka2 
Kei 
Keg3 
Kai 
Kgs 


Kao 
Kai 
Kg3 
Kg 
Kgs 
KOn0ur 


Kaa 
Kai 
Kgs 
Kpgi 
Kas 
KOyOun 


Wavelength in 
Siegbahn x-units 


293. 45+0. 05— 
292.71+0.05 


273.20+0.04 
272.45+0.04 
270.56+0.02 
264.37 +0.02 


292.44+0.04 
287.75+0.04 
254.81+0.03 
254.07 +£0.03 
252.23+0.02 
246.36+0.02 


282.84+0.04 
278.14+0.04 
246.32+0.03 
245.57 +0.03 
238.09+0.02 


273.66+0.04 
(273.68-+0.04) 
268.94+0.03 
(268.97 4.0.03) 
238.11+0.02 
(238.14+0.02) 
237.38+0.02 
(237.40+0.02) 
235.69+0.02 
230.08+-0.02 


264.91 +0.03 
260.19+0.03 
230.35+0.02 
229.64+0.02 
228.08+0.02 
222.59+0.02 


256.55+0.03 
251.82+0.03 
222.95+0.02 
222.20+0.02 
220.79+0.02 
215.3740.02 


248.59+0.03 
243.79+0.03 
215.91+0.02 
215.11+0.02 
213.60+0.02 
208.48+0.02 


240.94+0.03 
236.16+0.03 
209.57 0.02 
208.55+0.02 
206.96+0.02 
201.84+0.02 


233.59+0.03 
228.81+0.03 
202.09+-0.02 
200.42+0.02 
195.48+06.02 


Previous measurements 
(x-units) 
293.518 293. 410> 
292.75" 292.683» 


273.25" 
272.50* 


292.61° 
287.82¢ 


292.41% 
287.73" 
254.718 
253.94 


282.86° 
278.20° 


282.948 
278.198 
246.298 
245.51* 
273.64" 273.75° 
268.87" 269.03¢ 
237.87* 


237.108 


264.99¢ 
260.30° 


256.72 
251.998 
223.00 
222.15® 


256.64° 
251.97¢ 


248.618 
243.87" 
215.58" 
214.87" 


240.998 
236.228 
209.16 
208.34* 


240.98¢ 
236.28° 
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TABLE II. The x-ray energies obtained from the wavelengths in 
Table I are compared with the transition energies computed from 
the tables given in reference 9. The weak lines (Kgs and KO110111) 
were identified by comparing their energies with all the possible 
transition energies which could be calculated from the level 
energies given in reference 9. The Kgs and KOjy1O111 lines are 


doublets but they cannot be resolved by the present method. 


Energy (kev) 
computed from 
reference 9 


42.159 
42.266 


45.293 
45.415 
45.727 
46.813 


42.284 
42.971 
48.522 
48.667 
48.996 (K— 
49.027 (K— 
50.190 


43.731 
44.468 
51.911 
52.094 
51.954 


Energy (in kev) com 
puted from wavelength 
Element measurements 


Neodymium 





42.1640.01 
42.27+0.01 


45.29+0.01 
45.41+0.01 
45.73+0.01 
46.80+0.01 


42.30+0.01 
43.00+0.01 
48.56+0.01 
48.70+0.01 
49.05+0.01 


Samarium 


(K—Mty) 


Gadolinium 


Myy) 
My) 
KO 011 50.22+0.01 
Kao 
Kai 
Kas 
Kai 
KOy0111 


Ka2 45.21+0.01 
Kai 46.00+0.01 
Kp3 51.96+0.01 
Kai 52.12+0.01 
Kgs 52.49+0.01 


43.74+0.01 
44.48+0.01 
51.96+0.01 
52.12+0.01 
$1.97+0.01 


Terbium 


45.189 
45.979 
51.911 
52.094 
52.436 (K— 
52.474 (K— 
53.743 


Dysprosium 


Mv) 
My) 
KO;,O011 53.77+0.01 
46.681 
47.526 
53.668 
53.849 
54.205 (K—Myy) 
54.245 (K—My) 


55.571 


46.70+0.01 
47.55+0.01 
53.71+0.01 
53.88+0.01 
54.25+0.01 


Kae 
Kai 
Kgs 
Kg 
Kgs 


Holmium 


KoOn0us 55.58+0.01 


Co 
_ 
Oo 
“n 


48.23+0.01 
49.13+0.01 
55.49+0.01 
55.6840.01 § 
56.04+0.01 56.005 (K— 
56.049 (K— 
57.425 


Kaz 
Kat 
Kg 
Kg 
Kgs 


Erbium 


£ 


“I 
~ 
am 


1 Cn ee 
oO 
S 


awn 


v4 
4 
- 


My v) 
My) 
KOn01u1 57.45+0.01 
49.77+0.01 
50.75+0.01 
57.30+0.01 
57.52+0.01 
57.92+0.01 


49.758 

50.725 

57.279 

57.484 

57.857 (K— Muy) 
2 (K—My) 


Kae 
Kai 
Kg3 
Kai 
Kgs 


Thulium 


KOn0i1 59.35+0.01 

51.35+0.01 

52.39+0.01 

59.04+0.01 

59.33+40.01 ’ 
50.78+0.01 7 (K- 


Ka2 
Kai 
Kg3 
Kgi 
Kgs 


Ytterbium 


Myy) 
—My ) 
61.30+0.01 


52.97+0.01 
54.07+0.01 
61.22+0.01 
61.73+0.01 


63.29+0.01 


KOO 


Kae 
Kai 
Kgz 
Kas 


KOn0u 


52.959 
54.063 
61.042 
61.667 (K— 
61.717 (K— 
63.279 


Lutetium 


My) 
My) 
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measurements are all of the order of 10-20 ev larger 
than those quoted from reference 9 in Table II. One 
reason for this discrepancy is that the conversion factor 
between wavelength (x-units) and energy used in 
reference 9 was apparently 12 370.48 instead of the one 
given in Eq. (1). This is essentially the conversion factor 
given by R. T. Birge in his 1942 evaluation of the 
constants,” and it has been long since superseded in 
later evaluations based on more accurate input data. 
This would account for roughly 10 ev of the observed 
discrepancy and would bring the energy values quoted 
in reference 9 into essential agreement with the present 
values within their quoted standard deviations. The 

"RR. T. Birge, Reports on Progress in Physics (Taylor and 
Francis, Ltd., London, 1942), Vol. VIII, p. 131. On this page 
Birge gives the conversion, (12 395.4+2.1)10-* cm abs. volt. 


Dividing this by 1.00203 to obtain the constant on the Siegbahn 
scale of x-units, one obtains 12 370.3-kev x-units. 
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TANTALUM Kot-RADIATION 
CALIBRATION 





WOLFRAM _Ke«-RADIATION 
CALIBRATION 





Ta (68 kev) 
= CALIBRATION 





LEr Kg; 222,200.02 (n,) 
“Er Kgs 222.95002(n,) 
“Ho Kg) 229.64:£002 (4) 
“Ho Kg3 230.35+0.02 (D,) 


Dy Ke, 237.38+002 (A,) 
—Dy Kgs 238.1002 (r,) 


Fic. 2. K-series x-ray spectra of Dy, Ho, and Er. This plate was made by exposing Dy, Ho, and Er targets for 10 ma-hr. The Kgs 
Kai, Kg3, and Kg, lines of each of the elements are visible on the plate. 


identification of the weak lines (K35 and KOyOr11) was 
made on the basis of the comparison shown in Table IT. 
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Effect on the Energy of Increased Flexibility in the Separable Factor of 
Hylleraas-Type Atomic Wave Functions from H~ to OVII*} 
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A number of wave functions of the form /(r;)f(r2)g(ri,ro,ri2) are applied to the two-electron systems 
from H~ to Ovi. Various analytic expressions for f and g are employed. The values of the various parameters 
in f and g are chosen to yield the minimum energy. The wave functions, the values of the parameters, and 
the minimum energies are tabulated. Twenty of the twenty-six functions tabulated are presented here for 
the first time. For five of the remaining six functions the values of the parameters and the energies have 
been recomputed. The energies obtained with these wave functions as well as with functions investigated 
by others are examined to ascertain what improvement in the energy results from considering other func 
tional forms for f(r) than the customary negative exponential. In the case of H-, it is clear that certain 
types of flexibility in f(r) can substantially improve the energies obtained with the simpler functions, 
For larger nuclear charge the improvement is definite but smaller 

The functions obtained are of interest in themselves. Several of them give the lowest energies for H~ so 
far found for various specific numbers of parameters. Beyond Lit, no simple wave functions involving the 
interelectron distance were previously available. 


INTRODUCTION electron systems. It seems best to undertake this 
examination before attempting to include the inter- 
electron distances in the treatment of more complex 
systems. 

The purpose of the present investigation is to ascer- 
tain what improvement can be obtained in the energies, 
and therefore by implication in the wave functions, of 
the ground states of the two-electron systems by the 
use of increased flexibility in the separable factor of 
Hylleraas-type wave functions, that is, in f(r) in func- 
tions of the type 


N recent years it has become apparent that if the 

accuracy of atomic wave functions is to be increased 
beyond the level represented by the self-consistent field 
with exchange and the superposition of a modest num- 
ber of configurations, it will be necessary to examine 
the possibilities offered by generalizing the concept of 
superposition of configurations and by including the 
interelectron, distances explicitly in the wave function.’ 
In connection with the second of these two lines, it is 
desirable to examine the advantages offered by various 
forms for the trial wave functions in the case of two- Y= f (ri) f(r2)g (11,7 2,712). (1) 


* This research was supported in part by a grant from the A by-product of this work has been a number of ground- 
National Science Foundation, in part by a contract from the state wave functions of various forms and for various 
Office of Naval Research, and in part by the U. S. Air Force ~~ ad : Sai er 
under a contract monitored by the Office of Scientific Research, atoms. [wenty new wave functions together with 
Air Research and Development Command. Both contracts were — several which have been investigated by other workers, 
administered by the University of Pennsylvania. | Fee A bine ote vaeee d be Table 3 

tA number of the calculations on which this research was yut are recomputed here, are presented in Lable 1. 
based were carried out at the Watson Scientific Computing 
Laboratory of the International Business Machines Corporation, TRIAL WAVE FUNCTIONS 
Columbia University, New York, New York. ; 

t Now at the Institute for Theoretical Physics, University of Four forms have been employed for the f functions 
Kiel, Kiel, Germany. aa 7) ‘ my. wy sects . 

§ Now at Mount Wilson and Palomar Observatories, Pasadena, in Eq. (1) and two for the g function, 
California. =e 

|| Now with Remington Rand, Inc., Philadelphia, Pennsylvania. LS (2a) 

** Now with General Electric, Cincinnati, Ohio. 

1D. R. Hartree, The Calculation of Atomic Structures (John e~2"(1+-dr’) (2b) 
Wiley and Sons, Inc., New York, 1957), Chap. 10; G. R. Taylor 
and R. G. Parr, Proc. Natl. Acad. Sci. U. S. 38, 154 (1952); e724 eka (2c) 
L. Biermann and E, Trefitz, in the Proceeding of the Rydberg 
Centennial Conference on Atomic Spectroscopy, Kgl. Fysiograt. 7 1 
Sillskap. Handl. 65, No. 21, 1 (1955); Trefftz, Schluter, Dettmar, - 
and Jorgens, Z. Astrophys. 44, 1 (1957); P. Léwdin and H. Shull, 
Phys. Rev. 101, 1730 (1956); S. F. Boys, Phil. Trans. (London) r 
A246, 463 (1954) and references therein; R. K. Nesbet and R. E. 
Watson, Phys. Rev. 110, 1073 (1958); L. C. Green, in Proceedings 1 
of the National Science Foundation Conference on Stellar Atmos- “fe O-8 Or g- OTN) (2d) 
pheres, Indiana University, 1954, M. H. Wrubel, editor; Green, r 
Chandler, and Rush, Phys. Rev. 104, 1593 (1956); Visbaraite, 

Shironas, Kavetskis, and Yutsis, Optika i Spektrosk. 1, 277 (1956); | 1+-ars (3A) 


{e Z(1—h/2Z r— g—Z I+h a)r) (2d) 





Vizbaraite, Kavetskis, and Yutsis, Optika i Spektrosk. 1, 282 
(1956) and earlier papers in Optika i Spektrosk. and Zhur. eksptl. 
i teoret. Fiz. U. S. S. R. by A. P. Yutsis and his collaborators. 


1+ario+8(ri—re)*. (3B) 
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Hereinafter a particular trial wave function of the form 
given in Eq. (1) will be said, for example, to be of 
type aB if y has the form, 


y= ec 271e-2"2{1+ar2t+B8(11—12)"}. 


Trial wave functions of the types aA and aB were 
employed quite early in the history of quantum me- 
chanics for H-, Het, and Li*.?* In the case of Het, 
a polynomial with six terms was also employed by 
Hylleraas for g.2 Later more complicated functions, 
including a g of ten terms, were used for H~.4~* 

More recently ground-state wave functions of very 
high accuracy have been obtained for a number of 
two-electron systems.*—” These functions have been of 
the type given in Eq. (1) where f is defined by Eq. (2a) 
and g contains from 9 to 39 terms. The particular 
interest of this last group of functions arises from the 
possibility which a comparison of the resulting energies 
with experimental values offers for testing the form 
assigned to the quantum electrodynamic correction 
terms, 

In the present work, the objective is different. The 
purpose is rather to find out how much the energy is 
improved by using for f(r) functions of greater flexi- 
bility than the simple exponential. To be able to 
measure the improvement, a number of functions of 
type aA and aB were computed. 

The next problem is to decide what analytic forms, 
other than the single exponential, to try for f(r). The 
forms given by Eqs. (2b) and (2c) were included 
because, when they have been employed in simple 
separable product-type wave functions, they have 
yielded functions and energies which are very similar 
to those obtained by the Hartree-Fock procedure.” 
For example, one may compute the integral of the 
square of the difference between the normalized 
Hartree-Fock numerical 1s functions and the functions 
given by Eqs. (2b) and (2c) where the parameters in 
these expressions have been chosen to yield the mini- 
mum energy when the wave function is of the simple 
product type. When the function defined by Eq. (2b) 
is employed, one finds for this integral 4X 10~* as the 
average value for four atoms. If Eq. (2c) is used, one 
obtains 3X 10~ as the average for the same four atoms. 
It therefore appears that f(r) as defined by either Eq. 
(2b) or Eq. (2c), and particularly the latter, has the 
flexibility to represent 1s wave functions effectively. 


2 E. A. Hylleraas, Z. Physik 54, 347 (1929). 

?H. Bethe, Z. Physik 57, 815 (1929). 

4R. E. Williamson, Astrophys. J. 96, 438 (1942). 

5 L. R. Henrich, Astrophys. J. 99, 59 (1943). 

6S. Chandrasekhar, Revs. Modern Phys. 16, 301 (1944). 

7 Chandrasekhar, Elbert, and Herzberg, Phys. Rev. 91, 1172 
(1953). 

8S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955). 
9H. M. Schwartz, Phys. Rev. 103, 110 (1956). 
1 E,. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 
 T. Kinoshita, Phys. Rev. 105, 1490 (1957). 
2 J. F. Hart and G. Herzberg, Phys. Rev. 106, 79 (1957). 
18 Green, Mulder, Lewis, and Woll, Phys. Rev. 93, 757 (1954). 


et al. 
It is interesting to note that work, which has been 
pursued concurrently with the present undertaking, 
has shown that for the case of Hel, the f(r) of Eqs. 
(2b) and (2c) can be even closer in form to the arbitrary 
numerical functions, f(r), which minimize the energy 
when the wave function is written in the form given 
by Eq. (1) with g(r1,r2,712) set equal to 1+arj2.4 The 
function defined by Eq. (2c) has been employed by 
Léwdin.® 

The form given by Eq. (2d) for the function, f(r), is 
the solution of the radial part of the Schrédinger 
equation for a single particle moving in the short-range 
force field which yields the potential energy term, 
2Zhe~*"/ (1—e~*”) .1® The Schrédinger equation with this 
potential energy term can be solved in closed form. 
This expression for the potential energy has the physi- 
cally correct behavior as a function of r for both large 
and small r. Furthermore the potential energy of an 
electron at a distance r from a neutral and unperturbed 
hydrogen atom in its ground state is 2e~°"(ry+1)/r. 
Since the expression first given and this latter expression 
are very similar in behavior, it appears that wave 
functions derived from the Schrédinger equation con- 
taining the first expression for the potential energy 
should be particularly suitable for the discussion of H-. 
This expression approaches zero as 2Z/r, and since for 
H- the approach should be as 2/r, it is reasonable to 
try the effectiveness of f(r) defined by Eq. (2d) with 
Z set equal to one. This simpler one parameter form of 
f(r) is listed separately in Eqs. (2) as Eq. (2d’). 


RESULTS 


Table I gives the values found for the energy when 
the various parameters in the trial wave functions are 
chosen by the minimum principle. Twenty of the 
twenty-six functions are presented here for the first 
time. For five of the remaining six functions the values 
of the parameters and energies have been recomputed. 
The first column of Table I gives a reference number 
for the particular atom and wave function. The second 
column contains the atom or ion to which the wave 
function is applied. The third and fourth columns give 
the functional forms for f and g, respectively. The next 
seven columns contain the values for the various 
parameters which give the lowest energy which was 
obtained. Some of these parameters may be given to 
more figures than are significant in view of the number 
of figures given in the energy. Since the value of the 
energy is at or near, the minimum, it is relatively 
insensitive to the precise values of the parameters. It 
seemed wiser to give the parameters to a number of 
figures which was clearly adequate than to spend the 
time necessary to establish in every case a range of 
variation in the energy for a range of variation in each 


4 To be published. 

15 P.O. Léwdin, Phys. Rev. 90, 120 (1953). 

16. Rosenfeld, Nuclear Forces (North-Holland Publishing 
Company, Amsterdam, 1948), Chap. 5. 
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TaBLE I. Values of the minimum energy and of the parameters yielding that energy for wave functions of the form 
¥=f(ri)f(r2)g(r1,72,712) for the two-electron systems from H~ to Ovu. Energies are given in units of Rhe where R is the Rydberg constant 
for the atom or ion concerned. 


Parameters in f Parameters in g 


¢ k n 8 


fe (-h/2)r —@~(th/2)r | 


ZU-h/2Z)r 0.9781 


1+arir 0.8257 


~U~h/2)r — ge th/2)r } 1+ariz 


ZU-h/2Z)r — @~Zth/2Z)r } 1 +arin 1.0713 


1.1295 
0.768 


1+ariu 
1 +ari2+8(ri —12)? 


oe” 2 +ce7 ker 


1 +ari2 +8 (ri —r2)*? 


ZU~A/2Z)¢ — g~EUFh/2Z)¢ } 0.8696 


1 +ari2+8(ri —r2)? 


e721 +e" ker 1 +ari2+8(ri —r2)? 0.8660 
1.8497 
2.0302 
1.571 
1.816 
1.720 


1 +aris 
1+ari: 
1 +ari2 
1 +ari2 +8(ri —r2)? 
1 +ari2 +8 (ri —12)? 


Hei e~2r 
Hel e~2r(1 +r?) 
Hel e727 +-ce-ber 
Hel e~2r 


Her e~ 21 +ce7ber 


1 +ari. 

1 +ari2 
1 +ariz +8(ri —r2)? 
1 +ari2 +8(r1 —12)? 


Lin e~2r 
Lin e721 -+ce ker 
Lin e2r 


Lin e~2r +ce-ker 


ear 


7 2r 4cen ker 


1 +ari2 +8 (ri —r2)? 
1 +ari2 +8(ri —r2)? 


Beil 
Bel 


1 +ari2 +8(ri —r2)? 
1 +ari2 +8(r1 —r2)® 


Biv e~ar 


Biv e720 -+ce-k2r 


1 +ari2 +8(r1 —r2)? 


1 +ari2 +8 (ri —r2)? 


26 ‘ 1 +ari2 +8 (ri —r)? 7.837 





0.4933 


0.4926 


0.5401 


0.2309 0.4444 0.5526 


0.31 0.12 


0.40 0.075 


0.7183 0.3569 0.0968 


0.5000 0.3746 0.1043 

Lowest computed value 
0.3658 
0.3477 
0.3507 
0.3287 


0.2971 


0.1368 

0.1122 

Experimental value 
0.3359 
0.3135 
0.3379 
0.2784 


0.44 
0.2084 
0.046 0.1456 
Experimental value 
0.3209 0.2449 
0.3111 0.1932 
Experimental value 
0.3114 0.2845 
0.3116 0.2904 
Experimental value 
0.3052 0.3273 
Experimental value 
0.3009 0.3693 
Experimental value 
0.2977 0.4133 


Experimental value 


* A function of this type was first computed by H. Bethe, Z. Physik 57, 815 (1929). 

> The quantities in this line have been computed from those given by H. Bethe, Z. Physik 57, 815 (1929). 

e E. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956). 

4 A function of this type was first computed by E. A. Hylleraas, Z. Physik 54, 347 (1929). 

¢ Except for Het, the experimental values of the ionization potentials are all taken from C. E. Moore, reference 17. The values of the various Rydberg 
— are taken from the same source. The ionization potential for He! was taken to be the unpublished value of Herzberg and Zbinden (quoted in 
reference 18). 


parameter. The last column of Table I contains the 
value of the energy expressed in units of Ric, where R 
is the Rydberg constant for the particular atom. 
Experimental values of the energies have been included 
in this column for comparison. In the case of H-, it 
seemed wise to give,the lowest calculated value of the 
energy rather than,the experimental value since no 
experimental value of high accuracy is available. The 


-0.97570 


0.97577 
~ 1.01756" 


— 1.03924 


04051 


.04097 
.0506* 


.0526 


— 1.05376 


—1.05464 
—1.05545¢ 
5.782244 
79595 
5.79613 
5.804864 
—5.80523 
—5.80756¢ 
—14.53631* 
—14.54769 
—14,.55606* 
—14.55626 
—14.5608 +0.0002¢ 
—27.30652 
—27.30666 
—27.3144 +0.0009¢ 
—44.05669 
—44.05682 
—44,.071 +0.002¢ 
—64.80687 
—64.834 +0.003¢ 
—89.55691 
—89.605 +0.005¢ 
—118.3070 
—118.387 +0.00S¢ 


lowest calculated value is that due to Hylleraas and 
Midtdal.” Except for Het, the experimental values of 
the ionization potentials as well as their uncertainties 
are all taken from Moore.'’ The values of the various 
Rydberg constants are taken from the same source. 

17C, E. Moore, Atomic Energy Levels, National Bureau of 


Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949). 
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The ionization potential for Her was taken as the 
unpublished value of Herzberg and Zbinden."® 

Most of the calculations on which Table I is based 
were carried out on the IBM-650 Magnetic Drum 
Calculator of the Watson Scientific Computing Labo- 
ratory of the International Business Machines Corpo- 
ration, Columbia University, New York, New York. 


DISCUSSION 


The first two wave functions in Table I have g set 
equal to one, that is, they are simple product type 
functions and do not contain any expression involving 
12. They are included here to show how effectively the 
calculated energies for H~ are lowered when f(r) is 
defined by Eqs. (2d) or (2d’). The energies obtained 
with these one and two parameter functions are the 
lowest which have been found for H~ with any simple 
product of radial functions, so far as the present au- 
thors are aware. These energies may be compared 
with the values —0.94531Ryhc, —0.96534Ryhc, and 
—0.97565Ryhc obtained when the f(r) in the simple 
product type wave function is defined by Eqs. (2a), 
(2b), and (2c), respectively.” 

If one adds the three wave functions mentioned at 
the end of the preceding paragraph to the ten functions 
for H™ listed in Table I, and considers simultaneously 
Williamson’s function, Henrich’s function, Chandra- 
sekhar’s two functions, the function of Hart and 
Herzberg, and the function of Hylleraas and Midtdal, 
one has in all nineteen functions for H~ with which to 
deal. One may divide these functions into four groups 
depending on whether g has zero, one, two, or more 
parameters. If attention is directed to the first three 
groups, it is found that f(r) defined by Eq. (2d’) is 
always more effective in lowering the energy than f(r) 
defined by Eq. (2a). Thus, mentioned above, 
function 1 gives a lower energy than f(r) defined by 
Eq. (2a) when these expressions are used in a simple 
product-type wave function. Functions 3 and 4 both 
contain two parameters, one in f and one in g, but 
function 4, with f(r) defined by Eq. (2d’) picks up 
57% of the difference in energy between function 3 and 
the lowest calculated energy, the value of Hylleraas 
and Midtdal. Similarly functions 7 and 8 both are 
three-parameter functions, with two of these parameters 
in g, but function 8 accounts for 41% of the difference 
in energy between function 7 and the lowest calculated 
value. 

As long as g has a fixed number of parameters, f(r) 
defined by Eq. (2d) must yield energies which are lower 
than, or equal to, the energies obtained from f(r) 
defined by Eq. (2d’) since the former function contains 
the latter as a special case. 

Turning to f(r) defined by Eq. (2c), one finds that 
as the number of parameters in g is zero, one, or two, 


as 


18 This value is quoted by S. Chandrasekhar and G. Herzberg, 
Phys. Rev. 98, 1050 (1955). 
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the energies obtained lie, respectively, 0.00012Ryhc 
above, 0.00046Ry/ic below, and 0.00088Ryhc below 
the energies yielded by f(r) defined by Eq. (2d). 

Next one may consider the H~ wave functions 
according to the total number of parameters which they 
contain. As mentioned above, function 1 is the best one 
parameter function known for H~-. Function 4 is the 
best two-parameter function. Function 8 is the best 
three-parameter function. It gives an energy lower by 
0.0006Ryhe than Chandrasekhar’s three-parameter 
function which consists of a symmetrized exponential 
and a linear factor in rj2,!° and Chandrasekhar’s function 
in turn gives an energy lower by 0.0012Ryhc than 
Bethe’s function, function 7 in Table I. Function 9, a 
four parameter form with f(r) defined by Eq. (2d), 
picks up 88% of the difference between the lowest 
calculated value of the energy and the value obtained 
from function 6, which is the only other four-parameter 
function in the group of nineteen considered. Indeed 
function 9 gives an energy 0.00084Ry/hc below William- 
son’s six-parameter function‘ and only 0,00005Ruhc 
above Chandrasekhar’s seven-parameter one.® Function 
10 with five parameters gives a lower value of the 
energy than Chandrasekhar’s seven-parameter func- 
tion® and picks up 63% of the difference between this 
function and Henrich’s eleven-parameter function.® 
The latter function yields —1.05512Ry/c. Hart and 
Herzberg with twenty parameters have obtained an 
energy lower than Henrich’s by 0.00017 Ryhc.” Finally, 
lowest of all, is the value of Hylleraas and Midtdal 
obtained with twenty-four parameters. 

If attention is now turned to H~, Her, and Lin, it 
appears that with only two exceptions among the 
functions which are considered here, the energy is 
lowered more by the addition to g of ari. and then 
B(r,—r2)? than by increasing the number of different 
parameters in the purely radial factor which multiplies 
g. The two exceptions to this rule occur in the case 
of H~ for Chandrasekhar’s symmetrized exponential, 
which lies somewhat outside the domain of the other 
radial factors considered here since it cannot be written 
in the form f(r) f(r2). Even for the symmetrized 
exponential, the rule breaks down only when this 
function is compared with the radial factor in which 
f(r) is defined by Eq. (2a) and even then only for 
H~ and not for Het or Lin.” 

In the case of H~, once g contains the two parameters 
mentioned above, further improvement in the energy 
is obtained most rapidly by adding to f(r) first a second 
and then a third parameter such as to give it suitable 
flexibility. For the other atoms in Table I, flexibility in 
f is less important. As would be expected, with in- 
creasing dominance of the nuclear charge, the wave 
functions become more hydrogenic, and flexibility in 
f(r) becomes increasingly less important as the nuclear 


19S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 
*” Green, Lewis, Mulder, Wyeth, and Woll, Phys. Rev. 93, 273 
(1954). 
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. charge increases. Indeed the improvement in the energy 
for Ber and Brv is roughly only 0.0001Rhc when f(r) 
is defined by Eq. (2c) instead of Eq. (2a). The compu- 
tations with the more complicated function have there- 
fore been omitted for the last three elements in Table I. 
The difference in oa 
elements to increased flexibility in f(r) is illustrated in 


response and the heavier 
the case of H~ and Her by the comparison of functions 
10 and 15 with the corresponding six-parameter func- 
tions in which f(r) is defined by Eq. (2a). For H-, 
function 10 gives an energy 0.00172Ryhe lower than 
the six-parameter function; but for Het, function 15 
yields an energy 0.00125Ry,4c above the value obtained 
with six parameters. 

The more general case than that discussed in the 
present paper in which /(r) is taken to be the arbitrary 
function giving the lowest energy has been investigated 


in the case of H~ by Conwell” and in the case of Hel by 


Baber and Hassé.” The energy obtained by Conwell is 
not as low as that given by function 4 in Table I. The 
reason for this high result would appear to be that only 
one iteration was performed. The case of Hel has been 
recomputed by several of the present authors for f(r) 
arbitrary and for g(rj2) arbitrary.’! The accuracy of the 
early calculations of Baber and Hassé would appear 
to be somewhat less than they supposed. 

Finally it is interesting to note also that in the case of 
function 13, f(r) defined by Eq. (2c) is known to have 
the flexibility to represent the best arbitrary function 
with a root-mean-square difference of only 4 parts in 
105.4 


21 E. Conwell, Phys. Rev. 74, 277 (1948). 
2 T. D. H. Baber and H. R. Hassé, Proc. Cambridge Phil. Soc. 
33, 253 (1937). 
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SUMMARY 


Table I contains a number of wave functions of the 
form given by Eqs. (1), (2), and (3) which have been 
applied to the two-electron systems from H~ to Ovi. 
Included in the table are the values of the parameters 
which minimize the energy obtained from these func- 
tions. The minimum energy itself is also given. Twenty 
of the functions in Table I are new, and for five others 
the values of the parameters and energies have been 
recomputed. Functions 1, 4, 8, 9, and 10 for H-, all of 
which are presented here for the first time, are of 
special interest since they yield the lowest energies so 
far obtained for one-, two-, three-, four-, and five- 
parameter wave functions, respectively. 

In the case of H-, it is clear that the type of flexibility 
represented by Eqs. (2d’), (2d) and (2c) can sub- 
stantially improve the energies obtained with the 
simpler functions. For larger nuclear charge, increases 
in the flexibility of f(r) beyond the simple exponential, 
which has been customarily employed, yields definite 
improvements in the energy but smaller than for H-. 

In the case of H-, Het, and Litt, it appears that, 
with the partial exception of Chandrasekhar’s sym- 
metrized exponential in the case of H-, the energy is 
lowered more by the addition to g of the terms ari. 
and 8(ri—r2)? than by increasing the number of 
different parameters in f(r). 

For the ions from Bem to Ovn, where until now no 
simple wave functions involving the interelectron 
distance were available, Table I gives the values of the 
parameters for seven functions. 
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A millimicrosecond time-of-flight technique has been applied to a study of the scattering of 2.2-Mev 
neutrons from targets of Fe, Pb**, and Y. The 3-Mev phase-focused proton beam from the BNL 18-inch 
cyclotron was used to produce high-intensity neutron pulses in the T(p,m)He’ reaction. The angular dis 
tributions of the elastically scattered neutrons have been measured for the above targets. The angular 
distributions of the inelastically scattered neutrons from the 0.845-Mev level in Fe®* and from the 0.803-Mev 
level in Pb have been carefully studied, and were found to be symmetric about 0..m.=90°. The angular 
distributions of the inelastically scattered neutrons from levels at 1.34 and 1.43 Mev in Pb™ and from levels 
at 0.913 and 1.53 Mev in Y have been measured, and also appear to be symmetric about @¢.m.=90°. The 
inelastic scattering from Pb** shows evidence for a new level at 1.15 Mev. 





INTRODUCTION 


T has been well recognized that the study of inelastic 
neutron scattering should be a powerful tool in 

nuclear physics, but it has only very slowly developed." 
The obvious problems of efficient neutron detection 
with good energy resolution have been very difficult to 
solve. Extension of the time-of-flight techniques, which 
have been so important in low-energy neutron physics, 
has only recently been possible to a limited degree. 
This paper is concerned with an effort to improve 
further the results which can be achieved with these 
techniques. Inelastic scattering experiments are inter- 
esting from at least two points of view. In the first 
place, such experiments provide a means for observing 
nuclear energy levels which may be difficult to observe 
with other techniques. Identification of excited levels 
in nuclei by observation of the resulting gamma-ray 
emissions has been stressed because of the simplicity 
of gamma-ray detection relative to neutron detection. 
Secondly, neutron scattering data provide additional 
insight into the currently active and interesting study 
of the mechanisms of nuclear reactions. For these latter 
studies, measurement of the angular distribution of the 
inelastically scattered neutrons has been particularly 
important. 

A number of models for the various aspects of the 
interaction of neutrons with nuclei have recently been 
under discussion. Since the breakdown of the “black 
nucleus” model? and the advent of the optical model,’ 
numerous refinements have been proposed to extend 
the understanding of these reactions to greater detail. 
In particular, the importance of “direct interactions” 


* Work performed under the auspices of the U.S. Atomic 
Energy Commission. 
+ Present address: National Bureau of Standards, Washington, 
D.C. 

1A comprehensive review of the work on inelastic neutron 
scattering is given by J. M. Freeman, Progress in Nuclear Physics, 
edited by O. R. Frisch (Pergamon Press, Inc., London and New 
York, 1956), Vol. 5, p. 37. 

2 H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

’ Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


has been discussed‘ relative to reactions proceeding by 
the formation of a compound nucleus. Compound- 
nucleus reactions, provided the so-called statistical 
assumption is fulfilled, must yield angular distributions 
which are symmetric agout 90 degrees in the center-of- 
mass system.® Predictions concerning the angular dis- 
tributions following non-compound-nucleus reactions 
seem to be dependent upon the model under consid- 
eration. In general, however, the angular distributions 
are not expected to be symmetric, ‘forward peaking” 
being a common result of theoretical considerations. 
The relative importance of these two types of reaction 
mechanisms has been unclear. Rosen and Stewart® have 
observed that even at 14 Mev, the angular distribution 
of inelastically scattered neutrons has only a relatively 
small cross section corresponding to strong forward 
peaking. Only a limited number of measurements have 
been made in the lower energy region where individual 
levels can be studied. Such measurements are still very 
difficult to perform in a manner which allows one to be 
confident that the assumptions of any particular model 
are satisfied. The models have tended to be specific and 
have been applied in the region of atomic masses in 
which scattering measurements are only beginning to 
be possible. Cranberg and Levin’ have measured the 
angular distributions for the scattering of 2.4-Mev 
neutrons from a selected group of medium weight 
nuclei and they have found that the inelastic scattering 
is approximately isotropic. The origin of the slight 
asymmetry they observed was difficult to establish. 
Because they believe that the statistical assumption of 
the Hauser-Fechbach® model is not fulfilled in their 
experiments, they attribute the observed asymmetry to 
incomplete cancellation of interference terms. Muehl- 


4S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) 
A68, 656 (1955); D. M. Brink, Proc. Phys. Soc. (London) A68, 
994 (1955); J. R. Lamarsh and H. Feshbach, Phys. Rev. 104, 
1633 (1956); Chase, Wilets, and Edmonds, Phys. Rev. 110, 1080 
(1958). 

5L. Wolfenstein, Phys. Rev. 82, 690 (1951); W. Hauser and 
H. Feshbach, Phys. Rev. 87, 366 (1952). 

6 L. Rosen and L. Stewart, Phys. Rev. 107, 824 (1957). 

7L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 
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hause ef al.’ have studied the scattering from Fe at a 
series of neutron energies near 1.6 Mev to examine the 
angular distributions for asymmetries. Their results 
show only slight forward peaking whose origin is also 
uncertain. Naggiar ef al.° have made measurements at 
the same neutron energies with a different experimental 
technique and conclude that asymmetries are indeed 
observed which they attribute to inteferences of 
opposite-parity levels of the compound nucleus. 
Cranberg and Levin" have recently reported results 
for the very interesting case of U*’, a nucleus known to 
be nonspherical, and known to show rotational-level 
spectra. Calculations of the direct excitation of rota- 
tional modes of nonspherical nuclei yield appreciable 
cross sections at quite low energies. The highest energy, 
at which they could measure the angular distribution 
of neutrons leading to the first excited state of 44 kev, 
was only 500 kev. At this energy they see an asymmetry 
which is even greater than that predicted by the calcu- 
lations of Chase, Wilets, and Edmonds‘ for a model in 
which direct excitation of rotational levels is incor- 
porated explicitly. 

In view of these interesting aspects of inelastic 
neutron scattering, an attempt has been made to 
improve the precision with which these measurements 
can be made. The experimental arrangement is an 
extension of the time-of-flight technique used by 
Muehlhause ef al.’ in which the proton beam of the 
small cyclotron at BNL was used to produce neutron 
pulses from a tritium target. The strong phase-focusing 
of the protons accelerated to 3 Mev in this cyclotron 
and the high average current available at the tritium 
target result in short, high-intensity pulses of 2.2-Mev 
neutrons in the forward direction. By incorporating a 
new and improved shield for the neutron detector and 
by adding multichannel detection to the apparatus, 
significant improvements were achieved both in the 
ratio of the scattered neutrons to background and in 
the counting statistics. The many possibilities for 
systematic errors in this type of measurement were 
thoroughly examined and the sources of possible error 
were eliminated or minimized sufficiently to permit 
relative angular distribution measurements to be made 
to a few percent or better. 

It was decided to apply the improved technique to 
a precise measurement of the inelastic scattering from 
Fe which has been studied frequently on the basis of 
total as well as inelastic cross section and which has an 
isolated first excited state of large cross section for 
neutron scattering. The energy of this excited state is 
sufficiently high to permit adequate separation of the 
scattered neutrons by time of flight with a detector-to- 
scatterer distance which is short enough to achieve the 


§’ Muehlhause, Bloom, Wegner, and Glasoe, Phys. Rev. 103, 
720 (1956). 

® Naggiar, Phillips, Roclawski-Conjeaud, and Szteinsznaider, 
Compt. rend. 245, 668 (1957). 

L, Cranberg and J. S, Levin, Phys, Rev. 109, 2063 (1958). 
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desired accuracy. Unfortunately, none of the present 
direct-interaction models have been applied to Fe. 

A study was also made of the inelastic scattering of 
neutrons from Pb*®, since the excitation function" for 
the first excited state does not seem to be fitted well!” 
by a calculation of the Hauser-Feshbach type. The 
Pb** nucleus is also of interest since detailed theoretical 
calculations have been reported to explain its level 
structure on the basis of the independent-particle 
model. With the better resolution and lower background 
conditions available, a search was made for inelastically 
scattered neutrons corresponding to energy levels in 
Pb which are predicted by the calculations but which 
have not been previously observed. 

Yttrium was studied because of the interest to 
reactor engineers of the scattering of neutrons in the 
Mev energy range and also in order to search for an 
excited state, intermediate to two well-known states, 
previously reported'* but unconfirmed. 


EXPERIMENTAL DETAILS 


The 18-inch cyclotron at BNL has been used to 
exploit the natural phase focusing of the charged par- 
ticles accelerated in a fixed-frequency cyclotron. It has 
been known for some time that beam bunches in a 
cyclotron can be as small as to occupy only 3 or 4% of 
the period of the rf accelerating voltage on the dees. 
For protons accelerated to 3 Mev with a radio-fre- 
quency voltage of 20 Mc/sec, the pulses at a target 
were 1.5 musec in duration with a repetition period 
of 50 musec. The advantage of the cyclotron comes 
from the high average current of protons attainable; 
in this case in excess of 100 ua could be focused onto a 
2-inch diameter spot on a water-cooled target. The 
energy spread in the proton beam was ~1% and the 
energy stability over limited periods of time was 
0.5%. 

With the high neutron flux available from bombard- 
ing 100-kev zirconium-tritium targets, the detection of 
neutrons scattered from small samples became feasible 
provided the detector could be adequately shielded 
from the neutrons coming directly from the target. 
Careful consideration was given to the design of the 
detector shield in order to have the neutron detector 
as close to the scatterer as possible, consistent with 
adequate time separation of the neutron groups. The 
shield design is shown schematically in Fig. 1. With this 
shield, the shortest detector-to-scatterer distance which 
could be used was ~90 cm. The shield consisted of a 
cylinder and nose cone filled with a LiF-paraffin 
mixture (about 2 to 1 by weight). The shield was 
provided with a conical hole only large enough to 


1 R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954). 


2H. Feshbach, Brookhaven 
BNL-331 (unpublished), p. 63. 

3D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954); W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958). 

4 C, P, Swann and F, R. Metzger, Phys. Rev. 100, 1329 (1955), 
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Fic. 1. Schematic diagram of the experimental apparatus. 


permit the detector to see a scatterer in the form of a 
sphere 1 inch in diameter. A cylinder of Pb surrounded 
the detector to provide y-ray shielding. In order to 
provide extra shielding from neutrons and gamma rays 
coming directly from the target, it was found necessary 
to insert shaped “bricks” of Heavimet (90% W, 6% 
Ni, 4% Cu) and a shaped slab of paraffin in the nose 
cone in the target-scatterer-detector plane. No com- 
bination of Pb and paraffin in the available space was 
as effective as the Heavimet. The minimum target-to- 
scatterer distance, which would permit rotation of the 
shield to an angle of 25° from the direct beam, was 
found to be 7 cm. In the case of Fe, the ratio of the 
inelastically scattered neutrons to the background, 
with this configuration, was at least 12 to 1, an im- 
provement of about a factor of 3 over previous results. 

A plastic scintillator, 1 inch thick by 13-inch diam- 
eter, and an RCA 6342 photomultiplier used in con- 
junction with fast electronic circuits provided adequate 
detection efficiency to study neutrons with energies 
down to a few hundred kev. A radio-frequency signal 
obtained from the cyclotron oscillator was used as the 
reference to determine the relative times of arrival of 
neutrons at the detector. The time spectrum was trans- 
formed to a pulse-height spectrum by means of a 
special time-to-pulse-height converter. Since the cyclo- 
tron radio-frequency period was only 50 mysec, con- 
ventional converter circuits were impractical with 
existing electronic circuit components because the 
minimum time required to make short pips out of the 


rf sine wave was too large a fraction of the available 
rf period. The converter circuit devised by Chase and 
Higinbotham" at BNL circumvented this difficulty by 
utilizing a so-called rf vernier technique. In this 
scheme, a pulse from the anode of the 6342 is amplified 
by two Hewlett-Packard distributed amplifiers. This 
pulse shock excites a high-O LC tank circuit, which is 
tuned to a frequency about 200 kc/sec different from 
the cyclotron radio-frequency. The phase of the dif- 
ference-frequency beat note between these two rf 
signals is the same as the instantaneous phase dif- 
ference between the two signals. Since the rf signal 
generated by the tank circuit always starts at a standard 
phase, the time interval between the arrival of the 
detected neutron pulse and the zero of the beat note 
can be transformed into a voltage pulse proportional 
to this time by the conventional linear charging of a 
condenser. Thus the 5-usec period of the beat note is 
the time interval available in which to perform the 
time-to-height conversion instead of the much shorter 
50 mysec period of the cyclotron rf; hence, the term 
rf vernier has been applied to this method. With the 
use of this converter circuit about 95% of the full rf 
period was made usable for time-to-pulse-height 
display. A second pulse, taken from the last dynode of 
the 6342, was amplified linearly and passed through a 
differential pulse-height discriminator. The output from 
this discriminator controlled a coincidence gate between 


16 R. L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 28, 448 
(1957). 
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the output of the time-to-pulse-height converter and 
the input to a multichannel pulse-height analyzer, in 
this case a 100-channel instrument utilizing a quartz 
delay-line memory circuit. The bias settings in the 
discriminator control the relative efficiency of the 
detector for neutrons of different energy. The maximum 
pulse height was determined by the actual beat-note 
period in the converter. 

Figure 2 shows a typical plot of the pulse-height 
spectrum from the converter as recorded on the 
100-channel analyzer. This plot shows the neutron 
scattering from Fe at 90° with a primary neutron 
energy of 2.2 Mev. Time increases with decreasing 
channel number; in this case 70 channels correspond 
to 50 musec. The gamma rays associated with the 
inelastic neutron scattering, which arrived at the 
detector 3.1 myusec after a primary neutron struck the 
scatterer, appear as the peak marked y. Neutrons 
scattered elastically reach the detector slightly less than 
one rf period later than the gamma rays and appear 
as the peak n. The inelastically scattered neutrons cor- 
responding to excitation of the 845-kev level!® in Fe*® 
arrived at the detector slightly more than one rf 
period later than the gamma rays and appear as the 
peak n’. 

The detection system was periodically checked for 
linearity of time response by observing the time 
spectrum produced by the random pulses from a radio- 
active source such as Co®. Time-uncorrelated back- 
ground appeared as a flat spectrum on the multichannel 
analyzer. At the forward angles, direct neutrons began 
to penetrate the shield and a peak developed in the 
background spectrum, as can be seen in Fig. 3. This 
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Fic. 2. The pulse-height spectrum from the time-to-pulse- 
height converter for neutron scattering from Fe at 90° for a 
primary energy of 2.2 Mev. Time increases with decreasing channel 
number. The elastically scattered neutron group n, the inelasti- 
cally scattered neutron group n’, and the y-ray group are indicated. 
The lower curve is the background with the scatterer removed. 
The flight distance was 93 cm. 


16 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and vanLieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washing- 
ton, D. C., 1955). 
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F1G. 3. The time spectrum for the scattering from Fe at @=45°. 
The lower curve is the background with the scatterer removed, 
showing the peak which results from the neutrons coming directly 
from the target. 


effect set the limit to the minimum angle at which 
satisfactory observations could be made. The scattering 
samples were suspended in position in front of the Zr-T 
target by a thin wire, and the background was observed 
by simply removing the sample from the direct neutron 
beam. There was a possible source of error which might 
result from a difference in the background with the 
sample in and with the sample out, i.e., a contribution 
to the background which may be caused by those 
neutrons back-scattered from the shield striking the 
scatterer and then being scattered into the detector. 
This effect would be greatest in the forward hemisphere 
due to the anisotropy of the primary neutron flux from 
the tritium reaction. Care was taken to observe the 
spectrum in the region away from a peak to make 
certain that it corresponded to the background spectrum 
with the sample out, as can be seen in Fig. 2. 

No serious attempt was made to measure accurately 
the energy of the elastic and inelastic neutron groups 
from Fe, since these are easily calculable from the 
measured primary neutron energy and the well-known 
energy of the excited state. This, of course, does not 
apply for a newly observed level in Pb*’*®. A description 
of the procedure used to measure the energies of the 
scattered neutrons with this system is given in the 
following paper.!” 

Counting-rate losses in the 100-channel analyzer 
were not negligible so that it was necessary to correct 
all spectra by an amount depending on the total number 
of counts recorded in a given time. The magnitude of 
this correction was dependent upon the angle of obser- 
vation because of the anisotropy of the elastic scattering 
(see Fig. 2 and Fig. 3). By adjusting the proton current 
to the tritium target the correction was kept to a value 
<15% and the runs were kept short to assure maximum 
beam stability. The dead time of the recording system 
was accurately known and the correction could be 


17 Elwyn, Landon, Oleksa, and Glasoe, following paper [Phys. 


Rev. 112, 1200 (1958). 
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made with confidence. The reproducibility of separate 
runs was the criterion for establishing errors since the 
uncertainties due to counting statistics were generally 
small. 

All data were normalized to a monitor of the primary 
neutron flux. Special consideration was given to the 
problem of monitoring to the precision desired for these 
experiments. Because of the uncertainty in the uni- 
formity of the Zr-T target, the beam focusing conditions 
might alter the neutron yield and, therefore, beam- 
current integration was not used. A type of long 
counter, i.e., a BF; counter surrounded by a paraffin 
moderator, was chosen because of the long-term 
stability of such a counter. Care was taken that the 
monitor response was not affected by a varying amount 
of back-scattering as the shield was moved from one 
angle to another. This would have been another source 
of systematic error, since the shield was moved in a 
primary flux which is anisotropic in intensity and 
energy. The long-counter response was checked against 
a plastic scintillator used as a fast-neutron detector. 
The plastic scintillator was placed near the direct beam 
of highest neutron energy and pulse-height discrimi- 
nation was used to select only the highest-energy 
pulses. This discrimination was differential in order to 
minimize the changes which would result from variations 
in gain of the photomultipler. A comparison of the two 
monitors was made at all angular positions of the shield 
and the agreement between the monitors was better 
than 1%. 

The spread in energy of the neutrons incident on 
the scatterer came from three sources: the proton 
energy spread, the Zr thickness, and the angular spread 
of the beam intercepted by the scatterer. When it was 
desired to average over many levels in the compound 
nucleus of the scatterer, a thick target was used, and 
when maximum resolution of the inelastic scattering 
levels was desired, a thin target was used. The over-all 
neutron energy spread for the thick target was approxi- 
mately 120 kev. The number of compound-nucleus 
levels over which averaging must take place for Fe is 
somewhat uncertain, but the level spacing observed in 
total cross section measurements" is probably less than 
5 kev. The thin target gave an over-all neutron energy 
spread of about 40 kev. 

Since the emphasis in this research has been to make 
a precise determination of the shape of the angular 
distribution of inelastically scattered neutrons, a serious 
effort was not made to measure absolute cross sections. 
The scatterer size (1-inch diameter sphere) was chosen 
to give reasonably high counting rates, even though 
this meant using an Fe sample whose average trans- 
mission was ~70%. Multiple scattering was, therefore, 
not negligible. The effect of multiple scattering is to 
decrease the observed anisotropy in the angular dis- 


18 L. Cranberg, Oak Ridge National Laboratory Report ORNL- 
2309 (unpublished), p. 148. 
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tributions, and to increase the number of inelastically 
scattered neutrons. Since the angular distribution of 
inelastic neutrons is known to be nearly isotropic, the 
distortion due to multiple scattering is very small. The 
observed cross section will be too large, however. 
Separate experiments were performed using 34-inch 
diameter spheres for scatterers to test both of these 
effects. The elastic scattering at 45° and at 90° were 
measured for each of the two scatterers. The scattering 
data were normalized at 90° for the two sample sizes 
and the scattering cross section at 45° was observed to 
be 8% higher for the small sphere than for the large 
sphere. Further, a measureni”. of the ratio of the 
neutrons scattered elastically to .hose scattered inelas- 
tically for the two samples did not show a measurable 
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the indicated settings of the base-bias B and the channel-width 
C of the differential pulse-height discriminator. 


increase in the ratio for the smaller scatterer. Correc- 
tions for multiple scattering have not been applied to 
the data. 

All cross section measurements were made relative 
to Fe. The sum of the integrals under the angular dis- 
tribution curves for the elastically and the inelastically 
scattered neutrons from Fe was adjusted to be equal 
to the measured total cross section in order to obtain 
the partial cross sections. The weak excitation of a 
level of 2.08 Mev was neglected as being too small 
to affect the precision of these cross section measure- 
ments. The total cross section used for these calcu- 
lations was measured utilizing the identical experi- 
mental conditions of neutron energy and energy 
spread as for the scattering measurements. An extra- 
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polation of the differential elastic scattering to small 
angles was required, and this limited the accuracy of 
these measurements. The predictions of the optical 
model as calculated by Beyster, Walt, and Salmi’® were 
used to assist in making this extrapolation. 

In making comparisons of the scattering from Fe, 
Pb, and Y, corrections were applied for the different 
attenuation of the neutron beam in the three samples. 
This was necessary since the sample dimensions were 
the same, but the number of atoms and the total cross 
sections were different. It was also necessary to correct 
for different detector sensitivity for the elastically and 
the inelastically scattered neutrons. The relative sensi- 
tivity of the detector over the range of energies per- 
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Fic. 5. The angular distribution of the neutrons elastically 

scattered from Fe at 2.2 Mev in center-of-mass coordinates. The 


extrapolation of the experimental curve is shown dotted. Cor- 
rections have not been made for multiple scattering. 


tinent to these experiments was measured in a standard 
way. The yield of the T(p,2)He® reaction was measured 
as a function of angle to the proton beam. This 
measured yield was compared with the known™ angular 
distribution for this reaction to derive the relative sen- 
sitivity of the detector. This procedure was repeated 
for several settings of the biases in the differential 
pulse-height discriminator which was associated with 
the gate circuit described above. The relative sensi- 
tivity depends upon these biases, as shown in Fig. 4. 


1 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 
*” J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 
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Fic. 6. The angular distribution of the neutrons inelastically 
scattered from the 0.845-Mev level in Fe. The straight line drawn 
is a least-squares fit to the data. 


RESULTS 


The results of the measurements on Fe are shown 
plotted as differential scattering cross section. All data 
were corrected for differences in center-of-mass and 
laboratory solid angles and are presented in center-of- 
mass coordinates. The elastic scattering in Fig. 5 shows 
the strong forward peaking previously observed’ at 
this energy. No attempt has been made to analyze 
these data in view of the results already reported"® by 
Beyster, Walt, and Salmi. As previously stated, mul- 
tiple-scattering corrections would increase the forward 
peaking and increase the integrated cross section 
slightly at the expense of the integrated cross section 
for inelastic scattering. 
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Fic. 7. The angular distribution of 2.2-Mev neutrons elastically 
scattered from lead which is enriched to 88% Pb™, 
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TABLE I. Measured cross sections for neutron scattering at 
2.2 Mev. The values for Fe enclosed in parentheses are derived 
from the measured value of o;. The values of o, and o; for Pb 
and Y were measured relative to those for Fe. All cross sections 
are for the element, with no correction applied for isotopic 
abundance. 


Ce 


cw oF 
10-% cm? 10°-*% cm? 


Ce 
Element 10-* cm? 


~ Fe (1.94) 
Pb* 4.68 
: 3.65 


ot 
10°* cm? 


~3.05-40.2 
6.3 +0.3 
4.4 +0.2 


(1.11 ) 
0.86 
0.43 


(3.05) 
5.54> 
4.08 


* Radiogenic Pb(88% Pb®*). 
>» Approximately 0.4 X10-% cm? should be added for unobserved levels 


The angular distribution of the inelastic scattering 
from Fe is shown in Fig. 6. The distribution is nearly 
isotropic over the angular range it was possible to 
cover. A least squares fit of the data to a straight line 
indicates appreciably less asymmetry than has been 
previously observed at energies in the vicinity of 2 Mev. 
The integrated cross section appearing in Table I, 
which has not been corrected for multiple scattering, 
is slightly larger than previous values. 

To observe the effect of a slight change in the neutron 
energy and, what is perhaps more significant, to observe 
the effect of a decrease in the spread of neutron energy, 
the thin Zr-T target was used as a neutron source. The 
measurements using the thin target indicate near- 
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Fic. 8. The angular distributions of neutrons inelastically scat- 
tered from three levels in lead which is enriched to 88% Pb™®, 
The elemental cross section is plotted, with no correction being 
made for isotopic abundance. 
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isotropy, although the precision of the results was 
somewhat lower. These data suggest, therefore, that an 
adequately large number of levels were being excited 
in the compound nucleus to justify the statistical 
assumption of the ‘“‘compound nucleus model.” 

The results for a sample of radiogenic lead with 88% 
Pb** are shown in Fig. 7 and Fig. 8. The elastic scat- 
tering again shows a strong forward peaking and the 
shape compares well with measurements’ on Bi at a 
similar energy. The inelastic scattering corresponding 
to excitation of the 0.803-Mev level!® was measured 
carefully and shows the angular distribution to be very 
nearly symmetric although not isotropic. A calculation 
of the angular distribution was made for the purpose 
of studying what might be reasonable extrapolation to 
small angles. This calculation was made assuming both 
the “strong interaction” and “cloudy crystal ball”’ 
model penetrabilities, using the Hauser-Feshbach® for- 
mulation. No attempt was made to adjust parameters 
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Fic. 9. The time spectrum for neutron scattering from lead at 
6=90°. The elastically scattered neutrons and the y-ray groups 
are unresolved. Group m,’ corresponds to the 0.803-Mev level; 
n;’ and n,’ correspond to levels at 1.34 Mev and 1.43 Mev, 
respectively ; m2’ corresponds to a new level at 1.15 Mev. 


since only an approximate shape was desired. The total 
inelastic cross sections to each of the several possible 
levels in Pb**, which can be excited by 2.2-Mev 
neutrons, were calculated to estimate the inelastic 
scattering to unobservable levels. An approximate 
check of the normalization of the cross sections to Fe 
was made by comparing the measured total cross 
section to the sum of the integrated partial elastic and 
inelastic cross sections, correcting for the small yield 
to the unobservable levels. This comparison is made in 
Table I. 

A series of runs was taken using the thin Zr-T 
target in an attempt to resolve levels above 0.803 Mev. 
A typical result is shown in Fig. 9. The peaks due to the 
y ray and the elastically scattered neutrons were unre- 
solved at this choice of detector distance. The 0.803- 
Mev state gives the group marked m,’. Two states, m;’ 
and n,’, are clearly resolved at ~1.4-Mev excitation. 
These are undoubtedly the 1.34-Mev state” observed 
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in Bi?® decay and the 1.43-Mev state reported by 
Day.”! In addition, a weakly excited state me’ at 1.15 
Mev was evident in all runs with the thin target. This 
may very likely be the first excited 0+ state predicted 
by the independent-particle model calculations.’ The 
calculation of partial inelastic cross sections indicates 
that the yield from such a state might be low. It is 
difficult to say how well the statistical assumption of 
the Hauser-Feshbach model is satisfied for this case of 
Pb** using the thin target as the neutron source. The 
angular distributions observed at only three angles for 
the two higher energy states were quite flat (see Fig. 8), 
and indicate that perhaps this assumption still applies. 

A typical result for the scattering from yttrium is 
shown in Fig. 10. The inelastic scattering corresponding 
to excitation of the well-known isomeric state’® at 
0.913 Mev and of the state at 1.53 Mev observed in 
Zr® decay is relatively weak. This is to be expected for 
the isomeric state since a spin change of 4 is involved 
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Fic. 10. The time spectrum for neutron scattering from yttrium 
at 6=90°. Group m,’ corresponds to the isomeric level at 0.913 
Mev and group mz’ corresponds to a level at 1.53 Mev. 


in the excitation of this state. No evidence was found 
for a possible state! intermediate to these. The cross 
section for the excitation of such a state must be less 
than 10% that of the 0.913-Mev state. The“angular 
distribution for the elastic scattering is shown in Fig. 
11. The multiple scattering in the yttrium sample was 
small since the average transmission for a 1-inch sphere 
at this energy was ~80%. The increase in cross section 
at 45° as measured with a }-inch sphere was 5%. The 
integrated cross sections shown in Table I are to be 
compared with the measured total cross section and 
give the best estimate of the over-all accuracy of the 
cross-section measurements. The precision of the ine- 
lastic angular distributions for yttrium, as shown in 
Fig. 12, was somewhat reduced because of the low 
cross section. The results give approximate isotropy in 
the distributions for both excited states. 


2 R. B. Day, Phys. Rev. 102, 767 (1956); Day, Johnsrud, and 
Lind, Bull. Am. Phys. Soc. Ser. II, 1, 56 (1956). 
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CONCLUSIONS 


The results of these measurements, using 2.2-Mev 
neutrons, indicate that symmetry exists in the angular 
distributions of neutrons inelastically scattered from 
Fe and Pb**. It appears from this that the compound- 
nucleus taken together with the statistical 
assumption may be an adequate model for these cases. 
At least, if ‘direct interaction” is taking place, it does 
not result in appreciable forward peaking. The adequacy 


model 


of the compound-nucleus model can be further tested 
by fitting these data carefully for shape and magnitude, 
but this should probably await the refinements to the 


optical model currently being tested. It has been 
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poiated out” that inelastic neutron-gamma angular 
correlation experiments might assist in choosing an 
appropriate model, but these experiments are still 
quite difficult. 

The technique which utilizes the detection of inelas- 
tically scattered neutrons as a tool in nuclear spec- 
troscopy has been improved. A previously unobserved 
level in Pb®* has been found, and levels previously 
seen by gamma-ray detection confirmed. 

# G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 
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Study of Some (f,n) Reactions by Neutron Time of Flight* 
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Brookhaven National Laboratory, Upton, New York 
(Received July 17, 1958) 


A millimicrosecond time-of-flight technique has been applied to the study of (p,m) reactions in K, Ca*, Ti, 
Cr, Mn, Fe, Cu, As, and Rb using the phase-focused 3-Mev proton beam from a small fixed-frequency 
cyclotron. The neutron spectra, resulting from these reactions, gave data from which the ground-state 
Q values and some of the energy levels in the residual nuclei have been determined. The reactions in K and 
Fe yielded only one neutron group each, which corresponded to the ground states in Ca“ and Co*, 
respectively. In addition to the ground state Q values, the energies were determined for one excited state 
in each of the nuclei Mn, Mn®, and Sr*®, two excited states in Zn®, three excited states in Sr®’, and four 
excited states in each of the nuclei Sc**, V“, Fe®®, and Se’. The angular distributions of the neutron groups 
were observed to be essentially isotropic in the Ca‘*(p,%)Sc® and Cu®(p,n)Zn® reactions. 


INTRODUCTION 


INCE a (,) reaction in a stable nucleus is endoer- 

gic, a threshold energy exists below which the 
reaction cannot proceed. The threshold energy is 
expected to be large for the light nuclei but to decrease, 
in general, as one proceeds to heavier nuclei. With the 
nuclei in the medium-weight region, the threshold 
energies and the Coulomb barriers are not too high 
and relatively large neutron yields are to be expected 
when low-energy protons are used. Thus, (p,m) re- 
actions in medium-weight nuclei can be used to investi- 
gate the low-lying energy level structure in these 
nuclei. One would expect to confirm nuclear energy 
levels that have been observed in 6-y decay, and to 
observe other states not allowed by the selection rules 
for 8 and y decay. 

Investigations of (p,m) reactions have been principally 
carried out with the use of photographic emulsions or 
BF; “long counters” as fast-neutron detectors. The 
limited resolution of the photographic technique makes 
it difficult to observe many low-lying nuclear states. 
A technique based on the use of BF; detectors, the 
so-called “counter-ratio” method of Bonner and Cook,! 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Now at the National Bureau of Standards, Washington, D. C. 

1T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 


has been successful in determining the thresholds for 
the ground state and for excited nuclear levels in 
many cases.?* In this method one observes the ratio 
of the number of counts in a BF; detector, which 
discriminates against high-energy neutrons, to the 
number of counts in a modified “long counter,” which 
has a uniform sensitivity to all neutrons with energy 
greater than about 200 kev. By observing this ratio as 
a function of the incident proton energy, the thresholds 
for neutron production can be obtained. In this tech- 
nique, however, the thresholds corresponding to close- 
lying energy levels can be missed because the relative 
counter efficiencies may not differ sufficiently for the 
corresponding neutron groups. This situation is par- 
ticularly serious when the total neutron yield is low. 
Furthermore, fluctuations in the ratio curve which 
could be interpreted as neutron thresholds may actually 
correspond to the effects of compound-nucleus reso- 
nances which are observed in many (p,m) reactions. 
Other techniques for studying (p,m) reactions, such as 
the use of energy-selective neutron absorbers,‘ can be 
used successfully in only a limited number of cases. 

In a study of nuclear energy levels by the use of the 

2 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955); 
Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 

3R. A. Chapman and J. C. Slattery, Phys. Rev. 105, 633 (1957). 

‘P, H. Stelson and W. M. Preston, Phys. Rev. 83, 469 (1951). 

5 J. B. Marion and R. A. Chapman, Phys. Rev. 101, 283 (1956). 
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(p,n) reaction, it is therefore desirable to use a technique 
for detecting the outgoing neutrons with sufficient 
energy resolution to be applicable to as large a number 
of different nuclei as possible. It was felt that the 
time-of-flight technique, used with the 18-in. cyclotron 
at Brookhaven to study the elastic and_ inelastic 
scattering of neutrons,® could be successfully employed 
to measure the discrete neutron energies resulting 
from the excitation of nuclear states in a (p,) reaction. 
The time-of-flight technique has been used to study 
(p,m) spectra and angular distributions by a group at 
Argonne National Laboratory’ utilizing a pulsed Van 
de Graaff generator, and by a group in the U.S.S.R.8 
using a 1.5-meter cyclotron. 

The present paper describes the results obtained by 
utilizing the natural phase-bunching of the protons in 
a cyclotron and a timing technique developed at 
Brookhaven.® Using a primary proton energy of 3 Mev, 
neutron spectra have been observed for a number of 
medium weight target nuclei, namely K, Ca**, Ti, Cr, 
Mn, Fe, Cu, As, and Rb. Q values and energy levels in 
the residual nuclei were obtained from these spectra. 


EXPERIMENTAL CONSIDERATIONS 


The experimental arrangement was basically the 
same as that described in the preceding paper® in this 
issue of The Physical Review, in which Fig. 1 shows a 
schematic diagram of the arrangement. The modifica- 
tion for the present case involved removing the neutron 
scatterer, and pivoting the shield and detector about a 
point directly beneath the target. The protons, ac- 
celerated in the cyclotron to 3 Mev, arrived at the 
target in pulses of about 1.5-mysec duration, the inter- 
pulse interval being determined by the period of the rf 
voltage on the cyclotron dees, namely 50 musec in the 
present experiments. In all cases, the elements to be 
studied were in the form of thin films deposited on 
gold-plated copper target-holders of special design.? In 
order to eliminate any possibility of neutrons being 
produced in the copper of the target, the thickness of 
the gold plating was always sufficient to slow down the 
incident protons to an energy well below the threshold 
for the (p,m) reaction in copper. The element of interest 
was evaporated under high vacuum onto the gold- 
plated target holder and the thickness of the evaporated 
film was determined by weighing. Most of the targets 
used were less than 30 kev thick for the 3-Mev incident 


®Landon, Elwyn, Glasoe, and Oleksa, preceding paper, 
(Phys. Rev. 112, 1192 (1958) ]. 

7R. E. Holland, Argonne National Laboratory Physics Division 
Report, ANL-5754, 1957 (unpublished); R. E. Holland and R. C. 
Ehlert, Bull. Am. Phys. Soc. Ser. II, 1, 327 (1956); Holland, 
Lynch, and Tsukada, Bull. Am. Phys. Soc. Ser. II, 3, 103 (1958). 

8 Bogdanov, Vlasov, Kalinin, Rybakov, and Sidorov, Proceed- 
ings of the International Conference on the Neutron Interactions 
with the Nucleus, U. S. Atomic Energy Commission Report 
TID-7547, 1957 (unpublished). 

® Muehlhause, Bloom, Wegner, and Glasoe, Phys. Rev. 103, 


720 (1956). 


(p,") REACTIONS 1201 

The neutrons resulting from the (p,7) reaction in the 
target nuclei were detected by a 1}-in. diameter by 
l-in. thick plastic scintillator mounted on an RCA 
6342 photomultiplier tube. Two signals were obtained 
from the photomultiplier. One, a fast signal from the 
anode, was amplified and fed into a time-to-pulse-height 
converter,” in which the relative times of arrival of 
the neutrons at the detector were converted into pulse 
heights which were then displayed on a 100-channel 
quartz-line pulse-height analyzer. A second signal, 
taken from the last dynode in the photomultiplier, 
was amplified and fed into a differential pulse-height 
discriminator, the output of which controlled a co- 
incidence gate between the output of the time-to-pulse- 
height converter and the input to the 100-channel 
analyzer. By adjusting the biases in the differential 
discriminator, it was possible to vary the detection 
efficiency and thus to emphasize the pulses due to high- 
energy neutrons relative to those due to low-energy 
neutrons and conversely. As can be seen in Fig. 4 of 
the preceding paper,’ the detection efficiency for 
neutrons below 500 kev becomes very small. The 
neutron energies measured in these experiments varied 
from 2.47 Mev, corresponding to the ground state in 
the Rb*’(p,)Sr*? reaction, to a value of about 600 kev 
obtained in a number of cases. 

The flight path for the neutrons from the target to 
the detector could be adjusted to provide the best 
possible resolution of the neutron groups consistent 
with adequate intensity above background. The 
length of this flight path was varied from a minimum 
of about 85 cm to a maximum of 425 cm in the present 
arrangement. 

An example of the spectra obtained in these experi- 
ments is shown in Fig. 1, in which the neutron groups 
from the Ca**(p,m)Sc** reaction are plotted for several 
different flight distances and discriminator bias settings. 
On these curves, time increases with decreasing channel 
number, with about 82 channels on the display cor- 
responding to the 50-musec time interval between the 
proton pulses arriving at the target. The spectra are 
plotted with the total number of counts as ordinate and 
the channel number as abscissa. The relative yields of 
the various groups in a given spectrum were determined 
by using the relative detection efficiencies as a function 
of energy for the particular bias settings in the differen- 
tial discriminator. These relative yields were varied as 
required to obtain statistically valid data for the 
various neutron groups. 

Curve (a) in Fig. 1 shows the groups seen at 90° 
with a flight distance of 125 cm. The peak marked y 
results from the y rays which arrived at the detector 
about 4.2 mysec after the protons struck the target. 
Slightly more than 1 rf period later, the neutrons cor- 
responding to the groups marked 1 and 2 arrived at 


R, L. Chase and W. A. Higinbotham, Rev. Sci. Instr. 28, 


448 (1957), 
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Fic. 1. The neutron groups produced in the Ca**(p,n)Sc* 
reaction by 3-Mev protons. The time-of-flight for the neutrons 
increases with decreasing channel number; the peaks are numbered 
in the order of decreasing neutron energy. The y-rays coming 
directly from the target appear in these plots as the peak y. The 
three curves show the neutron spectra obtained at different flight 
distances, L, and with different detector sensitivities. The particu- 
lar discriminator settings, used to obtain curves (6) and (c), 
enhanced the detection efficiency for the higher energy groups 1 
and 2 relative to the other groups. The absolute time scale is not 
the same for each of these curves since the number of channels 
corresponding to one rf period depended on the particular adjust- 
ment of the analyzer. Also, the position of time zero on the 
analyzer display depended on the amount of delay in the rf 
signal line to the time-to-pulse-height converter. The angle 
between the directions of the incident protons and the outgoing 
neutrons is 8. 


the detector. These neutrons correspond to the ground 
state and the first excited state in Sc‘*. The neutron 
groups 3, 4, and 5, leading to excited levels of higher 
energy in Sc**, arrived at the detector later but during the 
same rf period as for groups 1 and 2. These groups, 3, 4, 
and 5, were about 10 times as intense as groups 1 and 2. 
Curve (6) in Fig. 1 shows the same spectrum with the 
flight distance increased to 240 cm and with the discrimi- 
nator biases set so the lower energy groups were detected 
very inefficiently. As can be seen, the peaks 1 and 2 are 
better resolved than in the case of curve (a). As a 
result of the changed bias setting in the discriminator, 
the neutrons in groups 1 and 2 were detected with an 
efficiency about 4 times greater than in the case of 
curve (a). The spectrum obtained with a flight distance 
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of 374 cm is plotted in curve (c) and shows the first 
two groups to be quite well resolved. It can be seen 
from these curves that the present method can be used 
successfully to study neutron groups of different 
energies and intensities. 

The neutron energies were computed by two methods. 
The first method consisted of observing the position of 
a particular neutron group on the display of the multi- 
channel analyzer and then increasing or decreasing the 
flight distance by the minimum amount which again 
placed this neutron group at the identical position on 
the display. The amount by which the target-to- 
detector distance was changed, therefore, corresponded 
to the distance traveled by these particular neutrons 
in one rf period. The neutron velocity is then given by 
this change of distance divided by the rf period. The 
frequency of the cyclotron rf was readily measured 
with high accuracy by means of a crystal-controlled 
beat-frequency meter. 

The second method for measuring the neutron energy 
made use of the fact that a peak appearing on each 
time spectrum corresponded to the y rays coming 
directly from the target. The time-of-flight for the 
neutrons of a particular group was determined by 
measuring the time interval between the arrival of the 
neutrons and the y rays at the detector and making 
use of the known y-ray flight time (y-ray velocity 
taken as 30 cm/musec). It was, of course, necessary to 
determine by an auxiliary experiment whether the 
neutron and the y-ray peaks appeared during the same 
or different rf cycles following the arrival of the protons 
at the target. This method presupposes a certain 
prescription for relating the total number of channels 
involved in the multichannel display, to the rf period 
of the cyclotron dee voltage. This prescription was 
predictable from the electronics of the time-to-pulse- 
height converter.’° Knowing this prescription it was 
possible to arrive at the flight time for the neutrons in 
each group, and from the flight distance the velocity, 
and hence the energy, could be determined. Figure 2 
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Fic. 2. A plot of distance versus flight time for the 1.776-Mev 
neutrons from the Ca**(p,n)Sc** reaction. These neutrons appear 
as group No. 3 in Fig. 1. The straight line is a least squares fit to 
the experimental points, without including a point at zero, 
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is a plot of flight distance versus time for a particular 
group [marked 3 in the Ca‘®(p,2)Sc*® spectra, Fig. 1] 
with energy E,=1.776 Mev. The solid line is a least- 
squares fit to all of the experimental points (not includ- 
ing any point at zero time). The correctness of the 
prescription relating total number of channels on the 
display to the rf period is evident, since the derived 
straight line goes accurately through the time zero. 
The two methods of energy determination gave closely 
the same results. A source of error in the second method 
might result from the fact that the pulse-height spectra 
are different for the neutrons and the y rays. This 
would lead to differences in the centroids of the cor- 
responding peaks. However, the use of differential 
biases in the discriminator minimized this source of 
error. It should also be pointed out that the linearity 
of the time-to-pulse-height converter was periodically 
checked by observing the spectrum of the random 
pulses from a radioactive source. The spectrum so 
obtained was linear within about 10%. 

The energy of the incident proton beam was measured 
periodically throughout the experiment. This was 


accomplished by the use of a double probe inserted 
into the external beam pipe between the cyclotron and 
the target position. This probe consisted of two semi- 
circular water-cooled aluminum plates which were 
spaced an amount slightly greater than the distance 
travelled by 3-Mev protons in one rf period. The 


detector was removed from the shield and placed so it 
was equidistant from the two aluminum probes. The 
time difference between the two y-ray peaks (one from 
each aluminum probe) appearing on the multichannel- 
analyzer display, together with the known distance 
between the probes, gave a measure of the velocity of 
the protons. The energies measured in this way varied 
from 3.00 Mev to 3.09 Mev depending upon the 
particular conditions of stable cyclotron operation. The 
experimental results indicated that the proton energy 
was constant to about 0.5% over periods of several 
hours. It is felt that a particular proton energy was 
known to an accuracy of about +30 kev. This error 
determined in great part the accuracy to which Q values 
could be determined. 

Angular distributions of the neutron groups in the 
Cu®(p,2)Zn®™ and Ca*‘*(p,2)Sc** reactions were meas- 
ured by pivoting the shielded detector under the target. 
Because of the poor resolution of the neutron groups 
obtained in the Cu reaction, the angular distribution 
shown in Fig. 8 is based on peak height rather than on 
peak area. For Ca‘’, the groups were well resolved so 
the angular distributions of Fig. 3 are based on the 
areas under the peaks. In each case, a background was 
subtracted which corresponded to the portion of the 
spectrum between the peaks. The necessary corrections 
were applied to the data to transform them to the 
center-of-mass system and the angular distribution 
plots are in terms of center-of-mass angles. It was 
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noticed that changes in cyclotron operating conditions 
produced variations in the relative peak heights of the 
neutron groups. Since the targets used in these experi- 
ments were thin, the spread in energy of the incident 
proton beam was probably not great enough to average 
over a statistically significant number of levels in the 
compound nuclei. Thus, slight changes in the incident 
proton energy could lead to the observed variations. 
The errors shown on the angular distributions are a 
measure of the reproducibility of the points. 


RESULTS AND DISCUSSION 


The results obtained from the (p,) reactions studied 
in the present work are summarized in Table I. The 
first column lists the target element, and the second 
column lists the particular isotope associated with the 
reaction studied. Columns 3 and 4 give the ground 
state Q values and the energy levels of the residual 
nuclei deduced from the experimental data. The fifth 
column gives the approximate intensity, at 90°, of each 
neutron group relative to the highest energy group for 
each target element. The last column gives references 
to other work**"—® leading to Q values and energy 
levels for the isotopes listed in column two. The 
Q values were calculated by using the proton and 
neutron energies measured during a given day’s run 
wherever possible. All of the neutron energy measure- 
ments were made with the detector set at an angle of 
90° to the incident proton beam. Errors given on the 
Q values are based upon estimates of the reproducibility 
in determining proton energies and the estimated errors 
in the thickness of the various targets. The errors 
associated with the energy level separations are esti- 
mates which are based primarily on the root-mean- 
square deviations from the average energy separation 
between the corresponding neutron groups. The energy 
difference between levels should not depend on the 
particular value of the proton energy in a given run. 
The relative intensities of the neutron groups at 90° 
the counter- 
sensitivity curves, and should be considered only 


were obtained by using measured 


approximate because the use of thin targets brought 
about changes in the relative peak heights due to 
changes in cyclotron operating conditions. 


4 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

2 C. C. Trail and C. H. Johnson, Phys. Rev. 91, 474(A) (1943). 

18 Nuclear Level Schemes, A=40-A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 
D. C., 1955). ; 

4 P. H. Stelson and W. M. Preston, Phys. Rev. 86, 807 (1952). 

15 Lovington, McCue, and Preston, Phys. Rev. 85, 585 (1952). 

16 P. A, Stelson and W. M. Preston, Phys. Rev. 82, 655 (1951). 

17 J. B. Marion and R. W. Kavanagh, Phys. Rev. 104, 107 
(1956). 

18 E. M. Bernstein and H. W. Lewis, Phys. Rev. 107, 737 (1957). 

1” J. W. Butler and C. R. Gossett, Bull. Am. Phys. Soc. Ser. IT, 
2, 230 (1957). 





ELWYN, LANDON, 


OLEKSA, 


AND GLASOE 


TaBLE I. Summary of the results obtained from the study of (p,m) reactions in intermediate weight nuclei using 3-Mev 





Negative 
Q value for 
ground 
state 
(Mev) 


Target 


material Reaction 





protons and time of flight to observe the resultant neutron spectra. 


Approximate 
relative intensity 
of neutron 
groups at 90° 


Energy levels 
in residual 
nucleus 
(Mev) 


References 
to other 
results 








K  KA(pm)Ca® ———‘1.10-£.0.05 


Ca‘s Ca**(p,n)Sc#* 0.66+0.03 


Ti*(p,n)V* 1.42+0.03 


Cr8(p,n)Mn® 1.39-+0.03 


Cr#(p,.n)Mn* 2.15+0.03 


Mn**(p,n)Fe® 1.03+0.03 


Fe5"(p,n)Co™? 1.67+0.03 


Cu" (p,n)Zn® 2.15+0.05 


As™5(p,n)Se75 1.68+0.03 


Rb*?(p,n)Sr8? 0.54+0.03 


Rb*®(p,n)Sr** 1.89+0.03 








1. Potassium 


A natural K target prepared by evaporation was 
estimated to be approximately 5 kev thick for 3-Mev 
protons. The predominant isotope in natural K is 
K*(93%) but the Q value for the K*®(p,2)Ca® reaction 
is expected to be —7.5 Mev,”° which is higher than the 
proton energy used in the present experiment. The 
K* in the target material probably does not contribute 
to the reaction because of its low abundance. Thus the 
single neutron group observed is assigned to the 
K“(p,n)Ca" reaction. The Q value determined for 
this group is —1.10+0.05 Mev, which is slightly 
higher than the value, —1.22 Mev, obtained from the 
threshold measurement of Richards ef al." No other 
neutron groups were observed, which is consistent with 
the fact that the first excited state in Ca“ is at 1.95 


2” P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 


0.0 11 


0.0 12 
0.112+0.005 

0.485+-0.008 

0.985+0.015 

1.23 +0.02 


0.0 

0.086+0.01 
0.145+0.01 
0.73 +0.02 
0.97 +0.02 


0.0 
0.368+0.007 
0.0 
0.061+0.01 


0.0 

0.399+0.012 
0.901+0.012 
1.270+0.010 
1.3£8+0.010 


0.0 


0.0 
0.11 +0.01 
0.20 +0.01 


0.0 
0.108+0.004 
0.268+0.012 
0.40 +0.02 
0.57 +0.02 


0.0 
0.392+0.009 
0.869+0.01 
1.220+0.01 
0.0 
0.233+0.007 


Mev above the ground state."* The Ca‘'-K* mass 
difference, expressed in energy units, is computed from 
the Q value to be 0.32+0.05 Mev. This result is some- 
what less than the values, 0.44 Mev and 0.41 Mev, 
which are calculated from the nuclear mass data listed 
by Wapstra”' and by Giese and Benson,” respectively. 


2. Calcium” 
A thin target of Ca, enriched to about 80% in Ca‘, 
was prepared by evaporating a film which was approxi- 


mately 30 kev thick for 3-Mev protons.* Ca* is a 
particularly interesting nucleus to study because of 


21 A. H. Wapstra, Physica 21, 385 (1955). , 

2 C, F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 

*% Elwyn, Glasoe, Landon, and Oleksa, Bull. Am. Phys. Soc. 
Ser. II, 3, 210 (1958). 

* We acknowledge with thanks the loan of the enriched Ca‘ 
from E. der Mateosian and M. Goldhaber. We thank C. Nawrocki 
for the preparation of the target. 





STUDY OF SOME 
the low (p,m) threshold to be expected, and because of 
its interest in connection with double beta decay. The 
neutron groups observed are shown in Fig. 1. A search 
was made for neutrons of higher energy than those 
shown in the figure and, if any others do exist, they 
must have an intensity which is less than 10% greater 
than the uncorrelated background. On the basis of this 
search, the peak number 1 is assumed to be the ground- 
state group with the result that O= —0.66+0.03 Mev. 
The Ca‘*-Sc*® mass difference calculated from this 
Q value is 0.12+0.03 Mev. This value for the mass 
difference is comparable to that obtained from the 
Q value in threshold measurements, namely Q> —0.64 
Mev,” but it is considerably lower than the value of 
0.24 Mev estimated for this mass difference on the 
basis of mass spectroscopy and beta-decay data.".?!.? 
The energy levels listed in Table I for Sc** have not 
previously been reported. The low intensity of the 
neutron group which corresponds to the ground state 
in Sc** is compatible with the high spin of 6 or 7, +, 
which is to be expected for this state on the basis of 
the allowed B~ decay to a 6+ level at 3.35 Mev in 
Ti**. (Shell-model calculations*® indicate that the 
ground-state spin of Sc** should be 6.) Furthermore, the 
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Fic. 3. The angular distributions of the three lowest energy 
neutron groups in the Ca‘*(p,)Sc** reaction. The errors shown on 
the curves indicate the approximate reproducibility of an in- 
dividual point. 


26D. Kurath, Phys. Rev. 87, 528 (1952). 
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Fic. 4. Neutron groups in the Ti®(,2)V® reaction. 





first excited state at 0.112 Mev might also be expected 
to have a high spin value because of the low intensity 
observed for the neutron group which corresponds to 
the excitation of this state. The low value for the 
(p,m) threshold energy for Ca** and the large spin- 
change expected between Ca** and Sc**, are consistent 
with the results obtained in the search for the beta 
decay of Ca**, namely that the half-life must be 
> 2X10" years.”® 

Figure 3 shows the angular distributions of the 
neutron groups 3, 4, and 5 of Fig. 1. The angular 
distributions of the neutrons corresponding to the 
states at 0.485 and 0.985 Mev in Sc‘ appear to be 
nearly isotropic, within the rather large error indicated. 
The angular distribution of the neutrons corresponding 
to excitation of a level at 1.23 Mev in Sc** seems to be 
slightly peaked forward. However, as mentioned 
previously, not too much significance should be at- 
tached to these results because of the use of a thin 
target. 

3. Titanium 


A target of natural Ti was prepared by evaporation 
of a film approximately 30 kev thick. The neutron 
spectra obtained with this target are shown in Fig. 4. 

26 J. W. Jones and T. P. Kohman, Phys. Rev. 85, 941 (1952); 
H. Selig, Atomic Energy Commission Report NYO-6626 
(unpublished); J. W. Jones, Atomic Energy Commission Report 
NYO-6627 (unpublished). 
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Fic. 5. Neutron groups in the Cr®-5(p,1)Mn*.% reactions. 
The groups marked 1 and 2 correspond to the Cr*(p,1)Mn® 
reaction. Group 3 is the ground-state group in the Cr(p,n)Mn®* 
reaction, while group 4 is assigned to a level at 0.061 Mev in 
Mn*. Curve (b), at a different flight distance from (a), shows 
how a variation of the counter sensitivity can be used to emphasize 
the low-energy neutrons relative to the higher energy neutrons. 
[Compare groups 3 and 4 on curves (a) and (6).] 


In this figure, curve (a) shows the results obtained with 
a flight distance of 376 cm. The three neutron groups 
observed in this curve have been identified with the 
ground state and the first two excited states in V®, in 
the Ti*(p,)V*® reaction, even though natural Ti con- 
tains only 1.8% of Ti. The thresholds for the (p,») 
reactions in the other Ti isotopes are known to be too 
high to be observed using 3-Mev protons." Curve (6) 
shows two neutron groups of lower energy which 
become evident at shorter flight distances and different 
discrimination biases; in this case the distance was 
85 cm. The 3 groups of curve (a) correspond to the 
three known levels in V“," and the two lower energy 
neutron groups of curve (5) correspond to levels in 
V*® at 0.73 and 0.97 Mev. The level at 0.73 Mev may 
be the state at 0.762 Mev previously reported by 
Craseman and Easterday.”’ Such a state was not seen, 
however, by Nussbaum ef al.”* in a study of the decay 
of Cr®. 

(1953) Craseman and H. T. Easterday, Phys. Rev. 90, 1124 


28 Nussbaum, Wapstra, Nijgh, Ornstein, and Verster, Physica 
20, 165 (1954). 
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The Q value determined from these results is — 1.42 
+0.03 Mev and the mass difference, V*-Ti®, is 0.64 
+0.03 Mev. This Q value compares well with the 
previously reported value” of —1.392+0.005 Mev. 
The mass difference agrees within the errors to the 
value 0.61 Mev which is calculated from nuclear mass 
data.?! 


4. Chromium 


The neutron spectrum shown in Fig. 5 was obtained 
from the proton bombardment of a natural Cr target 
approximately 30 kev thick. These neutron groups 
must be due to the Cr and Cr* isotopes since the 
thresholds for the (~,) reactions in Cr°’ and Cr® are 
higher than the proton energy used in these experi- 
ments.” The peaks 1 and 2 correspond to the ground 
and the first excited state in Mn**, in the 
Cr*(p,1)Mn** reaction. From these data the Q value 
of the ground state for Mn is determined to be 
—1.39+0.03 Mev, which compares very favorably with 
the values of —1.37 Mev and —1.38 Mev previously 
reported by Stelson and Preston‘: and by Lovington 
et al.,° respectively. This Q value gives a Mn**-Cr°# 
mass difference of 0.61+-0.03 Mev which is in agreement 
with the value of 0.60 Mev computed from mass 
data.”! The first excited state at 0.368 Mev agrees 
with the level at 0.38 Mev previously reported for 
Mn*®."* The neutrons of group 3 in Fig. 5 probably 
correspond to the ground state in the Cr°*(p,2)Mn™ 
reaction since the Q value determined from this group 
is —2.15+0.03 Mev, which compares favorably with 
the value —2.16 Mev measured by Lovington ef al. 
for Mn*."5 The mass difference, Mn*-Cr®4, calculated 
from this Q value, is 1.37+-0.03 Mev which agrees with 
the mass difference 1.38 Mev calculated from the 
results of Giese and Benson,” but is higher than the 
value 1.20 Mev calculated from the data of Wapstra.”! 
It is most likely that the fourth neutron group cor- 
responds to a level in Mn® at 0.061 Mev. Although the 
possibility exists that it might actually correspond to 
a level in Mn** at about 0.80 Mev, no state has been 
previously observed at that energy while energy levels 
at 0.38 and 1.27 Mev have been observed." (A low- 
energy neutron group corresponding to a level at 1.27 
Mev in Mn*® could not be observed in this experiment 
due to the very low detection efficiency for such 
neutrons. ) 

It has been reported” that there may be an isomeric 
state in Mn* with a half-life of 2.1 min, but recent 
work by McNeill e al.® has failed to confirm its 
existence. An attempt was made to observe such an 
activity in the present work by bombarding a thick 
target of natural Cr for a short time with 3-Mev 
protons. The target was then viewed with a 1} in. X2 in. 


state 


( ”D. O. Caldwell and H. F. Stoddart, Phys. Rev. 81, 660(A) 
1951). 

*® McNeill, Prentice, Katz, and Link, Can. J. Phys. 35, 753 
(1957). 
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Nal crystal and an activity with approximately 2 
minutes half-life was observed. This problem was not 
pursued but it is believed that the evidence for a 
2-minute activity is sufficient to warrant further work 
in this connection. 


5. Manganese 


A target of natural Mn (100% Mn**) was prepared 
by evaporating a film approximately 20 kev thick to 
3-Mev protons. The neutron spectrum obtained with 
this target is shown in Fig. 6. Five neutron groups are 
observed which correspond to the ground state and the 
four excited states in Fe®® which are listed in Table I. 
The Q value of the ground state, determined from 
these data, is — 1,030.03 Mev, which falls within the 
range of previously measured values, namely — 1.00 
Mev to —1.05 Mev." This Q value corresponds to a 
Fe®-Mn**> mass difference of 0.25++0.03 Mev, which 
is in approximate agreement with the value 0.23 Mev 
calculated from the data of Wapstra.”! 

The first two excited states in Fe, at 0.399 Mev 
and 0.901 Mev, are slightly lower than the results of 
previous investigations,'®*! which indicate states at 
about 0.41 and 0.93 Mev. Stelson and Preston'® report 
a level at about 1.36 Mev, which appears to be a 
doublet, based on the results of their study of the 
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Fic. 6. Neutron groups in the Mn*5(p,n)Fe® reaction. 


31 A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. Ser. 
IT, 1, 223 (1956), and L. L. Lee, Jr. (private communication). 
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Fic, 7. Neutron groups in the Cu (p,2)Zn® reaction. The 
neutrons corresponding to excitation of a state at 0.054 Mev in 


Zn® should appear approximately midway between groups 1 and 
2 but could not be resolved in the present experiment. 


Mn**(p,z)Fe®> reaction, using nuclear emulsions as the 
neutron detector. The possibility of a doublet is also 
indicated by Chapman and Slattery® as a result of 
their work on (p,m) thresholds. In the present case, 
energy levels at 1.270 and 1.358 Mev are resolved 
(neutron groups 4 and 5 on Fig. 6) which seems to 
verify the existence of this doublet, with an energy 
separation of 0.088 Mev. Levels reported by Sperduto 
and Buechner* at 1.322 Mev and 1.413 Mev probably 
correspond to these same two states.” 


6. Iron 


A thin target of natural Fe (2.17% Fe®’) was prepared 
by evaporation of the metal in vacuum. The one 
neutron group observed corresponds to the ground 
state in Co*’. No neutron groups are expected from the 
other Fe isotopes since their (~,2) thresholds are all 
higher than 3 Mev." No other energy levels are seen 
in Co*’, which is consistent with the fact that the first 
excited state is known to be at 1.38 Mev," and is thus 
too high to be observed in these experiments. The one 
neutron group which is observed gives a Q value of 
—1.67+0.03 Mev, from which the mass difference for 
Co®’-Fe®’ is 0.89+0.03 Mev. This result differs ap- 
preciably from the mass difference of 0.52 Mev cal- 
culated from the mass data of Wapstra.*! A value 
of 0.9 Mev is predicted, however, from beta-decay 
systematics." 


7. Copper* 


A target of natural Cu (30.9% Cu®) was prepared 
by evaporation of the metal to a thickness of approxi- 
mately 30 kev. The predominant Cu isotope, Cu®, will 
not contribute to the (p,m) reaction at 3 Mev because 

® Tn this connection, L. L. Lee, Jr. and F. P. Mooring (private 
communication) have reported levels in Fe®* in the Mn**(p,n)Fe5 
reaction at 0.436, 0.927, 1.314, and 1.406 Mev, the latter two 
states probably corresponding to the doublet. 


% Landon, Elwyn, and Glasoe, Bull. Am. Phys. Soc. Ser. II, 2, 
230 (1957). 
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Fic. 8. Angular distributions of the neutron groups in the 
Cu®(p,2)Zn® reaction. The errors shown on the curves indicate 
the approximate reproducibility of an individual point. 


of its high threshold.“ Figure 7 shows the neutron 
groups observed in the Cu®(p,2)Zn® reaction. Three 
groups are observed which correspond to the ground 
state and excited states at 0.11 Mev and 0.20 Mev in 
Zn®. The ground state Q value is determined to be 
—2.15+0.05 Mev. This value compares well with the 
Q value of —2.1315+0.0009 Mev, which is derived 
from a weighted mean’ of the results in neutron 
threshold measurements, resonant neutron scattering 
measurements, and calculations based on the 8 decay 
of Zn® and the n-p mass difference. The Zn®-Cu® mass 
difference is calculated to be 1.37+0.05 Mev from the 
Q value obtained in the present experiments. 

Bernstein and Lewis'* have studied the Cu®(p,n)Zn® 
reaction by observing the conversion electrons in a beta 
spectrometer and they have assigned energy levels at 
0.054, 0.119, and 0.209ZMev to Zn®. These states are 
consistent with observations of y-ray transitions in 
Zn® from the Ga® 8 decay.* Marion and Chapman® 
were able to identify a state at 0.118 Mev from observa- 
tions on resonant neutron scattering. The levels at 0.11 
Mev and 0.20 Mev observed in this work probably 
correspond to the®states at 0.119 and 0.209 Mev. 
Because of the low resolution in this particular experi- 
ment it was not possible to clearly identify a state at 


~ # B, Craseman, Phys. Rev. 93, 1034 (1954); J. F. Friichtenicht 
and L. A. Beach, Bull. Am. Phys. Soc. Ser. II, 3, 62 (1958). 
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0.054 Mev, but as can be seen in Fig. 7, there is definite 
evidence that a neutron group is present whose energy 
is about half-way between the ground state and the 
state at 0.11 Mev. 

Figure 8 shows the angular distributions of the 
neutron groups observed in the Cu®(p,2)Zn®™ reaction. 
The distributions appear to be essentially isotropic but 
there is some forward peaking. However, as mentioned 
previously, the use of a thin target in these experiments 
affects the significance of these observations. 


8. Arsenic 


An As target was prepared by evaporation of the 
natural element (100% As”) to a thickness of approxi- 
mately 20 kev. Figure 9 shows the neutron groups 
obtained in the As”(p,m)Se” reaction. Four well- 
resolved neutron groups are observed. The peak labeled 
5, at a neutron energy of about 775 kev, appears to 
correspond to more than just a single group of neutrons, 
but further resolution was not possible with the 
present equipment. 

The results with the As target lead to the energy 
levels listed in Table I for Se”®. The level at 0.268 Mev 
probably corresponds to a state at 0.286 Mev which 
has been observed by looking for slow neutron thresh- 
olds in the As’°(p,)Se”> reaction." The other states 
listed in the table have not been previously reported. 
The Q value of the ground state in Se”, determined 
from these data, is —1.68+0.03 Mev, which agrees 
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Fic. 9. Neutron groups in the As’°(p,n)Sc”® reaction. 
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with the values obtained from neutron threshold tech- 
niques, namely —1.652" and —1.648.'% The mass 
difference for Se”-As™, computed from the Q value in 
this work, is 0.90+0.03 Mev, which is in approximate 
agreement with the value 0.87 Mev calculated from the 
mass data of Wapstra.*! 


9. Rubidium 


Figure 10 shows the neutron groups observed when 
a target of natural Rb (72% Rb*, 28% Rb*’), approxi- 
mately 30 kev thick, was bombarded by 3-Mev protons. 
The first four neutron groups correspond to the ground 
state and the three excited states listed in Table I for 
the Rb*’(p,2)Sr** reaction. The first two excited states, 
at 0.392 and 0.869 Mev, correspond to known levels 
at 0.39 and 0.87 Mev." The third state at 1.220 Mev 
has not been previously reported. The ground-state 
Q value, —0.54+0.03 Mev, leads to a mass difference 
of 0.24+-0.03 Mev for Rb*’-Sr*’, which is in approximate 
agreement with the value 0.27 calculated from the mass 
data of Wapstra.”' 

Group number 5 in Fig. 10 is probably the ground 
state in the Rb®(p,2)Sr® reaction. The Q value 
determined from this group is —1.89+-0.03 Mev, and 
leads to a mass difference of 1.11+0.03 Mev for 
Sr®-Rb®. This value for the mass difference agrees 
well with the accepted value of 1.1 Mev obtained from 
B-decay systematics" and is in approximate agreement 
with 1.04 Mev computed from the mass data of 


Wapstra.”! It is probable that group 6 corresponds to 
an energy level in Sr*® at 0.233 Mev. A close doublet at 


this energy is known." 
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N"(a,a)N™“ and N"(«,p)O"" Differential Cross Sections* 


D. F. Herrinc,f Ren Curpa,t B. R. Gasten, anp H. T. RicHArps 
University of Wisconsin, Madison, Wisconsin 
(Received July 21, 1958) 


The N"(a,a) N™ and N"*(a,p)O" differential cross sections have been measured for a-particle bombarding 
energies from 2.0 to 3.8 Mev. A differentially pumped gas scattering chamber was used. The N™(a,a)N"™ 
differential cross sections were measured at center-of-mass angles of 170.8°, 140.6°, 125.1°, and 91.0°. 
Resonances were observed at 2.351, 2.370, 2.767, 2.868, 2.870, 3.080, 3.576 Mev and ~3.67 and ~3.71 Mev. 

The N"(a,p)O" differential cross sections were measured for a-particle bombarding energies from 2.7 to 
3.8 Mev at center-of-mass angles of 169.7°, 135.6°, 119.0°, and 84.7°. Resonances in the N"(a,p)O" differ- 


ential cross section were observed at a-particle bombarding energies of 2.868, 3.080, and 3.69 Mev. 


INTRODUCTION 


HE energy levels of F'* in the region above 4.41- 

Mev excitation may be investigated by bom- 
barding N“ with a@ particles. This paper reports the 
results of recent measurements of the N"*(a,a)N™ and 
N*(@,p)O"" absolute differential cross sections for 
bombarding energies from 2.0 to 3.8 Mev. The ac- 
companying paper! describes the analysis of the 
N*(a,a)N™ cross sections using the dispersion formalism 
to classify the observed energy levels of F'*. 

The existence of several levels in this energy region 
was earlier inferred by Heydenburg and Temmer? from 
their N“(@,a)N“ and N*(a,p)O" differential cross- 
section measurements. Later, Ahnlund,* using a sepa- 
rated isotopic target of O'” observed energy levels of 
F'8 from 6.67- to 8.38-Mev excitation through the 
O'"(a,p)N™ reaction. The results of the two above- 
mentioned experiments are compared with our obser- 
vations in the concluding section of the following paper. 

From the experimental point of view,§ the measure- 
ment of the N'‘+<a elastic scattering cross section is a 
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Fic. 1. Schematic diagram of the scattering chamber. 
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(1953). 

2K. Ahnlund, Phys. Rev. 106, 124 (1957). 

Note added in proof.—Very recently, other N"“(a,az)N" and 

N"(a,p)O" differential cross-section measurements and analysis 


relatively clean experiment. The target gas is easily 
obtained, and decay by proton emission is the only 
important competing reaction in the range of bom- 
barding energies available for this experiment. Since 
the Q value for this reaction is —1.198 Mev, the 
Coulomb barrier for the outgoing proton significantly 
reduced this competition for most of the bombarding 
a-particle energy range. 

Inelastic scattering to the first excited state of N™ 
is energetically possible for bombarding energies greater 
than 2.97 Mev but greatly inhibited by the Coulomb 
barrier. In addition, the total isotopic spin quantum 
number, 7, is unity for this level. Since 7=0 for both 
the a particle and N™ ground state, scattering to the 
first excited state is forbidden by conservation of 
isotopic spin. The threshold for inelastic scattering to 
the second excited state of N’*is well above the maxi- 
mum bombarding energy obtainable. 


EXPERIMENTAL ARRANGEMENT 


The bombarding a@ particles were furnished by the 
Wisconsin electrostatic generator. After being acceler- 
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Fic. 2. Schematic diagram of pressure-control system. An error 
signal is obtained from the photoelectric system and is used to 
control the flow rate of gas through the gas-flow regulating device. 
have been reported (J. R. Risser, private communication, July, 
1958) to the authors. For a discussion of this experiment and 
11988). see Kashy, Miller, and Risser, Phys. Rev. 112, 547 

1958). 
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Fic. 3. N“(a,a)N" absolute differential cross sections, survey data. 


ated, the beam passed successively through a magnetic 
and cylindrical electrostatic analyzer and then into the 
scattering chamber. A detailed description of the 
chamber may be found elsewhere*®; only a brief de- 
scription is presented here. Figure 1 shows a schematic 
diagram of the important features of the scattering 
chamber. The beam enters through the differential 
pumping system and is collected in an evacuated 
Faraday cage. Diaphragms at the front and rear of the 
differential pumping system limit the angular spread 
of the beam to +0.20°. A counter and counter slit system 
are mounted on a movable arm which can rotate about 
the center of the chamber. A multiposition foil holder 
(not shown in Fig. 1) is located between the counter 
slit system and counter for the purpose of placing 
various absorbers in the path of the scattered beam. 
The counter consisted of a thin (0.004 in.) CsI 
thallium activated crystal mounted on a multiplier- 


“4K, 'W. Jones, Ph.D. thesis, University of Wisconsin, 1954 

(unpublished). ; 
5M. T. McEllistrem, Ph.D. thesis, University of Wisconsin, 

1955; University Microfilms, Ann Arbor, Michigan (unpublished). 


phototube (6292), A thin layer of Al was evaporated 
on the front surface of the crystal to reflect light 
produced by the beam’s passage through the target gas. 

The target gas used was purified natural nitrogen 
guaranteed by the manufacturer® to be 99.996% pure. 
N®, which has a natural abundance of 0.37%, was of 
course present. The target gas pressure was measured 
by reading an Octoil-filled manometer with a precision 
cathetometer. 

One disadvantage of a differentially pumped gas 
scattering chamber is that the target gas pressure 
changes with time. Some of the bombarding beam 
strikes the metal diaphragms of the differential pumping 
system. The resultant local heating of the gas decreases 
the rate of exhaust and consequently increases the 
chamber pressure. These pressure changes can be as 
large as a few percent for a beam current change from 
zero to a few tenths of a microampere. 

In this experiment, a pressure control system was 
used to keep the target gas pressure within limits 


6 Supplied by the Matheson Company, Joliet, Illinois. 
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Fic. 4. N“(a,a)N™ absolute differential cross sections, high- 
resolution, thin-target data. Note that the ordinate scales of the 
6=140.6°, 125.2°, and 91.0° data do not begin at 0. 


(+0.03 mm of Octoil) which could be tolerated. The 
system, shown schematically in Fig. 2, consists of a 
null-type photoelectric error detector, an error-signal 
amplifier, and a gas-flow regulating device located 
between the gas reservoir and scattering chamber. 

The Octoil in the manometer is used as a cylindrical] 
lens to focus the light through a narrow aperture onto a 
photocell. The difference between the currents in the 
two photocells is then used as an error signal. 

The gas-flow regulating device consists of a 15-mil 
i.d. glass capillary tube through which is passed a 10-mil 
Nichrome wire. The pressure on the input side of the 
capillary is regulated by a conventional reducing valve. 
An electric current furnished by the error-signal ampli- 
fier passes through the Nichrome wire. The gas flowing 
through the capillary is thus heated by the current. 
Since the gas flow impedance is a function of the gas 
temperature, the gas flow rate is dependent upon the 
current through the Nichrome wire. 


EXPERIMENTAL RESULTS 
1. N'*(a,a)N" 


The center-of-mass cross sections were calculated 
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using the following formula: 


do } 2 sin’@ jap 
(~) =— $1n@}4~>—— cos (Oiab as Be. m ) , 
dQ c.m. NnG sin*6,. m. 


where ¥ is the measured yield, V the number of incident 
a particles, m the number of target nuclei per cm*, and 
G is the so-called G factor’ of the detector slit system. 

The results of the N“(a,a)N" cross-section measure- 
ments are shown in Figs. 3 through 7. Data were taken 
in the form of excitation functions at various angles, 
first at the back angle to locate the anomalies and then 
at other center-of-mass angles close to the zeros of 
low-order Legendre polynomials. 

Three different target pressures were used to take 
the data shown in Fig. 3. All of the data at 6..m.=170.8° 
and the data above E,(lab) = 2.74 Mev at @.m.= 140.6° 
were taken with a target pressure of 26 mm of Octoil. 
All the other data in Fig. 3 were taken with a pressure 
of 78 mm of Octoil. For the narrow levels, shown in 
Figs. 4 through 7, a target pressure of 7.5 mm of Octoil 
was used. Table I summarizes the target thickness at 
6o.m.=170.8° (O1s)=167.2°) for the pressures used at 
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Fic. 5. N“(a,a)N" absolute differential cross sections, high- 
resolution, thin-target data. Note that the ordinate scale of the 
6=91.0° data does not begin at 0. 

7 Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953). 
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various bombarding energies. The figures shown may 
be multiplied by 0.221/sin@,, to obtain the target 
thickness at other angles. 

All of the elastic scattering data were taken with no 
absorber between the target and counter. In the energy 
region where there is a proton yield from the N“(a,p)O” 
reaction, both a particles and protons were counted. 
Later, the proton yield at the same angle was measured 
and subtracted from the total yield to give the a-particle 
yield. 


2. N'*(a,p)O" Ground-State Reaction 


The N"(a@,p)O"" ground state reaction cross sections 
are shown in Figs. 8, 9, and 10. The protons were 
observed using an appropriate thickness of Ni foil to 
absorb the a@ particles. Care was taken to make the Ni 
foil thick enough to stop protons from the N'4(a,p)O!™* 
reactions. 

The target thickness for the data shown in Fig. 8 is 
very small compared to the width of the anomalies at 
3.08- and 3.69-Mev bombarding energy. The narrow 
resonance at /,(lab)= 2.868 Mev was observed with a 
still thinner target (~4 kev at @¢.m,.=170.8°) and is 
shown in Fig. 10. Figure 9 shows additional excitation 
functions for the anomaly at £,(lab)=3.69 Mev. 


3. N'*(a,p)O" First Excited State Reaction 


A limited search was made for protons which left the 
©"? nucleus in its first excited state. For this work, the 
scintillation counter was replaced by a proportional 
counter. The pulse-height spectrum was observed 
visually on an oscilloscope, and no protons from the 
first excited state reaction were evident. It was con- 
cluded that the first excited state reaction yield must 
be a factor of 10 smaller than the ground-state reaction 
yield. 


BOMBARDING ENERGY MEASUREMENT 


The bombarding a-particle energy was determined 
by the cylindrical analyzer which was calibrated in 
terms of the Li’(~,)Be’ threshold (1881.1+0.5 Kev).® 
The resolution of the beam was +0.05% except for the 
thin-target data where it was reduced to +0.04%. 


TaBLe I. Summary of target thickness in kev for a range of 
target pressures and bombarding energies at 6), =167.25° 
(0..m.=170.8°). To obtain the target thickness at other angles, 
multiply by 0.211/sin®;,». No data were taken at 6)4»= 167.25° 
for pressures of 78 mm of Octoil. 


Target pressure in mm Octoil. 
26 mm 


«19 kev” 
14 kev 
11 kev 


Bombarding energy 
in Mev 7.5 mm 

5.4 kev 

4.0 kev 

3.2 kev 


78 mm 
56 kev 
41 kev 
33 kev 


§ Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
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Fic. 6. N'*(a,a)N™ absolute differential cross section, high 
resolution, thin-target data. The arrow indicates the position of 
the proton peak of Fig. 10. The target thickness is ~4 kev. 


The bombarding energy was corrected for the energy 
lost by the beam before reaching the target volume. 
This correction was measured experimentally by 
observing the energy shift of three narrow resonances 
due to a known change in target pressure. The three 
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6=91.0° data does not begin at 0. 
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“1G. 8. N*(a,p)O" absolute differential cross sections, 
survey data. 


resonances are located at E,(lab)=2.351, 2.767, and 
3.576 Mev. The correction for a given pressure was thus 
determined and plotted as a function of the bombarding 
energy. A straight line was drawn through these points 
to determine the correction for bombarding energies 
between these resonances. 


CROSS SECTION UNCERTAINTIES 
1. Angle Uncertainty 


In previous experiments, there was evidence that the 
chamber was not properly aligned and hence the angle 
calibration not accurately known. The alignment of 
the chamber was carefully checked and substantial 
misalignments were found. These were corrected and 
subsequent measurements indicate that the angle of 
observation is known with a probable error of not more 
than +0.05°. The uncertainty in the cross section 
resulting from this factor ranges from 0.2% at the large 


7 


angles to 0.05% for angles near 90°. 


2. Number of Target Nuclei 


The principle uncertainty in m comes from the 
uncertainties in the Octoil density, differential height 
of the octoil columns, and temperature of the target gas, 

An uncertainty of +0.2% is assigned to the Octoil 
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density. This value includes the uncertainty assigned 
to the Octoil density measurement as well as effects 
of small, uncorrected temperature variations (+2.5°C) 
which were encountered during the experiment. 

The differential Octoil height was measured with a 
probable error of +0.01 mm. These measurements were 
made only three or four times a day and varied by as 
much as +0.03 mm. No correction was made for these 
variations and an uncertainty of +0.03 mm was 
assigned to the differential height measurement. 

The temperature of the target gas was measured by 
a thermometer placed in thermal contact with the wall 
of the scattering chamber. The error assigned to the 
Kelvin temperature of the target gas is 1°K or +0.3%. 

A negligible uncertainty is introduced by the presence 
of N* as long as no N'*(a,a)N"* resonances are present. 
If the N“(a,a)N" cross section is much larger than the 
N(a,a)N" cross section the error is about 0.4%. 
Resonances in the N!*(a,a)N™ cross section can increase 
the error. No uncertainty is assigned to the number of 
target nuclei due to the presence of N™. 

There is no difficulty in establishing that all reso- 
nances observed are due to N“ and not to N'*. The 
minimum possible cross section for scattering is zero, 
which occurs when the nonresonant vector is cancelled 
by the resonant vector. Such a dip in the cross section 
cannot exceed 0.4% if the effect is due to N'. For all 
resonances observed, there is interference which ecxeeds 
0.4%. Therefore, no resonances are due to N®. 

The impurity concentration due to leaks both rea] 
and virtual was measured by evacuating the chamber 
to ~10-' mm Hg. The chamber was then sealed off 
from all pumps and the rate of pressure increase was 
observed. The impurity leak rate thus determined was 
less than 0.05% of the nitrogen flow rate and is there- 
fore negligible. 


3. Number of Bombarding Particles 


Charge exchange in the collector cup foil gave rise 
to the largest uncertainty in the determination of NV. 
The data summarized by Allison and Warsaw® were 
used to obtain the charge exchange correction. For a 
small part of the data taken at low bombarding energies 
and at the highest target pressure, the uncertainty in 
N due to the charge exchange correction was about 
10%, but for the rest of the data, it was generally less 
than 1%. The uncertainty assigned to the integrated 
beam current is +0.25%. Loss of beam current due to 
a particles scattered out of the collector cup and by the 
target gas and collector cup foil was investigated using 
the procedure outlined by Worthington.” These cor- 
rections are small compared to other uncertainties and 
are therefore neglected. 


9S. K. Allision and S. D. Warsaw, Revs. Modern Phys. 25, 779 
(1953). 

1H. R. Worthington, Jr., Ph.D. thesis, University of Wis- 
consin, 1953, (unpublished), p. 19. 
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Fic. 9. N“(a,p)O" absolute differential cross sections at additional angles over the 3.69-Mev anomaly. 


4. G-Factor Uncertainty 


In calculating the center-of-mass cross sections, the 
higher order, angle-dependent terms of the G factor” 
were neglected. Calculations indicate that the neglect 
of these terms introduces an error of less than 1% for 
the rapidly varying cross section shown in Fig. 7. For 
other data the error is estimated to be less than 0.2%. 


1 Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939), 
but also see reference 10, 
12 EF. Silverstein, J. Nuclear Instr. (to be published). 


5. Summary of Experimental Uncertainties 


The uncertainties in the N“(a,a)N™ center-of-mass 
cross sections arising from factors considered thus far 
are summarized in Table II. The values given do not 
include the uncertainty from the statistical nature of 
the scattering process. These uncertainties range from 
3% to 10% for the N“(a,a)N™ data and are indicated 
separately by an error bar on a representative datum 
point. 

The major uncertainty in the N“(@,p)O" cross 
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TABLE IT. Cross section and bombarding energy uncertainties 
for the range of bombarding energies and angles at which data 
were taken. 60 =cross section uncertainty (not including statistical 
accuracy of yield); 5E=bombarding energy uncertainty in kev. 


Uncertainties for data shown in Fig. 3. 
Center-of-mass angle 
140.6° 125.1° 


2.9 9.3 
4.0 10.0 
1.1 1.9 
3.5 9.0 
0.9 0.9 
4.0 4.0 
0.6 0.6 
6.3 6.3 
0.6 0.6 
5.0 5.0 


Bombarding 


energy 170.8° 


ba% 
bE (kev) 


2.0 Mev 


60% 
bE (kev) 
60% © 
b6E(kev) 
60% 
bE (kev) 
ba 7 


2.5 Mev 


WS Wee ro 
OmnNnre Oo 


~— 


3.0 Mev 


Nmwoh 
Ft Be Be | 


3.5 Mev 


/0 
bE (kev) 


4.0 Mev 


Uncertainties for data shown in Figs. 4, 5, 6, 7. 
Center-of-mass angle 
170.8° Other angles 


1.3 
a5 
0.9 
3.0 
08 
“4 


“.é 





Fig. 4 


rw 


Figs. 5 and 6 


R= We Wwe 
- ; ~~ ln? 


“Iw 


/0 
5E(kev) 


section is a result of the low yield. The minimum un- 
certainty for these data was about 6% for the peak of 
the 3.69-Mev (lab) anomaly. Error bars on the 
N*(a,p)O" data also indicate only the statistical 
accuracy of the yield. Other experimental uncertainties 
contribute less than 2% to the cross-section uncertainty. 


BOMBARDING ENERGY UNCERTAINTY 


The uncertainty assigned to the bombarding energy 
is compounded of two factors. One is the uncertainty 
(+1.5 kev) associated with the measurement of the 
Li’(~,n)Be’ threshold. The second is the uncertainty 
inherent in correcting for the energy lost by the beam 


TasLe III. Comparison of Rutherford cross section with 
observed N*(a,a)N™ center-of-mass cross section at forward 
angles. Eq(lab)=2.538+0.002 Mev. Uncertainty assigned to the 
observed cross section includes the yield uncertainty. Cross 
sections are in millibarns per steradian. 


(da/dQ)e.m. % difference 


467 +14% 
277 41.5% 
181 +1.5% 
119 +1.7% 
84.241.9% 


(do /dQ) Rutherford 
475 
273 
179 
117 


6e.m 


40.05 
46.31 
51.77 
58.19 


Oisb 


31.53 
36.55 
41.14 
46.13 
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before it reaches the target volume. This correction is 
estimated to be good to about 10%. The correction 
itself ranged from a maximum of 100 kev at the lowest 
bombarding energy and highest target pressure to 5 to 
10 kev for the thin-target data. The bombarding energy 
uncertainty due to these two factors is summarized also 


in Table II. 


EXPERIMENTAL CHECK ON LARGE 
SYSTEMATIC ERRORS 
The over-all accuracy of the scattering chamber and 
auxiliary equipment was checked by comparing the 
elastic scattering cross section for E,(lab)= 2.538 Mev 
at forward angles with the calculated Rutherford cross 
section. The back-angle cross section has very nearly 
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Fic. 10. N“(a,p)O" absolute differential cross section 
for a target thickness of ~4 kev. 


the Rutherford value at this energy so the deviation 
from Rutherford scattering at forward angles is ex- 
pected to be quite small. The results are compared in 
Table III. The target gas pressure was approximately 
7.5 mm of Octoil. Uncertainties associated with the 
measured cross sections include the yield uncertainty 
which ranged from 0.5% to 1.5%. The absence of 
serious disagreement between the two cross sections 
suggests that no large systematic uncertainties have 
been neglected. 
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Energy Levels of F'*} 
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The N"(a,a)N™ differential cross sections reported in the previous paper have been analyzed using the 
dispersion formalism to obtain properties of the energy levels of F'’. A detailed fit of the calculated cross 
section to the experimental data was possible for the two broad resonances in the 3-Mev (lab) region. 
The 3.7-Mev (lab) anomaly cannot be accounted for by a single level. For the remaining levels, a detailed 
fit of the calculated cross section to the experimental data was not attempted. It was possible, however, to 
restrict the J values and parity of these levels by a qualitative inspection of the data. 


INTRODUCTION 


HE anomalous behavior of the N“(a,a)N“ differ- 

ential cross section presented in the preceding 
paper,' hereafter referred to as I, may be attributed to 
the existence of virtual states in the compound nucleus 
F'8, By using the dispersion formalism, it is possible to 
represent the cross section in terms of a small number 
of parameters which are properties of these energy 
levels. These parameters, such as the characteristic 
energy, parity, total angular momentum, and reduced 
width, are quantities which must be accounted for by 
a nuclear theory. 

At present, nuclear theory is not sufficiently devel- 
oped to predict the properties of energy levels of high 
excitation. The parameters determined by the analysis 
of the N"(a,a)N" data may therefore be thought of in 
a general sense as placing restrictions on the theory and 
in so doing perhaps pointing out certain regularities 
which may aid in the development of a satisfactory 
theory. 

Apart from these more general considerations such 
parameters also have an immediate value in that they 
aid in the study of the lower lying, bound levels. By 
the study of the N“(a,y)F'*™* reaction,’ it is possible to 
observe the decay of the compound nuclear states to 
lower lying levels. Knowledge of the properties of the 
initially formed state can be of considerable help in 
determining properties of the lower lying levels. 


CROSS-SECTION FORMULA 


The cross-section formula for the scattering of spin- 
zero by spin-one particles has been given* in terms of 
the collision matrix elements U; y’. 
formalism in the single-level approximation relates the 
elements U;,,7, to the properties of a single state \ of 


The dispersion 


t Work supported by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

* Present address: Physics Department, Ohio State University, 
Columbus, Ohio. 

1 Herring, Chiba, Gasten, and Richards, preceding paper [Phys. 
Rev. 112, 1210 (1958) ]. 

2W. R. Phillips, Phys. Rev. 110, 1408 (1958). 

( 3A, Galonsky and M. T. McEllistrem, Phys. Rev. 98, 590 
1955). 


the compound system as follows*: 


one 
U;, Pmeiel 142 — sing’ exp(is")| 


d 


: Aas : DP), 142, al), 1, « , 
+1— if 1421 =/+1— 1 } ey : eel 
2 


X etlei+elt2 sing’ exp(iB/), 


4 J 
l 1, 142 


where ¢g,= —tan(F;/G)aa; T, is the total width of 
the state \ and is the sum of the partial widths T',,;,, 
= (2K,/A?)yy.1.07, where A?=F?+G?; 7,122 is the 
partial reduced width for the decay of the state A into 
the o channel; 8” is the resonant phase shift and is 
given by BY=tan“({T,/2(Er—E) ]; Er is the resonant 
energy and is related to the characteristic energy Fy 
by Er= FEy+A,. 

The level shift A, is dependent upon the boundary 
condition assumed in matching the wave function of 
the internal or compound system to the exterior wave 
functions.® If X, is the wave function of the state A of 
the compound nucleus and y, is the exterior wave 
function describing the motion of the two interacting 
particles, the boundary conditions may be written as 


J c(eradrn +0209), yas =0, 


where dS is the surface separating the interior and 
exterior regions and 8, is a constant. The subscript s 
denotes the internal properties of the interacting pair 
as well as the quantum numbers / and m. Wigner and 
Eisenbud’ and Thomas’ choose 6,= (J+1)/a@,, in which 


*R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Inc., Reading, 1953). 

5 In the notation used in the following, ¢ denotes a channel into 
which the state \ may decay, and a denotes the particular channel 
consisting of an a@ particle and N™ nucleus. F; and G; are the 
unbound regular and irregular radial solutions of the Schrédinger 
equation. A? and g; were calculated using “Graphs of Coulomb 
functions,” Sharp, Gove, and Paul, Atomic Energy of Canada 
Limited publication No. 268, Chalk River, Canada (unpublished). 
The choice of interaction radius dq is discussed below. 

6 The author is indebted to Dr. J. E. Bowcock for enlightening 
discussions on the level shift. 

7E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

8 R. G. Thomas, Phys. Rev. 81, 148 (1951). 
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case the level shift is given by 


YA, P d( InA 2) 
A,=>> A, =-> ( “+1), (1) 
8 s a, \ d(Inx) 


where x=K,a,. On the other hand, Teichman and 
Wigner® and Sachs‘ choose }6,=(1/a,)—(G’/G), in 
which case 
“Yn, 8° FP, : 
A=) Anh ——— —. (2) 
8 8 A? G, 


LIMITATIONS ON THE ORBITAL 
ANGULAR MOMENTUM 


It is often possible to place restrictions on the range 
of orbital angular momentum involved in a given 
resonance by a qualitative inspection of the data. The 
well-known Wigner sum rule,? }°). y,12<3h?/2ua, 
places an upper limit on the partial reduced width. 
Since the penetrability 1/4; decreases monotonically 
with increasing /, there exists a highest / consistent 
with the Wigner limit for a given observed partial 
width. 

The parity of a level may sometimes be deduced from 
the behavior of the resonance at 90°. If an interference 
dip occurs at 90°, the parity of the level is even. A dip 
is caused by the destructive interference between the 
resonant and nonresonant amplitudes. Since the reso- 
nant amplitude is proportional to P;(cos#) and P;(0)=0 
for odd /, an interference dip is possible only if the 
resonant amplitude has even /. If, on the other hand, 
a rise instead of a dip is observed in the cross section, 
further analysis is needed to determine the parity. 

Since the channel spin of the N'*+a system is unity, 
the collision matrix is not diagonal in /. However, it 
was possible to fit many of the observed anomalies 
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Fic. 1. Potential (hard sphere) phase shifts, ¢:= —tan™(F1/Gi)a. 
The interaction radius, a, is 4.80 10- cm. 


°T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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assuming that only one / value is involved in a given 
resonance. There is no general justification for this 
assumption except that in some cases the penetrability 
changes rapidly with /, thereby decreasing the impor- 
tance of the higher /-value terms. But the assumption 
results in a much desired simplification of the cross- 
section formula and seems to be justified by the agree- 
ment obtained. A graphical method!” of analysis, in 
which the nonresonant and resonant terms are treated 
as vectors and circles in the complex plane, was used 
to facilitate the calculations. 


DETERMINATION OF THE INTERACTION RADIUS 


In principle the interaction radius a, is determined 
by fitting the theoretical cross section to the experi- 
mental data in a region where the resonant phase shifts 
are negligible. With the N'“(a,a)N“ data, however, 
there is only a small energy region at low bombarding 
energies over which all 8/ are negligible. In this region 
the Rutherford contribution is large so that the cross 
section is not a very sensitive function of a,. The choice 
of a, is therefore arbitrary within certain limits. In 
general, a, should be close to the sum of the a-particle 
radius and N™ nuclear radius. The value used in the 
analysis of these data is adg=4.80X10~-" cm. The ¢, 
as a function of energy for this value of a, are shown 
in Fig. 1. 

BROAD RESONANCES IN THE 3-MEV REGION 


In this section, the fitting of the cross-section formula 
to the observed data over the two broad resonances at 
2.87 and 3.08 Mev (lab) is discussed. The data in this 
region along with the calculated cross sections are 
shown in Fig. 2. The narrow resonance at 2.77 Mev 
(lab) is neglected in this discussion, since its effect 
upon the gross feature of the cross section is small. 
Using the Wigner sum rule, the upper limit on the / 
values involved in either of these two resonances is 
estimated to be /=3. The possibilities /=3 and /=2 
are eliminated since the two resonances show destruc- 
tive interference at 140.6° and 125.1°. An /=0 assign- 
ment is ruled out since it would produce an interference 
dip at 90°. Therefore, the only remaining possibility, 
J=1, is assigned to both levels. 

Calculations of the 170.8° cross sections were made 
to determine the J-value assignments. Only the assign- 
ments of J/=1, /=1 for the lower level and J/=2, /=1 
for the upper level are consistent with the data. 

After the J and / values were assigned, a series of 
detailed calculations were made in order to extract the 
reduced widths and resonant energies. In performing 
these calculations, certain approximations were made. 
The upper resonance is observed to decay via proton 
emission to the ground state of O!”. The N“(a,p)O"” 
data indicate that the width for proton emission is 


1 R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 84, 
18 (1951). 
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Fic. 2. Comparison of the calculated and observed cross sections in the 3-Mev (lab) region. The resonant energies are indicated by 


the arrows. The narrow resonance at 2.767-Mev (lab) 


about 15% of the total width. The energy dependence 
of the proton width is not known since no analysis of 
the N'*(a,p)O" data has been attempted. It is therefore 
assumed that the energy dependence of the total width 
is given by the energy dependence of the alpha partial 
width I'),; 2 and that the ratio I'y,, ./Ty is constant. 

In calculating the resonant phase shifts, the resonant 
energy Er was taken to be constant. Actually £) is 
constant and Ex is energy dependent through the level 
shift Ay. Formula (2) gives a small ‘(3-4 kev) level shift 
whose energy dependence may be neglected. On the 
other hand, (1) gives a large level shift whose energy 
dependence cannot be neglected in the calculation of 
8B’. The data do not exclude (1) however, since agree- 
ment could still be obtained but with slightly different 
parameters 3, 1,a’, Ey, etc. 

The parameters used in the calculation are summar- 
ized in rows 5 and 6 of Table III. Figure 3 shows the 
resonant phase shifts as a function of energy. The solid 
line in Fig. 2 is the calculated cross section. 


THE 3.7-MEV (LAB) ANOMALY 

The data to be discussed in this section are shown in 
Fig. 4. 

The large anomaly at 3.70 Mev (lab) cannot be 
interpreted in terms of a single level. The interference 
dip at 91° indicates the presence of an even parity 
level, yet the shape of the 170.8° cross section cannot 
be accounted for by any even parity level whose width 
is consistent with the Wigner limit. Also the excitation 


is neglected in the cross-section calculation. 


function at 125.1° shows two maxima which cannot be 
explained in terms of a single level. Further evidence 
is given by the N'4(a,p)O" excitation function at 84.7° 
which also suggests the presence of two levels (Fig. 8 
of I). 

Detailed calculations carried out 
energy region neglecting the narrow resonance at 3.576 
Mev (lab). It was assumed that there were only two 


were over this 
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Fic. 3. Resonant phase shifts for the two broad P-wave 
anomalies (J=1, and J=2) of Fig. 2. 
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levels present, that each was excited by only one 
orbital angular momentum, and that no levels above 
the range of observation appreciably affected the 
nonresonant vector in this energy region. 

Table I summarizes the various possibilities that 
were tried. Two levels with the same total angular 


TABLE I. Summary of the combinations of two levels which were 
tried in the attempt at fitting the 3.7-Mev (lab) anomaly. 


— level 


me _ 


1=0 (J #1) b 

= | c b 

2 c, (J #1)" b 

3 Possible Possible b 
(see text) 


1=0 


c, (J#3)* b 


c 
Not high enough Possible b 


at 170.8° 


* Excluded because same J and parity would produce two peaks. 
> Interference dip at 91° excludes odd / values for lower level. 
© Other possibilities have wrong shape at 170.8°. 


36 
Eq (LAB) MEV 


momentum and parity are ruled out immediately, since 
these assignments would produce two peaks at 170.8° 
of the same height. The 91° cross section eliminates the 
combination of any two odd parity levels, and also 
fixes the parity of the lower level as even. The comments 
for each square are sufficiently general to cover any J 
value consistent with the given / value. The statement 
“wrong shape at 170.8°” means that for any choice of 
parameters, the calculated cross section differs drasti- 
cally from the observed cross section at 170.8°. 

The statement “possible” means that a combination 
of these / values can be chosen so that the calculated 
and observed cross sections “more or less” agree either 
at 170.8° or at 90° or both. However, the agreement 
at the other two angles is quite poor. 

Of the combinations marked “possible,” a lower level 
assignment of J=1, /=0 and an upper level of J=4, 
J=3 seemed to have the best possibility of fitting the 
observed cross section. However, calculations show 
that this combination cannot consistently fit the data 
at all angles. Figure 4 shows the comparison between 
the calculated and observed cross sections. The pa- 
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rameters used in this calculation are summarized in 
Table II. These parameters were adjusted so as to 
obtain the best agreement at 170.8°. The resulting 
agreement at the other angles is very poor. On the 
other hand, if the parameters are readjusted so as to 
obtain the best fit at 90°, then the agreement at 140.6° 
and 125.1° is much improved, but the agreement at 
170.8° is considerably worsened. 

It appears that the assumptions mentioned earlier 
must be reconsidered if agreement is to be obtained 
between theory and experiment. The effect of levels 
above the range of observation may be important at 
3.7 Mev (lab). Studies of the O!7(p~,a)N™ reaction by 
Ahnlund" show energy levels in F'* corresponding to 
bombarding energies of 4.01 Mev (lab) and 4.04 Mev 
(lab). These levels are estimated to have laboratory 
widths of 14 kev and 115 kev respectively and may 
appreciably influence the nonresonant vector at 3.7 
Mev (lab). Furthermore, the assumption that only one 
1 value contributes to a given resonance may not be 
valid. The plausibility argument mentioned earlier, 
based on the discrimination against the higher / value 
by the penetrability factor, is less likely to be meaning- 
ful in this energy region, especially for low / values. 


NARROW RESONANCES 


A detailed fit of the calculated cross section to the 
experimental data has not been made for the resonances 
at 2.351, 2.370, 2.767, 2.868, and 3.576 Mev (lab). 
Both the target thickness and spread in beam energy 
are comparable to or larger than the width of the reso- 
nance so that the resonances have been instrumentally 
broadened to a considerable degree. 

It is possible to calculate the observed cross section 
if the actual cross section, beam energy resolution, and 
target thickness are known. If the bombarding beam 
has a normalized energy distribution P(Z) and if the 
energy lost per unit length through the target is 
uniform, then the observed cross section is related to 
the actual cross section do/dQ by the foliowing: 


do 1 Emax 
(*) -1f re 
dQ/ oy, AE We 


~min 


E de 


f —(e)dedE, 
E-AE, dQ 


where AF, is the target thickness and Emax and Em in are 
the upper and lower limits on the bombarding beam 
energy distribution. The extraction of the actual cross 


TABLE II. Summary of the parameters used in the calculation 
of the cross section shown in Fig. 4. The nuclear interaction 
radius is 4.80 10-" cm. 


——= = - - 


P (lab) > a /T) 


0.50 
0.55 


Exea(lab) = 3.67 Mev 
Exea(lab)=3.71 Mev 


80 kev 
40 kev 


"1K. Ahnlund, Phys. Rev. 106, 124 (1957). 
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Fic. 5. Calculated cross sections for two special cases at 6 
= 125.2°. These curves are to be compared with the corresponding 
observed cross section shown in Fig. 4 of I. 


section from the observed cross section is not accurate, 
however, if the beam energy spread, and target thick- 
ness, are comparable to or larger than the resonance 
width. 

Nevertheless, useful information may still be obtained 
by a qualitative inspection of the energy dependence 
of the resonance. The instrumental broadening dimin- 
ishes the peaks and valleys of the resonance but does 
not alter its general appearance. Since the shape of a 
resonance is determined by the / value of the level,” 
those / values which give the wrong energy dependence 
may be easily eliminated. 

Once the / value has been determined, it is often 
possible to restrict the J value even more than just to 
those values consistent with the conservation of total 
angular momentum. The difference between the maxi- 
mum and minimum cross section for a given resonance 
is determined by the J value. Thus those J values 
giving too small a change in the cross section may be 
eliminated. J values which give too large a change in 
the cross section cannot be eliminated, however, unless 
the extent to which the resonance has been instru- 
mentally broadened is known. 


A. The 2.351-Mev (lab) Resonance 
The data for this resonance are shown in Fig. 4 of I. 
The general shape of the 2.351-Mev (lab) resonance 


The relationship between the / value and energy dependence 
of the resonances can be easily understood if the graphical method 
of analysis is used, since the orientation of the resonant circle 
with respect to the nonresonant vector is dependent upon the 
value. 
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Fic. 6. Calculated cross sections at @2=170.8° for a J=4, 3, 2, 
1=3 level at 2.35 Mev (lab). These curves are to be compared 
with the corresponding observed cross section shown in Fig. 4 of I. 


at 170.8° excludes all / values except /=2, 6, and 3. 
The 91° data do not establish the parity of this level. 
If there is interference at 125.2° as seems to be suggested 
by the data, /=2 is eliminated. The cross section for an 
1=6, J=6 level and an /=3, J=3 level was calculated 
at 125.2° and is shown in Fig. 5. (The cross section for 
an /=6, J=7 or 5 level or /=3, J=2 or 1 level will 
have the same general shape as the cross sections shown. ) 
Comparison of the calculated cross section with the 
data at 125.2° favors the /=3 possibility. Figure 6 
shows the calculated cross section at 170.8° for an /=3, 
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J=4, 3, 2 level.” If the /=3 assignment is correct, an 
upper limit of 1.9 kev is placed on the center-of-mass 
width by the Wigner sum rule. 


B. The 2.370-Mev (lab) Resonance 


The data for the 2.370-Mev (lab) resonance are 
shown in Fig. 4 of I. 

The interference dip at 91° indicates the parity of 
this level is even. Of the even parity possibilities only 
an /=0 assignment appears to be consistent with all 
the data. The interference dip at 125.2° rules out /=2. 
The shape of the resonance at 140.6° excludes /=4. An 
1=6 level gives the wrong shape at 170.8°. Figure 7 
shows the calculated cross section at 170.8° and 90° for 
an /=0, J=1 level and is to be compared with the data 
shown in Fig. 4 of I. The above considerations suggest 
an /=0, J=1 assignment for this level. The data at 
91° indicate an upper limit of 3 kev for the center-of- 
mass width of this level. 


C. The 2.767-Mev (lab) Resonance 


The data for this resonance are shown in Fig. 5 of I 

The interference dip at 91° fixes the parity of this 
level as even. The excitation functions at 140.6° and 
125.2° exclude the /=0 possibility. An /=2 level would 
give the wrong shape at 170.8° as also would an /=6 
level. However, an /=4 level is consistent with all the 
data. Figures 8 and 9 show the calculated" cross section 
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Fic. 8. Calculated cross sections at 170.8° for a J=5, 4, 3, 1=4 
level at 2.77 Mev (lab). These curves are to be compared with 


13Small contributions from the incoherent terms have been 
neglected in this calculation. 

44 The terms describing incoherent scattering were neglected in 
the 170.8° calculation but included ir the 90° calculation. 
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for /=4, J=5, 4, and 3 at 170.8° and 90°. The contri- 
butions from the broad levels at 2.87 and 3.08 Mev 
(lab) to the nonresonant vector have been included in 
the calculations. The comparison between the calcu- 
lated and observed cross sections suggests the assign- 
ment of J=5, 4, or 3, /=4 for this level. For an /=4 
assignment, an upper limit of 0.8 kev is placed on the 
center-of-mass width by the Wigner sum rule. 


D. The 2.868-Mev (lab) Resonance 


The data for this resonance are shown in Figs. 6 and 
10 of I. : 

It is difficult to distinguish this resonance from the 
rapidly varying cross section arising from the level at 
2.870 Mev (lab). Since thin target elastic scattering 
data were not taken at other angles, no spin and parity 
assignments have been made for this level. The 
N*(q@,p)O"" data shown ia Fig. 10 of I establish an 
upper limit of 3 kev on the center-of-mass width of 
this level. 


E. The 3.576-Mev (lab) Resonance 


The data for this resonance are shown in Fig. 7 of I. 

Not much information can be extracted from this 
resonance. In addition to the difficulties introduced by 
instrumental broadening, there are two levels at slightly 
higher energies [~3.67 and ~3.71 Mev (lab) ] whose 
assignments are not certain. The latter factor makes it 
difficult to estimate accurately the nonresonant vector 
in the energy region of this resonance so that the / 
value cannot be inferred by the arguments previously 
used. However, certain limitations can be placed on 
the / value. An /=0 or /=1 assignment may be elimi- 
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Fic. 9. Calculated cross sections at 90° for a J=5, 4, 3, 1=4 
level at 2.77 Mev (lab). These curves are to be compared with 
the corresponding observed cross sections shown in Fig. 5 of I. 


nated since neither gives a large enough change in the 
cross section at 170.8°. For any nonresonant vector 
within reason, the /-value assignments of /=2, 5, or 7 
are eliminated because all of these assignments give 
the wrong shape at 170.8°. The possibilities of /=2, 4, 
or 6 remain and none can be eliminated by the data at 
other angles. The width of this resonance is about 6 
kev as seen from the 170.8° data. 


CONCLUSION 


The information obtained from the analysis of the 
N'(a,a)N“ data is summarized in Table III. Also 
summarized in Table III are the results of others who 
have observed levels of F!* in the same energy region. 
For the purpose of comparison, the resonant energies 
have been converted to the energy of excitation. Using 


TABLE III.:Summary of the properties of the energy levels of F!8 which were determined in the present analysis. The interaction 
radius used in the calculations was dg=4.80X 10~" cm. Also listed are the results of Heydenburg and Temmer® and Ahnlund.» For 
the comparison of the various results, the resonant energies have been converted to the energy of excitation of the compound nucleus 


F'8, The rest-mass energy difference between the N“+-a@ system and the F!* ground state was taken to be 4.432 Mev.° ( 


tentative assignments. 


I’) (c.m.) 
kev 


Eres (lab) 4 
Mev J 


2.3514-0.004 (4, 3, or 2) <1.9 

2.370+-0.004 (1) 

2.767 +-0.004 (5, 4, 3) 

2.868 +0.004 ae 

2.870+0.006 1 

3.080+0.006 2 

3.576+0.004 (4, 3, or 
(5, 4, or : <4 
(7, 6, or 5) 

~3.67 (1) 

(3, 2, or 1) 

(6, 5, or 4) 

(4, 3, or 2) ~31 


10i+5 


~62 
~3,71 








* See reference 16. 
b See reference 11, 
¢ See reference 15. 


yy? <107-4 
(Mev-cm) 


<1.38 


) indicate 


Heydenburg 
and Temmer® 
Ee I'(c.m.) 
Mev kev 


Ahnlund> 
I'(ce.m.) 


2 ua Ee 
™ x( 3 ht Mev 


<1 
<0.033 
“4 

ee 27+4 
0.715 
0.50 


93+8 6.830 


4 The resonant energy uncertainty is the rms sum of the bombarding energy uncertainty and the uncertainty involved in fitting the calculated cross 


section to the observed data. 
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the mass values given by Mattuch ef al.,!* the rest mass 
energy difference between the N+a system and F'* 
ground state was calculated to be 4.432 Mev. 

The excitation energies and total widths given by 
Heydenburg and Temmer'® were obtained from 
N*¥(a,a)N" and N*(a,p)O" differential cross-section 
measurements. Their measurements were made from 
6.0- to 7.1-Mev excitation. They were not successful 
in analyzing the data. The resonant energies and widths 
listed were obtained from a qualitative inspection of 
the N“(a@,p)O" data. A third resonance at 7.1-Mev 
(excitation) which they inferred from their data was 
not found in this investigation. 

The resonant energies and total widths given by 
Ahnlund" were obtained from the O!"(~,a)N" reaction. 
No analysis of her data has been reported. The resonant 

15 J. Mattauch et al., Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 179. 


16 N. P. Heydenburg and G. M. Temmer, Phys. Rev. 92, 89 
(1953). 


PHYSICAL REVIEW VOLUME 


132, 


HERRING 


energies were determined by observing the bombarding 
energy corresponding to the peak a-particle yield. A 
systematic energy difference could occur between 
Ahnlund’s values and the others since the comparison 
involves the rest mass energy difference between the 
N4+a and O!’+ p systems. 

Note added in proof.—Angular momentum and parity 
assignments for levels in the same energy region of F"* 
have recently been reported [J. R. Risser, private com- 
munication, July, 1958] to the author. For a discussion 
of these assignments, see Kashy, Miller, and Risser, 
Phys. Rev. 112, 547 (1958). 
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Polarization of Protons from C'(d,p)C’ Reaction with Deuterons of 1060 kev 


Mirra K. Jurié anv Sitva D. Crritov 
Institute of Nuclear Sciences, Boris Kidrich, Belgrade, Yugoslavia 
(Received June 16, 1958) 


The polarization of protons from the C"(d,p)C™ reaction has been measured for a deuteron energy of 
1060 kev at angles 20° and 140°. Elastic scattering by carbon was used to analyze the polarization. Nuclear 
emulsions were used as the proton detector. The observed magnitude of the polarization was found to be 
P=54.349.5% at 20° and P=29.4+12.6% at 140°. Positive sign of the polarization corresponds to the 


vector product K,X Kg. 


I. INTRODUCTION 


INCE the value and the sign of the polarization of 
particles emitted in a reaction are much more 
sensitive te the nuclear parameters than the angular 
distribution, the measurement of this polarization can 
be a useful tool for obtaining more detailed information 
about the mechanism of the reaction. 

The comparison of experimentally obtained results 
of the polarization for the reaction produced by deu- 
terons'? with the refined Butler’s theory*~* shows that 
the sign of the observed polarization is in agreement 
with some theories®* but that its magnitude is greater 
than any theoretically predicted. 

In this experiment the polarization of protons from 
the C”(d,p)C® reaction has been measured at a forward 
and a backward angle. The elastic scattering of protons 

1A. C. Juveland and W. K. Jentschke, Bull. Am. Phys. Soc. 
Ser. II, 1, 193 (1956). 

2 P. Hillman, Phys. Rev. 104, 176 (1956). 

3H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 

4 J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 695, 
731 (1953). 

5 W. B. Cheston, Phys. Rev. 96, 1590 (1954). 

6H. A. Weidenmiiller, Z. Physik 150, 389 (1958). 


by carbon was used as the analyzing reaction. The 
energy of the incident deuteron beam was lower than 
the Coulomb barrier for the target nucleus and the 
bombarding energy used in this experiment does not 
correspond to a resonance in the excitation curve. 


II. PRINCIPLE OF THE METHOD 


As a measure of this polarization ?)(6;), an asym- 
metry in the intensities of scattered protons at the 
same angles (+6,) to the left and the right in the plane 
perpendicular to P; in the second reaction has been 
taken. If this asymmetry is expressed as e= (L—R) 
(L+R), where L and R are the number of scattered 
protons at equal angles to the left and the right, then 
P(0,)P2(02)=e(61,02), where P:(@2) is the polarization 
of the protons elastically scattered by carbon. 

The carbon nucleus is similar to the helium, the 
standard analyzer; it is a spin-zero nucleus and the 
protons scattered on it show an anomaly’ in the 


7G. Goldhaber and R. M. Williamson, Phys. Rev. 82, 495 
(1951). 
8H. L. Jackson and A. I. Galonsky, Phys. Rev. 89, 370 (1953). 
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region of 1.75 Mev. This anomaly is the result of two 
virtual levels, a (j=3/2—) level, and a (j7=5/2+-) level 
of an unstable N® nucleus. A resonant scattering which 
originates from the existence of such an anomaly ought 
to give a strong spin-orbit interaction. Using the data 
of the phase-shift analysis** deduced from the experi- 
mental C”(p,p)C" differential cross section, we have 
calculated the polarization of protons scattered by 
carbon according to the equation 
AB*+A*B 


P(62,E)=———_—, 
|A|2+| BI? 


where 


1 
A (82) = — }a— csc?(62/2) exp[ita In csc? (42/2) ] 
k 


1 » 
+- ¥ [(/+1) exp(ié;+) sind,+ 
k t= 
+1 exp(i6;-) sind; Je?**“P;(cosd.) ; 
id 
B (62) =-— > [exp(#6;*) siné,* 
k dO» l=] 
—exp(i6;-) sind; Je**'P;(cos8.). 


Variation of the polarization with energy and angle 
in the center-of-mass system is shown on Fig. 1. Diatlov 
and Rosenzweig” also suggested carbon as an analyzer 
for polarization of protons elastically scattered on 
carbon in the energy region from 1.2 to 2.4 Mev. This 
polarization has been experimentally verified." 

The polarization is considered to be positive when it 
lies in the direction of the vector product K,’XK,, 
where K,’ and K, are the outgoing and incoming 
proton wave vectors, respectively. 


III. EXPERIMENTAL PROCEDURE 


A diagram of the experimental arrangement is shown 
in Fig. 2. A well-collimated beam of 1-Mev deuterons 
from the Cockcroft-Walton generator hit the first target 
(T;) which is placed in the center of a large evacuated 
chamber. Around this target were placed two small 
chambers which could be rotated, allowing the obser- 
vation of the emerging protons at any angle with 
respect to the deuteron beam. These small chambers 
contain the secondary targets (72) as well as the photo- 
graphic emulsions. The emulsions were placed at angles 
ranging from 10° to 170° with respect to the proton 
beam emanating from the first target. Both targets 
were made by burning benzene. The first target was 
supported by a nickel foil and the secondary targets 
by thin Formvar foil, of thickness between 0.3 and 0.7 
milligrams/cm?. The entire experimental apparatus as 
well as the beam tube was surrounded by lead and 
paraffin. 

® Reich, Phillips, and Russell, Phys. Rev. 104, 143 (1956). 


J. T. Diatlov and L. N. Rosenzweig, Trudy Har. Gosudarst. 
Univ. S.S.S.R. 6, 81 (1955). 


" P. V. Sorokin and A. Taranov, Doklady Akad. Nauk S.S.S.R. 
111, 82 (1956) [translation : Soviet Phys. Doklady 1, 637 (1956) ]. 
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Fic. 1. Polarization produced 
in proton-carbon scattering as 
a function of angles (c.m. 
system) for various incident P e) 
proton energies Ep in Mev in | 08 
lab system: I=1.60 Mev; II 
=1.75 Mev; III=1.80 Mev; 04 
IV=1.85 Mev; V=1.90 Mev, 
and VI=2.00 Mev. (In the ab- 
scissa, 50° should read 60°.) 
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The protons produced in the first reaction passed 
through nickel foil windows and into the secondary 
chambers. These windows stopped elastically scattered 
deuterons and decreased the proton energy to less than 
2 Mev which is the region in which the polarization in 
proton-carbon scattering is greatest. This second scat- 
tering occurred at an energy of 1.75 Mev. The second 
scattered protons were observed at six angles on each 
side. The exposures for all of these angles were made 
simultaneously for an initial bombardment of 14 
microampere hours. The entire apparatus was aligned 
for each exposure. The proton detectors were 504 
Ilford E-1 emulsions with extra plasticizer added. 

As the nuclear emulsions were found to contain a lot 
of knockon protons tracks caused by neutrons, it was 
necessary to perform the background exposure. This 
background run was carried out on the same conditions 
as the main exposure, except that the nuclear plates 
were screened against the scattered protons by nickel 
foil. 


Fic. 2. Scheme 
of the experimen- 
tal arrangement. 
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TaBLE I. Background correction. 














The protons were scanned in swaths corresponding 
to an angular width of about 1° in the second scattering. 
The following criteria were used: The tracks had to 
start on the surface of the emulsions, be oriented in the 
direction toward the scattering center, have the correct 
length, and have an azimuthal angle between +9° and 
—9°. In order to minimize any subjectiveness of 
individual scanners many of the plates were scanned 
by several observers. 

As in this experiment the symmetry of the whole 
apparatus is the most important, an experimental 
verification was made. Two identical experiments were 
carried out under completely the same conditions, first 
in the ordinary way, second with the chambers turned 
round for 180°, so that left and right were interchanged. 
The observed results were the same in both cases, 
which showed that there was no evident error from a 
mechanical asymmetry in the chamber. 


IV. RESULTS AND DISCUSSION 


The intensities of elastically scattered protons by 
carbon to the left and the right for angles in the center- 
of-mass (c.m.) system 6.=44° 42’, 55°17’, 65° 44’, 
76° 2’, 86° 45’, 96° 19’, with respect to the incoming 
protons, have been measured. From the observed data, 
taking into consideration the background correction 
(Table I), the ratio e(6;,42)=(L—R)/(L+R) has been 
estimated. These magnitudes were then divided by the 
values of P2(@.) for given angles, which correspond to 
the polarization produced in proton-carbon scattering 
at 1.75 Mev. Polarization P2(6.) (Fig. 1, curve I) is 
negative up to 60° and positive over 60°. The polar- 
ization of protons from C#(d,p)C", P,(0:)=e(61,02) 
P»(6.), must be the same for all 62 angles. 

In Table II the data are summarized. At each 6; angle 
two measurements were made with the chamber in the 
normal position and one measurement with the chamber 
in the inverted position. At the larger angles the yield 
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TABLE IT. Summary of data. 


6: =20° 6, =140° 


62(c.m.) R L e Pi(%) R L e 
— 0.764 


44°42’ 895 636 —0.174 54.1 183 153 

55°17’ 681 568 —0.095 52.5 187 168 —0.058 
65° 276 307 0.057 56.6 141 150 0.028 
76° 2’ 243 494 0.356 58.4 188 285 0.210 
86° 4: 149 280 0.312 41.0 146 208 0.143 
96° 48 57 0.099 60.6 97 107 0.053 


44° 186 134 17 53. 460 384 
55° 169 140 ; o/. 400 360 
65° 163 182 .062 : 362 385 
76° 502 884 Va 50. 88 127 
53.6 77°—«112 


—(),090 

—0.055 
0.031 
0.196 
0.202 


86°45’ 172 398 0.408 


Inverted chamber 


4 125 —0.178 55.4 127 106 
5 270 —0.104 57.5 195 177 
6 F 116 0.284 46.6 160 230 
6° 45’ ; 201 0.432 56.7 141 202 
96° 19’ 148 0.089 54.4 254 280 


—0.104 
—().047 
0.187 
0.202 
0.050 


> 


was smaller and, therefore, a larger surface of the plates 
was scanned. The average of sixteen measurements 
yields for the polarization of the protons P,=54.3 
+9.5% at 0,:= 20° and P)=29.44+12.5% at 6,;= 140°. 

The bombarding energy of 1060 kev is lower than 
the Coulomb barrier for the (d,p) reaction and, there- 
fore, Coulomb effects are present as well as possible 
stripping effects. For this reason the angular distri- 
bution of the protons has a peak in the backward as well 
as the forward direction, the backward peak being com- 
parable and perhaps greater than the forward peak." 
The polarization of the protons at 20° is large and the 
sign is positive in the direction of K,X Ku, correspond- 
ing to j,=1-3. This value corresponds to a value 
obtained earlier for the same reaction but a higher 
deuteron energy. The polarization in the backward 
direction is considerably smaller than the polarization 
in the forward direction but of the same sign. The 
theoretical significance of the polarization in the back- 
ward direction has, to the best of the authors’ knowl- 
edge, not as yet been discussed. 

Further work on these subjects is in progress. 
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Semiclassical Treatment of Direct Nuclear Reactions 
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A semiclassical method is employed to discuss the angular distributions of direct nuclear reactions. The 
method considers the incident and outgoing particles to be described by rays which follow classical paths; 
these rays can be refracted, reflected, and absorbed by a ‘‘clouded-crystal-ball’”’ nucleus. Any given incident 
ray is considered to have a certain probability of suffering a major ‘‘scattering” at each point within a 
nucleus, this ‘‘scattering” not only changing the direction of the ray but also its wavelength. A condition of 
angular momentum conservation is imposed on this direct-scattering event, such that the angular momentum 
change in this process is equal to that required by the direct reaction under consideration. 

On this picture it is seen that the oscillations in the angular distributions which often occur with direct 
reactions arise as a result of interference between direct scatterings in different regions of the nucleus. Thus 
these oscillations are to be likened to the interference maxima and minima which arise when light is scattered, 
for example from a soap film. Effects due to compound nucleus absorption and of refraction and reflection of 
the incident and outgoing rays can be discussed fairly simply on this model. 

An investigation of the basis of the semiclassical method indicates that it should be reliable over a wide 


range of interesting conditions, 


I. INTRODUCTION 


XPERIMENTAL evidence is accumulating to the 
effect that a very large number of nuclear reactions 
which proceed at least to low-lying sharp energy levels 
of the final nucleus receive predominant contributions 
from a direct process.! The theoretical interpretation 
of the experimental differential cross sections for such 
reactions is dependent on the spins and parities of the 
nuclear energy levels involved, and also on the optical- 
model properties of the initial and final nuclei as seen by 
the incident and outgoing particles, respectively.’ 
Thus a complete analysis of a given direct reaction 
differential cross section is capable of yielding a con- 
siderable amount of information not only in the realm 
of nuclear spectroscopy, but also as regards nuclear 
matter itself. 


Unfortunately the theoretical evaluation of a direct-. 


reaction cross section can be simply performed only 
under fairly extreme approximations.?* A_ general 
evaluation for any one particular reaction involves a 


major computational program in which agreement with 


* Fulbright Research Scholar. On leave from the University of 
Pittsburgh, Pittsburgh, Pennsylvania. 

t Also supported by the Nuclear Research Foundation within 
the University of Sydney. 

1 Schrank, Gugelot, and Dayton, Phys. Rev. 96, 1156 (1954; 
Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955); 
Benveniste, Finke, and Martinelli, Phys. Rev. 101, 655 (1956); 
P. C. Gugelot and M. Rickey, Phys. Rev. 101, 1613 (1956); H. J. 
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the experimental differential cross section may finally 
be achieved by appropriate choice of optical-model, and 
other, parameters.‘ In such a calculation, one tends 
often to achieve little real insight as to why the par- 
ticular values of the parameters actually chosen should 
lead to the angular distributions finally obtained. 
Of course accurate calculations must be performed, but 
it is undoubtedly preferable to obtain a good qualitative 
and even semiquantitative understanding of any given 
angular distribution from simple physical considera- 
tions, leaving to a full-scale computational program 
only questions of detailed accuracy. 

In this paper we discuss a simple semiclassical treat- 
ment of direct reactions, yielding a qualitative and in 
many cases quantitative understanding of the cross 
sections of these reactions. The method considers the 
incident and outgoing particles to be described by rays 
which follow classical paths (i.e., it may be thought of as 
employing WKB wave functions). A given incident ray 
is considered to be refracted and absorbed by the 
“clouded-crystal-ball” nucleus, and then at some well- 
defined point in the nucleus to undergo a major “‘scatter- 
ing” event. This “scattering,” which gives the direct 
reaction, may change the direction, wavelength, and 
particle type of the ray. The outgoing ray subsequent to 
such a scattering may then see the nucleus as a medium 
with different refraction and absorption properties from 
those seen by the ingoing ray. 

Angular momentum conservation is imposed on the 
direct scattering event, the special assumption of the 
semiclassical method being that this selection rule 
applies locally, to each possible reaction point within 
the nucleus. As is well known for direct reactions the 
conservation laws of angular momentum and of parity, 
involving the spins and parities of the initial and final 


‘C. A. Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1958). 
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nuclei, place severe limitations on the orbital angular 
momentum change which can occur as a result of the 
reaction. If the angular momentum change be denoted 
by /h, the usual circumstance is that only one specific 
integral value of / is allowed. Hence in the semiclassical 
treatment the condition is imposed that when any given 
incident ray “‘scatters’” at a certain point into an 
outgoing ray, it must do so in such a way that the orbital 
angular momentum change be equal in magnitude to 
lh. For a given angle of scattering this condition 
imposes restrictions on the region of the nucleus which 
can contribute to the direct reaction. 

In Sec. II this semiclassical method will be defined 
in more detail, and its consequences evaluated under the 
same approximations as have previously been employed 
in obtaining closed-form results from a quantum- 
mechanical calculation.?* It is found that the results of 
the semiclassical method closely resemble those of the 
corresponding wave-mechanical calculation for all 
values of the parameters involved. Moreover one gains 
an insight into the factors contributing to the well- 
known oscillatory nature of the angular distributions 
which are obtained. Thus the oscillations in the angular 
distributions are seen to arise from interference between 
rays which suffer their direct scattering in different 
regions of the nucleus, in close analogy to the inter- 
ference maxima of intensity which occur when light is 
reflected from a soap film. Also, for those reactions in 
which the angular momentum transfer / in nonzero, it is 
readily to be understood why the differential cross 
sections are often small at small angles of scattering, 
with a first maximum displaced from the forward 
direction. This appears as a direct consequence of the 
angular momentum selection rule, when for small 
angles of scattering there is no point within the nucleus 
at which an ingoing ray can be “scattered” into an 
outgoing ray such as to yield the required orbital 
angular momentum change (see Appendix of first paper 
of reference 3). 

As well as providing considerable insight into the 
factors contributing to the usual simplified closed-form 
formulas for direct reaction angular distributions, the 
semiclassical method also serves to show the short- 
comings of some of the approximations employed in 
the derivation of these formulas. The present method 
does not depend for its simplicity on these approxima- 
tions, and results by this method can be evaluated 
with absorption and refraction of the incident and 
outgoing rays considered in a general manner. In Sec. 
III we present preliminary results of such an investiga- 
tion, in which compound-nucleus absorption is con- 
sidered more realistically, and some effects of refraction 
are discussed qualitatively. The results of this section 
will show, for example, that absorption of the incident 
and outgoing rays tends to fill in the valleys between 
oscillations in the angular distributions without affect- 
ing the positions of the maxima to any great extent. In 
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some cases when absorption is very strong, maxima 
subsequent to the first peak can be washed out almost 
entirely so that the whole direct-reaction angular dis- 
tribution at large angles becomes slowly varying. 

It is also seen that a significant effect of refraction 
is the possibility of an angular distribution being 
peaked forward, even if on the simple theory there is a 
“forbidden region” in the forward direction. Such a 
peak can arise, however, only if the compound-nucleus 
absorption of either the incident or outgoing particles 
is quite weak. Under these conditions we also see in 
Sec. III that it is possible for a forward peak to be 
accompanied by a backward peaking, reflection of the 
rays producing an “image” of the main forward peak in 
the backward direction. 

A more detailed study of refraction as well as absorp- 
tion effects, together with detailed comparisons with 
experiment, is deferred for a later publication. 

In Sec. IV of the present paper an investigation of 
the reliability of the semiclassical method is carried out. 
It is derived from the full quantum-mechanical cal- 
culation, the accuracy of the required approximation 
then representing the accuracy of the semiclassical 
method. The derivation is actually carried through for 
a somewhat restricted case, viz., under the simplifying 
assumptions regarding direct reactions discussed in 
Sec. II. Under these restrictions, however, it can be 
seen that the semiclassical results should be reliable 
over a wide range of interesting experimental conditions, 
and are at least qualitatively reliable in most cases. 

The derivation of the semiclassical method has not as 
yet been carried out with absorption and refraction 
effects fully included. Nevertheless the results of Sec. IV 
give us confidence that it can be useful for more general 
calculations. 


II. SEMICLASSICAL METHOD 


In a given direct reaction, let the wave vectors for the 
incident and outgoing particles be k; and ky, respec- 


a 


Fic. 1. Path traveled 
by a typical ray in the 
semiclassical picture of 
a direct reaction. 
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tively, the angle between these vectors being the angle 
of scattering, and let the angular momentum transfer 
be /h. The semiclassical picture of such a reaction is 
depicted in Fig. 1. A particular incident ray enters the 
nucleus at A, where it is subjected to refraction, and 
thereafter its amplitude will suffer damping due to 
absorption. At some point S a direct scattering occurs 
in which the wavelength of the ray is changed. The 
outgoing ray penetrates to the nuclear surface at B, is 
refracted, and emerges with wave vector ky. 

Let the wave vectors of the incident and outgoing 
rays within the nucleus be K; and Ky, respectively, and 
let the position vector of the point S be r. Then the 
orbital angular momentum of the incident ray may be 
written AK,;Xr (since refraction at the nuclear surface 
cannot change the angular momentum), and of the 
outgoing ray AK,Xr. Thus the orbital angular momen- 
tum change AL as a result of the direct scattering is 
given in magnitude by 


AL=h|Q*xXr|, (1) 


where 


Q*= K,— K,;. 


By the condition therefore that the orbital angular 
momentum change be /h with / a particular integral 
value, we have from (1) that 


\Q*Xr| =1. (2) 


It is the condition (2) which is to be imposed on each 
direct scattering event, and which for a given angle of 
scattering severely limits the regions of the nucleus 
which can contribute to the reaction. 


Illustration in Simple Case 


In order to obtain simplified closed-form expressions 
from a quantum-mechanical calculation of direct 
reaction cross sections, the following two approxima- 
tions have previously been made (see, e.g., references 
2, 3): (a) compound-nucleus absorption of the incident 
and outgoing particles is assumed to be very strong 
in the interior of the nucleus, thereby limiting the 
reaction to the surface; (b) the wave functions for the 
incident and outgoing particles are taken simply to be 
undistorted plane waves, and all parts of the nuclear 
surface are considered to be able to contribute with 
equal probabilities to the reaction. If the same assump- 
tions are made here for comparison, our picture of the 
reaction simplifies to that of Fig. 2, and the results of 
the semiclassical method may be written down almost 
at once. 

To start with, since refraction at the surface is being 
ignored, the wave vectors k; and K;, are identical, as 
also are the vectors ky and K,;. Thus condition (2) 
becomes simply 


|QXr|=/, ; (3) 


DIRECT NUCLEAR REACTIONS 
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Fic. 2. Semiclassical picture of a direct surface reaction under 
the simplifying approximations of Sec. II. The two scattering 
events depicted occur at opposite ends of the active cylinder; it is 
the interference between the outgoing rays from such scatterings 
that gives rise to the “interference maxima and minima”’ of the 
angular distribution. 


where Q is the recoil momentum of the target, 
Q=k;—k,. 


For a given angle of scattering, the condition (3) 
restricts the possible points of scatter S to the surface 
of a cylinder of radius //Q whose axis passes through 
the center of the nucleus in the direction of the vector 
Q. We shall for conveniencec all this the “active 
surface.” 

We wish to add coherently all the outgoing rays, and 
to do this we must take into account the fact that the 
total path length differs for rays scattered at different 
points on the active surface. It may readily be ascer- 
tained that this leads to a phase-factor e'‘2°" to be 
associated with a given outgoing ray, where r is the 
position vector of the point §. Thus we must form the 
sum of all factors e‘‘2*) over the active cylinder, 
weighting each point S by a probability amplitude 
p(r) that a direct scatter could have occurred at that 
point. The total amplitude 7 for the direct reaction 
therefore becomes 


T= | dr pine”, (4) 
active cylinder (r < R) 


the nuclear radius being denoted by R. 

Clearly the most convenient method for evaluating 
this integral is to employ cylindrical coordinates, say 
(p,a,z) with the z axis chosen as the axis of the active 
cylinder. The phase factor takes the simple form e*®?, 
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where Q is the magnitude of Q; the contributions from 
+z and —z combine, giving the interesting oscillatory 
factor 


e'@2-+ ei —» cosQz. 


The p and a integrations are entirely trivial; in par- 
ticular p is the radius of the active cylinder, p=//Q. The 
resulting one-dimensional integral on z is then con- 
veniently transformed back in terms of the polar 
coordinate radius r, where r?= z?+ (//Q)*. This yields 


cos((?re— FP)! 
T=4ai f hia——, 
r<max(R.l/Q) (P'r—P)s 


The factor p(r) of the integrand of (5) we have 
defined to be the probability amplitude for a direct 
scatter to have occurred at the point S, whose distance 
from the center of the nucleus is 7. It clearly should be 
proportional to the availability at that point of a 
nucleon (or nucleon group) in an appropriate state to 
produce the scattering; it equally clearly should be 
proportional to the amplitude at that point for the 
nucleon (or nucleon group) which remains captured in 
the final nuclear state. 

We shall obtain more insight into this factor p(r) 
shortly, but for the moment it will suffice us to know 
that it must fall off with increasing r(>R) as does the 
nucleon distribution in the initial and final nuclei. We 
therefore expect the main contributions to the integral 
of (5) to come from values of r close to the lower limit 
of the integral. 

As long as //Q is less than R, so that the active 
cylinder does in fact intersect the main core of the nu- 
cleus, the amplitude would therefore be expected to be 
represented accurately by the following approximation : 


cos(Q?R?—P)! 

ee | 6) 
(PR°—P)3 

where 


p= f rdrp(r). 
R 


In the event that OR<1, the active cylinder misses the 
nuclear core altogether, and merely passes through the 
fringes of the decreasing nuclear density distribution. 
Combining these results, the angular distribution is seen 
to be of the form® 


(7a) 


for QOR<1. (7b) 


5 Strictly we also should allow the function p(r) to depend on 
Q, since the probability amplitude for a direct scatter can well 
depend on the magnitude of the momentum transfer. Thus the 
quantity P= fp*rdr p(r) can be Q dependent, and provide an 
angle-dependent form factor to multiply (7). Such a function will 
always be smoothly varying with angle, and cannot affect signifi- 
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The behavior of the differential cross section pre- 
dicted by (7a) and (7b) is determined by the fact that 
Q increases monotonically with scattering angle, and 
also by the fact that Q frequently is quite small for 
forward angles of scattering. For a reaction with 
I>0, then, it can well happen for small angles of 
scattering that QR</, and that the differential cross 
section will be very small, according to (7b). This is 
then a “forbidden region” in the angular distribution 
due to the fact that the “active cylinder’’ does not cut 
the nucleus—or in other words to the fact that there is 
no point within the nucleus at which a direct reaction 
can produce the required orbital angular momentum 
change. 

As the angle of scattering increases, the cross section 
will rise as QR approaches /, and will reach a maximum 
at the point OVR=/. Just at this point Eq. (6) is a poor 
approximation to Eq. (5), so Eq. (7a) is not accurate. 
Towards somewhat larger angles the accuracy becomes 
adequate, however, and it is seen that the angular 
distribution will describe oscillations according to the 
factor cos*(Q?R’—[)!, the amplitude of which will 
decrease as ((?R?—/*)~'. These oscillations stem solely 
from the factor cos(Q®R?—/*)! in the integrand of Eq. 
(5), which arises as a result of the coherent addition 
of the amplitudes from two circles around the opposite 
ends of the active cylinder. 

The behavior of the direct-reaction angular distribu- 
tion given by (7a) and (7b) is very similar to that 
obtained from quantum-mechanical calculations. The 
similarity may be brought out even more closely. 
Under the approximations mentioned at the beginning 
of this discussion, the quantum-mechanical result for 
the amplitude for a surface direct reaction takes the 
standard form?# 


x 


Ta.m.= Kf rdr y(r)ji(Qr). (8) 
Kk 


Here K is a constant (we are not at present concerned 
with absolute magnitudes), y(r) is a function dependent 
on the bound-state wave functions, and 7;(Qr) is the 
usual spherical Bessel function.® 

For a (d,p) reaction, for example, y(r) is the radial 
wave function of the captured neutron in its final 
nuclear state; i.e., for r> R one has for a (d,p) reaction 


y(r) « hi(ixr), 


where h*x?/2m is the neutron binding energy (m being 
the nucleon mass) and /; is the spherical Hankel 
function. Alternatively, for a reaction of the form 
(p,p’) or (a,a’) in which the incident particle is con- 
sidered to be scattered by a nucleon in a given state, 


cantly the positions of the maxima and minima of the angular 
distribution. It can, however, influence the relative heights of 
different peaks in the distribution. 

6L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), Chap. IV, p. 77. 
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thereby changing the state of this nucleon, the function 
y(r) is a product of the initial and final radial wave 
functions of the nucleon. If the initial state of this 
nucleon has orbital angular momentum /;, and the final 
state has orbital angular momentum 2», and if the radial 
wave functions for these states be u(r) and ulo(r), 
respectively, we have in this case 


y(r) & uy, (7) mM, (7) 


xh) (ixw)hi(ixr), for r2R. 
Here h?«,?/2m and h’x.?/2m are the binding energies of 
the nucleon before and after the collision. 

Because of the fact that the above function y(r) 
decreases fairly rapidly as r increases above R, the 
factor j:(Qr) can as a first approximation be replaced 
by j:(QR) in the integral of (8). Thus the angular 
‘distribution for a direct surface reaction, derived in the 
usual manner, is determined essentially by the factor 
{7:(OR)}*. Indeed, on comparing Eqs. (5) and (8) we 
see that the function p(r) of the semiclassical method 
is to be identified with the wave function ry(r) of the 
wave-mechanical matrix element, and that in addi- 
tion the semiclassical method makes the following 
replacement: 

0, if 


5] 


Or<l 
semiclassical 
jilQr) 4 cos(0?r?—P)! 
if Qr2l. (9) 
(Or —P)! 


It may readily be verified that the right-hand side 
of (9) provides a quite good approximation to the 
spherical Bessel function, starting beyond the first 
maximum and going out through several oscillations. 

Apart from the fact that it yields angular distribu- 
tions very like those of quantum-mechanical calcula- 
tions, the semiclassical method is of interest in showing 
how the familiar oscillations of these angular distribu- 
tions arise. They arise as a result of interference between 
outgoing rays which have been produced in a direct 
scatter at different points of the nucleus, the same sort 
of effect as produces the well-known interference fringes 
of physical optics. 

Of course the simple approximations employed in 
this section are not essential for application of the 
semiclassical method. They were employed solely to 
facilitate a comparison between the semiclassical and 
quantum-mechanical results in one particular case. 
Actually these simple approximations are liable to be 
quite inaccurate in certain cases. For example, if 
compound-nucleus absorption of the incident and 
outgoing rays be taken into account realistically, and 
if the mean free path for such absorption be quite short 
for at least one of these rays, then not all points in any 
shell of radius r within the nucleus will be equally acces- 
sible for a direct reaction. In particular the two circles 
around the active cylinder corresponding to a certain 
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radial distance r may really contribute with quite 
different magnitudes. Thus it may be very much less 
likely for an incident ray to penetrate to a circle which 
is largely towards the rear “‘shaded”’ side of the nucleus 
than to the corresponding one on the near “light” 
side. In this case the interference between the outgoing 
rays emanating from these circles can never be com- 
plete. One would now expect different weights for the 
respective phase factors, so that in adding the contribu- 
tions of these two circles one has a sum 
é 1(Q r)t qeté Q:1) 

(1—a)e~*'2:) 4-24 cos(Q-r) 

(1—a)e~*#?+4 2a cosQz, a<l (10) 
to replace what was a pure cosQz term in the previous 
treatment. 

Hence we would expect a more realistic account of 
compound nucleus absorption to fill in the valleys 
between the peaks in the angular distribution. However 
the peaks will still occur at the same places. 

In the next the semiclassical 
employed to explore this question in more detail, and it 
will be seen that the above qualitative expectations are 


section method is 


borne out. 


III. ABSORPTION AND REFRACTION EFFECTS 


The semiclassical model can be applied very easily, 
in the examination of any particular experiment, by 
sketching the active cylinders for a variety of scattering 
angles. Then the paths which the incident and emerging 
rays must take to reach these cylinders may suggest the 
effects which are influencing the angular distribution. 

A few typical effects will now be discussed. 


(a) Absorption 

We shall simplify this discussion of absorption by 
taking the function p(r) of Eq. (4)—.e., the probability 
amplitude that a direct scatter can occur at a point 
distant r from the center of the nucleus—to be a step 
function, i.e., 
rR 
r>R. 


p(r)= po, 
p(r)=0, 


(11) 


Thus we are ignoring the decreasing density distribution 
outside the surface. 

We make allowance for compound-nucleus absorption 
by saying that the probability that the incident ray 
can reach a given point § (see Fig. 3) without being 
absorbed is given by a factor exp(—I';R,), where R; is 
the distance the ray has had to penetrate through the 
nucleus in order to reach S. In other words we assume 
the ray has been attenuated by the amount exp(—TI,R,). 
Similarly the probability of the outgoing ray actually 
emerging is taken to be a factor exp(—I',R,;) where R; 
is the distance this ray must traverse before escaping 
from the nucleus. 
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Fic. 3. A direct scattering event occurring on the surface of the 
active cylinder and within the nucleus. The distances over which 
absorption can occur for the incident and outgoing rays are the 
distances R; and Ry, respectively. 


If we neglect refraction effects and the corresponding 
change in wavelength of a ray as it penetrates into the 
nuclear matter, the following expression for the ampli- 
tude T for the direct reaction replaces Eq. (4): 


r= f dr p(r)eQ-He-TsRigTsRs, (12) 
active cylinder 


In the event that [;=I'y=0, no absorption, this 
amplitude may be evaluated, and is simply 


T=4rlpQ™ sin(??R’—/)!, if QR>1. 
In this case the angular distribution is 
ox(Q- sin?(Q?R?—/*)!, QOR>1 
OR<1. 


(13a) 
(13b) 


o=Q, 


Thus once again the angular distribution exhibits the 
familiar oscillations, although they now are damped 
towards large Q by the factor O~*. 

To evaluate the integral of (12) for specific nonzero 
values of I’; and I; it is once more convenient to employ 
cylindrical coordinates, in which the point of direct 
scatter is specified by its distance z along the cylinder, 
and by a polar angle a as indicated in Fig. 3. The angle 
a is taken to be the azimuthal angle of the radius 
vector r with respect to the plane of k; and k,. If we let 
6; be the angle between the vectors k; and Q, and 6 be 
the angle of scattering, the distances R; and Ry, are 
expressed in terms of our integration variables as 
follows: 


R,;=2 cos6,+ (1/Q) sin@; cosa 
+[{z cos0;+ (1/Q) sin; cosa}? 
+R 2-2/0}, 
R;=—2z cos(6+6,)— (I/Q) sin(@+61) cosa 
+[{z cos(@+6,)+ (1/Q) sin(@+6; cosa}? 
+R-—2—P/0?}). 


(14) 


(15) 


AUSTERN, 


AND PEARSON 


The amplitude (12) becomes 


(R? —12/Q2)4 Qn 
T= pof dz eu f da 
— (R? —12/02)4 0 


Xexp{—TRi(s,a)—TR;(s,a)}, (16) 
in which Rj(z,@) and R;(z,a) are given by Eqs. (14) and 
(15), respectively. Of course for OR</ (the “forbidden 
region” of the angular distribution) the active cylinder 
does not intersect the nucleus and the amplitude T 
is zero. 

We have evaluated (16) numerically for a number of 
cases using the University of Sydney electronic com- 
puter (SILLIAC), some typical results being shown in 
Figs. 4, 5, and 6. These figures pertain to reactions of 
the type (p,p’), (d,p) or (d,m), and (a,p), respectively. 
In each case a variety of different values of the absorp- 
tion is used, but always with the fixed ratios, 


r; ry= 1 ; 
l/l s=2; 
r,/l y= 4. 


Fig. 4, (p,p’): 
Fig. 5, (d,p): 
Fig. 6, (a,p): 


An approximate evaluation of the double integral of 
Eq. (16) also can be made quite readily, particularly 
for cases of strong absorption (large I’; and I’,). 

The expectations of the previous section are seen to 
be realized. As the absorption is increased the valleys 
between oscillations are more and more filled in. The 
positions of the peaks and valleys remain essentially 
the same irrespective of absorption, and the first 
maximum corresponding to QR ~/ is always in evidence. 
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Fic 4. Angular distributions for a (p,p’) reaction as computed 
with the semiclassical model, for a variety of absorptivities, and 
using the step function form of the nuclear density p(r). For these 
curves /=2, R=5.0X10-" cm, and the incident and outgoing 
energies (c.m.) are 14 Mev and 11.7 Mev, respectively. Also 
I';=I, is assumed, with '=A~, the reciprocal of the mean free 
path, The values of A, in units 10~* cm, are indicated on each 
curve. 
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Subsequent peaks can however be smoothed out o 
entirely in cases of very strong absorption. 

The shortcomings of the simple plane-wave approxi- 
mations are now evident. These approximations start 
from the assumption of strong compound-nucleus 
absorption (large values of I’), but on the other hand 
allow equal contributions to the direct reaction from 
the entire outer shell of the nucleus; it is this latter 
assumption which then gives rise to the pronounced 
subsidiary oscillations subsequent to the first maximum. 
We now see that it is just in the case of strong absorp- 
tion that these subsidiary maxima and minima tend to 
be smoothed out. 

Such effects have certainly been observed experi- 
mentally. We will, however, not attempt detailed 
comparisons with experiment here, as we view the I | I N 
present investigation as preliminary only. In the first i a, ling A wad 
instance the form of (11) for the function p(r) is clearly 
an idealization, and more general shapes should be 
allowed. 

A second important factor is that as soon as any 
degree of penetration into the nucleus is permitted, 
refraction (and reflection) effects will certainly be of 
importance. Although we have as yet made no detailed 
calculations of these effects, some very interesting 
consequences of them can be discussed qualitatively on 
the semiclassical picture. 
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(b) Refraction 
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One of the most significant effects of refraction is 
that it is capable of producing a violation of a rule that 
often is considered quite basic for direct reactions, that 
the differential cross section is small at forward angles 
of scattering for which QR</ (the “forbidden region’’), 

All that need happen to violate this rule is that 
Q*R [see Eq. (2) ] be greater than / for scattering, even 


SECTION (ARBITRARY 


T 


caoss 


qT TTT 





DIFFERENTIAL 








i | | | ] | 
20 40 60 80 100 120 140 16o 
SCATTERING ANGLE (CENTER OF Mass) 





eee 


(b) 


Fic. 6. (a) Angular distributions for an (a,p) reaction, computed 
as described in the caption of Fig. 3. Parameters are /=1, 
R=4.0X10-" cm, 20.8 Mev incident, 16.8 Mev outgoing, 
I,/l';=4. (b) Same reaction as in Fig. 6(a), except with a diffuse- 
surface model for p(r), and with the absorption concentrated near 
the surface. This p(r) has Saxon form, a half-height radius 
R=3.5X10- cm, and a surface thickness parameter a=0.65 
X10 cm. The absorption has Gaussian form about the radius 
R, and with a half-breadth 0.98X10-" cm. Minimum values of 
the nucleon mean free path are marked on the curves. 
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through QR is less than /. This is illustrated in Fig. 7, 
! ! N ! ! ! ! in which we see how refraction at the nuclear surface 
sites one. bettie ue can produce an outgoing ray parallel to the incoming 
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si Te Rian eee (an) : , mY, but with a quite different impact parameter. Thus 
1G. 9. Angular distributions for a (d,m) reaction, computec ne 6 . 
as described in the caption of Fig. 3. Parameters are /=1, 4” appreciable angular momentum transfer can be 


R=5,.5X10-" cm, 8 Mev incident, 11 Mev outgoing, P's/T'y=2. achieved, even for zero angle of scattering. In such cases 
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Fic. 7. Refraction can be 
responsible for forward emer- 
gent rays with nonzero angular 
momentum transfers. 





the angular distributions may well peak in the forward 
direction even if a certain region of small angles of 
scatter is “forbidden” when refraction is ignored. 

The above effect almost certainly occurs in the case of 
the reaction C”(p,p’)C*(Q= —4.4 Mev) which peaks 
in the forward direction for all bombarding energies in 
the range 11.8-96 Mev. This reaction has /= 2, and it is 
known from angular correlation measurements’ that 
it proceeds as a direct reaction. We therefore expect that 
for an appreciable portion of the energy range studied 
the angular distribution should have a “forbidden 
region” at small angles of scattering. The results of this 
particular reaction have been fitted by the detailed 
distorted waves calculations of Levinson and Banerjee.’ 
They obtained the forward peaking. 

In general one would expect that it is near the forward 
direction that refraction effects will be most important, 
since it is here that the greatest differences in the 
vectors Q and Q* will arise. For angles of scattering 
much greater than 6=0° the vectors Q and Q* are more 
nearly the same, so that refraction should not produce 
important changes. The shape and strength of a re- 
fracted forward peak are of course influenced by the 
range and depth of the optical potential. It is also of 
interest that many of the rays which enter into pro- 
ducing the refracted peak must pass through the deep 
interior of the target nucleus. Thus refracted forward 
peaks are to be expected only if the nucleus is fairly 
transparent to either the incident or outgoing particles. 


(c) Reflection 


Another interesting effect can occur when either the 
incident or outgoing particles see the nucleus as being 
sufficiently transparent. The possibility exists that a 

7R. Sherr and W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 


197 (1956); R. Sherr, Conference on Nuclear Structure, University 
of Pittsburgh, 1957 (unpublished). 
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large peak in the angular distribution at or near the 
forward direction may be “imaged” in the backward 
direction.® To illustrate this point, suppose that it is the 
outgoing ray which suffers little absorption, and that the 
direct reaction is one which leads to a strong forward 
peaking. As each outgoing ray which can contribute to 
this forward peak strikes the nuclear surface, it splits 
into two rays. One is the transmitted ray which does con- 
tribute to the forward peak ; the other is a reflected ray 
which then proceeds backwards and can penetrate 
through the back surface of the nucleus and contribute 
towards a backward peak. 

This is depicted in Fig. 8, in which refraction and 
reflection at the nuclear surface is illustrated for a 
number of rays which would contribute to a forward 
peak. Twice-reflected rays are ignored. If the nuclear 
surface be assumed sharp, and if the ratio of the wave 
number of the outgoing outside the nucleus to that 
inside the nucleus be n, then the reflection coefficient 
R(i) for the ray striking the surface at point A with 
angle of incidence 7 is given by 


cosi— (n?—sin*i)*7? 
R(1)= — —/|. 
cosi+ (n?— sini)! 


(17) 


Thus the ray reflected at A has its intensity reduced by 
the factor R(i). The probability P(z) that the initial 
ray incident on the surface at A produces an outgoing 
backward ray at A’ is equal to 


P(i)=R(i(1—R(a) ]. (18) 
It may readily be ascertained that the angle between 
the two rays—the one emerging at A and the other at 
A’—is (x—2i). If the first ray proceeds exactly for- 
ward, for example, the second ray emerges in the 
backward hemisphere and proceeds in a direction 
making an angle of 27 with the true backward direction. 

The probability P(i) is a fairly flat function of the 





Fic, 8. Reflection 
tends to image for- 
ward peaks in the 
backward direction. 


8 One of us (N.A.) wishes to acknowledge useful discussions 
with Professor K. J. Le Couteur and Professor D. C. Peaslee. 
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angle i, increasing slightly as 7 increases from zero, 
until finally it abruptly drops to zero at the critical 
angle of incidence 7, for which sini,=n. All rays with 
angles of incidence greater than this will be totally 
reflected, and ultimately completely absorbed. 

We thus see that those internal rays which contribute 
to exactly forward emergent rays will also produce 
outgoing rays proceeding within a backward cone mak- 
ing an angle of at most 27, with the backward direction.’ 
Of course the same is also true of any outgoing direction ; 
all those internal rays which produce rays emerging at 
an angle @ to the incident direction also produce rays 
emerging in a cone around the direction — 9, within at 
most an angle 27, from this direction. 

As one example, if 7 be taken as } (which is roughly 
the appropriate value if the outgoing particles be say 
10-Mev protons or neutrons), then the angle i, is 30°. 
The average value of the probability P(7) in the range 
of 0° to 30° is about 0.13. Thus emerging forward rays 
are accompanied by less intense backward rays spread 
out in a cone making an angle of <60° with the back- 
ward direction. 

It is seen that this backward imaging effect is 
probably incapable of reproducing any detailed for- 
ward oscillations. On the other hand if an angular 
distribution has a very strong forward peak, followed by 
subsidiary oscillations of smaller magnitude, the 
tendency of the reflection effect is to produce a smeared 
out backward peak which resembles the main forward 
peak. 

Such an effect could perhaps be the cause of the 
backward peaking observed by Rickey and Sherr" for 
the reaction C"(a,p)N", similarly for several (He’*,p) 
reactions," and also observed for some low-energy 
(d,p) reactions.” When the outgoing proton energy is 
low, the protons have long mean free paths in nuclear 
matter and the parameter 2 of the above discussion can 
be sufficiently small that the backward imaging be- 
comes particularly precise. 

“Heavy-particle stripping’ competes 
reflection effect in producing backwards peaks, although 


with the 


it cannot produce any sharp peaks. 


®The spread may actually be less than this, since the above 
discussion ignores the limitations imposed on the angles of 
incidence i by the fact that the rays must have originated at the 
active surface. If the permitted angles of incidence 7 are all less 
than i,, the spread in the backward direction will be correspond- 
ingly smaller. 

10 M. Rickey and R. Sherr (to be published). 

EF. H. Geer ef al., Bull. Am. Phys. Soc. Ser. II, 1, 211 (1956); 
R. L. Johnston e¢ al., Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 

2 T, W. Bonner ef al., Phys. Rev. 101, 209 (1956); J. B. Marion 
and G. Weber, Phys. Rev. 103, 167 (1956); E. G. Illsley et al., 
Phys. Rev. 107, 538 (1957); C. E. Dickerman, Phys. Rev. 109, 
443 (1958). 

18 G, E. Owen and L. Madansky, Phys. Rev. 99, 1608 (1957); 
105, 1766 (1957). T. Fulton and G, E, Owen, Phys. Rev. 108, 789 
(1957), 
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IV. DISCUSSION OF RELIABILITY OF 
SEMICLASSICAL APPROXIMATION 


In this section we wish to inquire as to how the semi- 
classical method may be derived from a quantum- 
mechanical calculation. As yet we have been able to 
carry out such a derivation only for the case that the 
amplitude for the direct reaction is given by a quantum- 
mechanical matrix element of the form 

Ta.M.= cf ar F(r)e'-2") P(cosx), (19) 
in which x is the angle between the vectors r and Q, and 
C is an angle-independent constant. This is, for example, 
the general form for a direct surface reaction amplitude 
derived under the approximations of Sec. II, in which 
case the function F(r) would be zero for r¢R and 
otherwise to be identified with the function y(r) of 
Eq. (8). Alternatively the form (19) could be the 
quantum-mechanical amplitude for a direct reaction 
in which little compound-nucleus absorption occurs and 
in which refraction of the incident and outgoing 
particles is ignored. In further discussion of this section 
we shall however specifically bear in mind the surface 
reaction. 

Quite apart from the reasonableness of the approxi- 
mations which lead to the form (19) in a quantum- 
mechanical calculation, we know that under the same 
approximations the semiclassical method leads to an 
amplitude of the following form: 


T c| dr F(r)e*‘Q-*), 20) 
active cylinder 


Here C’ is again an angle-independent constant. The 
question thus arises as to the nature of the approxima- 
tion by which we can derive (20) from (19). 

We note that the integral of (20) is a two-dimensional 
one because of the restriction of the region of integration 
to the surface of the active cylinder. The integral of (19) 
is on the other hand a three-dimensional one, and to 
transform it into the form (20) we should perform one 
of the integrals. We will therefore perform the integral 
over the angle x of the radius vector r of (19). Of course 
this can be done exactly, but would lead immediately 
to the form given in Eq. (8) ; we are interested rather in 
approximately evaluating this integral in such a way as 
to obtain the form (20). 

We thus consider the integral 


e(on= f sinydy e*@" 8x P; (cosy). (21) 
0 


We note that if this were to receive most of its contribu- 
tion from the vicinity of some angle x;, determined by 
(22) 


Or sinx:=/, 


we would have achieved the semiclassical result (20). 
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To investigate this point it is convenient to employ 
the following sum for the Legendre polynomial P;(cosx) : 


u 


P;(cosx) = _ 


n(odd or even) 


An COSNX 


l 


> A,e'™*, 


n(odd or even) = —1 


(23) 


The ratios of the coefficients A, obey the recursion 
relationship 
ee) 
L(i+1)—n(n+1) ; 
In particular, for example, 


A;,2=Ai(l ‘2i—1). (24) 


If we substitute (23) into (21) and change the variable 
of integration by letting {= cosy we obtain 


l 1 
@,(Qr) =} > An f dt 
1 


n = —I(odd or even) 


Xexp{i(Qrt+ncosf)}. (25) 
We note also that in direct reactions one in general has 
1<4 so that at most two groups of terms in (25) are 
required, viz, n= +] and n=+(/—2). 

We now evaluate each term of (25) by the method of 
stationary phase.'* The point of stationary phase in the 
integral of (25), call it ¢=¢,, is given as the solution of 
the equation 


QOr(1—¢,7)!=|n}. (26) 


The equivalent condition in terms of the corresponding 
angle x,=cos~‘f{, is 
(27) 


Or sinx n= nN. 

For m positive, x, lies between 0 and 2/2, and for n 
negative, between 0 and —2/2; thus {,=cosx, is 
always positive. It is to be noted that for the terms 
n=+l, the condition (26) or (27) corresponds pre- 
cisely to the condition (22) for the active cylinder. 

If we expand the exponent in the integral of (25) to 
second order in the vicinity of the point of stationary 
phase, we obtain 


0,(Qr) = > A, exp{i(Qr+n cos ,)} 


n=(0,1) 


1 
x f dt cos{an($—ts)"), (28) 
1 


an? = 3 n(1—fn?)4 
= 43(QOr/n)*(Q?r’—n’)}. 
4 This method was used by R. Huby for a related calculation— 


see Appendix of paper by H. C. Newns, Proc. Phys. Soc. (London) 


A66, 477 (1953). 


(29) 
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We now assume—and will investigate this later— 
that a,” is appreciably greater than unity, so that 
contributions to the integral over ¢ will come from the 
vicinity of [=f,. We therefore extend the limits of 
integration from — © to + and write 


1 
f df cos{an?(—fn)?} = (#/2ay”)!. 
1 


Thus, if we write out explicitly the terms of (28) 
corresponding to n=/ and n=/—2, the result is 


™\ 1A Avs q 
©,(Qr) = (*) = exptittur+ Or cosx:)} +—— — 


a} At d-2 


Xexp{i((/—2)x1-2+Or cosxi_2)} + -- | (30) 


On substitution of (30) into (19), we obtain the 
following form for the amplitude Tg.™.: 


Tv 4 A, ; : 
Tax.=C(=) —) ea J dr 
2 a; active cylinder (x = x1) 


A l~2 a 
X F(r)eQ-?) +-—— —— exp{i(1—2)x1-2—lx1} 


A; aj_2 
xf dr F(r)e(Q) +--+ |. (31) 
active cylinder (x = x1-2) J 


The first term of (31) is precisely of the form of the 
semiclassical result (20), in which the integral is taken 
over the surface of the active cylinder defined by 
|QXr|=/. The second term however is a surface 
integral over the surface of the cylinder defined by 
|QXr|=/—2, and does not arise in the semiclassical 
treatment. Remembering that the magnitudes of the 
integrals involved are proportional to the circum- 
ferences of the appropriate cylinders of integration, we 
find that the actual ratio (say ®) of the magnitudes of 
the second and first terms of (31) is given by the 
quantity 

1—2 A1-2 a; 


R=— 
l A, aj_2 


| l—2 | a) 
~ |a-14 


aj-2 





[- 2 272 J? } 
Pb |. (32) 


~ 1(21—1)LO%— (1-2)? 
Now once we are beyond the main first maximum in the 


angular distribution, i.e., QR>J, the fourth root factor 
of (32) becomes essentially unity; the ratio ® then 
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reduces to 
(l—2)? 
R=- 


———. (33) 
1(21—1) 

For /<2, of course, the second term of (31) does not 
arise; for J=2 the ratio as given by (33) is zero (in- 
dicating that in reality the second term of (31) is very 
small compared with the first), and for /=3 the ratio is 
still only 1/15. Thus for the / values of importance in 
direct reactions the second term of (31) is small com- 
pared with the first, and its neglect is quite reasonable." 
In effect, therefore, the result (31) is precisely that of 
the semiclassical method. The second term (if it exists) 
can at most affect somewhat the rise of the angular 
distribution (for QR</) towards the first maximum. 

Having “derived” the semiclassical result it remains 
to investigate the accuracy of the approximation used, 
and this simply amounts to a discussion of the accuracy 
of the method of stationary phase which was used to 
evaluate the integral of (25). This will be a good 
approximation so long as the values of {=cosy which 
contribute in the integral of (28) are indeed well 
localized around the point ¢, of stationary phase. The 
quantity which determined this spread is the quantity 
a,” of Eq. (29) which is thus required to be substantially 
greater than unity. For the all-important term n=/ of 
(28), which leads to the semiclassical result, we thus 
have the requirement 


a’>1. 


For surface reactions, in which the contributions come 
from r= R, this condition is simply 


4(OR/I)2(Q2R2—P)}>>1. (34) 


We see that right at the position of the first maximum, 
when QR=1, this condition is not fulfilled. Thus the 
semiclassical method is most inaccurate at and before 
the first maximum in the angular distribution. This is 
to be expected from the results of Sec. II, since the 
“forbidden” region in the angular distribution, pre- 
dicted by the semiclassical method, differs radically 
from the gradual rise of the spherical Bessel function 


16 For high / values one can employ the 7 fe eee (WKB) form 


for P:(cosx), i.e., Pi(cosx) « (sinx)~# cos{ (1+4)x—2/4}. As long 
as x is not very close to zero, the same treatment as above leads to 
the semiclassical result but with the active cylinder defined by 
|\QXr|=/+4. The “sharpness” of the active cylinder is now 
determined by the quantity {a:,4}*—Eq. (33)—given as 


{144}*= $[Or/(/+-4) P{Q*r?— (1+ 4)?}4. 


If we write this in terms of the classical quantities momentum 
and angular momentum, say Ap=h, and L=4l, it becomes 


(aun)?=34( ae) rapt (eta/2)98 
HY WW L+h/2 ‘ 
and in the classical limit 0, eye £ and Ap constant, we see 
that the quantity {a:,,}* goes to infinity as 1/4. Thus, in this 
classical limit, contributions to the direct reaction arise identically 
from the surface of the active cylinder. 
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ji(QR). At the same time it is gratifying to recall that 
even when condition (34) is not fulfilled and quantita- 
tive accuracy not to be expected, the semiclassical 
result still reproduces the qualitative features of the 


‘angular distributions as discussed in Sec. IT. 


It is clear from (34) that, ideally, we require OR>/ 
in order that the spread in contributions around the 
active cylinder be really sharp; for a reasonable degree 
of sharpness (spread around the active cylinder small 
compared with the nuclear radius), we only require 
that OR be at least several times greater than /. 

The results of this section thus lead to the conclusion 
that the semiclassical method can be quantitatively 
accurate for those parts of a differential cross section 
for which QR is at least several times greater than /. 
In addition, the comparisons made in Sec. II indicate 
that the semiclassical results are qualitatively reliable 
even when the above condition is not fulfilled. 


ACKNOWLEDGMENTS 


The authors are indebted to Dr. J. M. Blatt and 
Dr. M. R. Schafroth for valuable discussions on the 
subject of this paper. 


APPENDIX 


An alternative procedure for justifying the model 
makes use of wave-packet ideas. 

Let it be assumed that the region of direct reaction is 
localized near the active cylinder, as the model requires. 
Then it is possible to ask what sort of wave function 
this assumption implies for the internal motion of the 
product nucleus: to what extent the final state really 
can have a well-defined angular momentum. 

Evidently the final state which the model implies 
is a wave packet, having the dimensions of the localized 
region of interaction. Let us describe this wave packet in 
the cylindrical coordinates (p,a,z), and suppose it to be 
localized in Gaussian fashion about the active cylinder. 
Then if nuclear refraction and opacity effects are 
ignored, as in Sec. IV, the form of the wave packet is 

v= exp{iQs—Bs*—7"(p— po)’, (Al) 
where y is a parameter to be determined, and po=//Q. 
The parameter 8 is 


°=02/2(R*—P), (A2) 


giving y a zs dimension which equals the length of the 
active cylinder. 

Straightforward calculation of the expectation value 
of the quantum-mechanical operator / gives 


(P)= Q’po?-+ (AP) 
= Op0?-+7?7/4?+8?/47+8" pr? + 0?/47*— 3. 


Then the radial breadth of the packet may be adjusted, 
by choice of , so as to minimize the departure of 


(A3) 
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(?) from the semiclassical value : 
(7?) min= [8 (°+0*) }}, (A4) 
(AP) min= 3[1+- 07/6? ]!+-6%p0?— 3. (AS) 


It is found from these expressions that the wave 
packets are so large as to invalidate the model only if 
QR is very close to the classical cutoff, QR=/. The 
packets sharpen up very rapidly as (Q*?R?//?) becomes 
very slightly greater than unity, reach their best 
breadths for (Q?R?//?)~2, then slowly deteriorate as 
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this parameter goes to much larger values. A typical 
value for (AP) min is that for the sharpest packet, 


(AP) min = 2 (1 ? 2/’) : (A6) 


In the same circumstance the radial thickness of the 
packet is found to be 

(1/yv2) = (R/v2) (1+27)-+. (A7) 
Evidently the model becomes better for the larger 
values of J. It already seems reasonable if /= 2. 
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The energies and intensities of the beta and gamma radiations from the long-lived ground level of Al** 
were studied with scintillation spectrometers. The positron spectrum was obtained using a plastic scintil- 
lator with 4x geometry and was found to have a forbidden shape and an endpoint of 1.160+0.008 Mev. The 
positrons are in coincidence with a gamma ray with an energy of 1.84+0.01 Mev, which is presumably from 
the first excited level of Mg?*. There is also a weak gamma ray with an energy of 1.10+0.05 Mev, in co- 
incidence with the 184-Mev gamma ray, and with an intensity of 0.03 relative to the 1.84-Mev gamma ray. 
This would be from the second excited level of Mg**, to which the Al?* decays weakly by electron capture. 
No other gamma rays are observed. It appears that a peak in the pulse-height spectrum at 700 kev is due 
to scattering effects rather than a gamma-ray photopeak. 


HE beta and gamma radiations from the long- 

lived ground level of Al’* were studied using 
scintillation spectrometers. The measurements were 
made on a 0.01-microcurie source of Al** recovered from 
several old magnesium cyclotron targets which had 
undergone a few thousand microampere hours of 15- 
Mev deuteron bombardment. A Kurie plot of the beta 
spectrum was obtained and two gamma rays were 
detected. 

The beta spectrum was measured using a plastic 
scintillator designed to give 4r geometry. The scintil- 
lator is a rectangular block of plastic with a 2/100-in. 
slot cut in it. The source to be counted was deposited 
on a 0.25-mg/cm? sheet of rubber hydrochloride. The 
resolution (full width at half-height, divided by peak 
pulse height) of the Ba’ conversion electron peak (640 
kev) was 13%. To check the linearity of the instrument 
the spectra of several known beta emitters (Na”, P®, 
Ca**) were obtained and, after applying a resolution 
correction using the method of Owen and Primakoff,! 
Kurie plots weré made. All were found to be linear down 
to about 150 kev. 


. an ery in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 
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1G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 


Figure 1 shows a Kurie plot of the Al** positron 
spectrum obtained with this instrument. The plot is 
linear when either the unique first forbidden or second 
forbidden correction factors? are added (Figs. 2 and 3). 
The endpoint is 1.160+0.008 Mev. Coincidence ex- 
periments show that this spectrum is in coincidence 
with the annihilation radiation and the 1.84-Mev 
gamma ray. 
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Fic. 1. Kurie plot of the Al** positron spectrum, 
not corrected for forbiddenness. 


2 E. J. Konopinski and L. M. Langer, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 261. 
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The gamma-ray spectrum was studied with a 2-in. 
X2-in. NaI(TI) crystal. The pulse-height spectrum 
(Fig. 4) shows prominent peaks corresponding to 0.51- 
and 1.84-Mev photons and weaker peaks for 0.7- and 
1.1-Mev photons. The energy of the 1.84-Mev gamma 
ray was determined by comparing it with the 1.85-Mev 
peak of the Y** gamma-ray pulse-height spectrum. An 
energy of 1.84+0.01 Mev was obtained for the Al** 
gamma ray. 

The peak for 700-kev photons was found to be due 
to a scattering effect rather than the photopeak of a 
gamma ray. With the source lying directly on top of 
the crystal, the crystal is in position to absorb Compton 
backscattered radiation from the walls and furniture 
in the laboratory. For every annihilation quantum 
absorbed in the crystal, another annihilation quantum 
and a 1.84-Mev gamma ray are emitted into the 
laboratory. A certain fraction of these undergo “head 
on” Compton collisions, and some of the backscattered 
quanta (having an energy of about 200 kev) are 
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Fic. 2. Kurie plot of the Al** positron spectrum with 
unique second forbidden correction factor. 


absorbed in the crystal, producing the 700-kev hump 
in the pulse-height spectrum. In other words, the 511- 
kev photopeak and the well-known backscatter peak 
will “add” to produce a 700-kev peak. Experimental 
evidence for this is that the magnitude of the 700-kev 
peak changes when the position of the crystal with 
respect to nearby objects is changed. Also, a {-in. lead 
jacket around the crystal completely removes the 700- 
kev peak by absorbing the backscatter quanta. If the 
peak were due to a gamma ray, the lead would reduce 
it by only about 15%. This effect in the Al*® pulse- 
height spectrum was independently observed by 
Johnson and Moffat.* 

The peak at 1.1 Mev appears to be a true gamma-ray 
photopeak with an energy of 1.10+0.05 Mev. A gamma- 
gamma coincidence experiment indicates it is in 
coincidence with the 1.84-Mev gamma ray, and has an 
intensity of 0.03 relative to the 1.84-Mev gamma ray. 
It represents the transition from the second excited 


3R. G. Johnson and R. D. Moffat (private communication). 
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Fic. 3. Kurie plot of the Al’* positron spectrum with 
unique first forbidden correction factor. 


level at 2.97 Mev‘ to the first excited level. A 1.1-Mev 
gamma ray was observed by May and Foster, who 
studied the Mg” levels using the Na*(a,p) Mg reaction.® 

The 2.97-Mev gamma ray observed by Handley and 
Lyon® in the Al** decay spectrum was not observed in 
this study. However, our 2-in.X2-in. crystal is quite 
inefficient for total absorption of gamma rays of this 
energy. Taking Handley’s and Lyon’s value of 0.005 
for the relative occurrence of the 2.97-Mev gamma ray, 
the calculated height of the 2.94-Mev photopeak would 
be too small to be distinguished from background in our 
experiment. Hence we would not expect to observe it. 

The relative intensities reported by May and Foster, 
Handley and Lyon,® and this paper may be inter- 
compared. Taking our value of 0.03 for the 1.1-Mev 
gamma ray and Handley’s value of 0.004 for the 2.97- 
Mev gamma rays, one obtains a ratio of 7.5. May and 
Foster obtained a value of 6 for this ratio. In view of 
the difficulty in measuring the intensities of the weak 
gamma rays, these numbers agree within the limits of 
experimental error. 
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Fic. 4. Al?* gamma ray pulse-height spectrum in NaI(T1) crystal. 
4Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 
5 J. E. May and B. P. Foster, Phys. Rev. 90, 243 (1953). 
6 T. H. Handley and W. S. Lyon, Phys. Rev. 99, 755, (1955). 
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Fic. 5. Proposed Al?* decay scheme. 


For the most part, the parities and angular momenta 
of the levels involved in the Al** decay are not uniquely 
determined. We may, of course, assume the ground 
level of Mg** is 0+. The angular distribution work on 
the Mg**(d,p)Mg*®* reaction by Holt and Marsham’ 
indicates that the first and second excited levels of 


7J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 


A66, 249 (1953). 
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Mg” each have even parity and angular momenta of 
2 or 3. Two is more likely for the first excited level, 
since Mg** is even-even. Assuming the first excited 
level is 2+ and the second excited level is 2+ or 3+, the 
gamma transition from the second to the first excited 
level is magnetic dipole. The transition from the second 
excited level to the ground level is electric quadrupole 
if = 2+ for the second level, magnetic octopole if J= 3+. 
Using Weisskopf’s formula’ for gamma-ray transition 
probabilities, the ratio of 1.1-Mev gamma rays to 
2.97-Mev gamma rays would be 10’ for an J=3 level, 
25 for an J=2 level. The latter is in much better 
agreement with the observed ratio, so we assign J=2 
to the second excited level. 

The Al** ground level has been predicted to be 5+ 
by King and Peaslee,® on the basis of the systematics 
of odd-odd nuclei. This is in agreement with the 
observed forbidden positron decay to the first excited 
level, and the lack of any observable positron decay to 
the Mg** ground level. The angular momentum and 
parity assignments are summarized in Fig. 5. 
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The distribution function for the first-forbidden beta-gamma 
correlation for randomly oriented nuclei, including beta trans- 
verse polarization terms, is presented and discussed in connection 
with the question of time-reversal invariance. Coulomb field 
effects are included and it is found that even for relatively small Z 
the time-reversal testing asymmetry is reduced appreciably com- 
pared to that calculated for Z=0 by Curtis and Lewis. In the 
limit of high (aZ/2R), that is, for most first-forbidden decays, 
a definite relation exists between the ordinary directional correla- 
tion asymmetry and the beta polarization-dependent asym- 
metries. In this approximation it is found that terms which test 


INTRODUCTION 


URTIS and Lewis! have suggested the possibility 
of testing the time-reversal invariance of the beta 
interaction Hamiltonian by an examination of the cor- 


* This work was supported in part by the Office of Naval 
Research, and is based on a portion of a thesis submitted by the 
author in partial fulfillment of the requirements for the Ph.D. 
degree at the University of Illinois, June, 1958. 
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1R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957). 


time-reversal invariance appear in the same manner in all asym- 
metries but are dominated in general by contributions which do 
not test time-reversal invariance. For the particular case of Au 
it is shown that the experimental results are consistent with 
time-reversal invariance but are also consistent with an appreci- 
able violation of time-reversal invariance. It is concluded that 
under favorable conditions it is barely possible that an investiga- 
tion of the asymmetries for some other beta-gamma cascade could 
provide a test for time-reversal invariance. However, the extent 
to which this invariance is or is not violated could not be deter- 
mined by such an investigation. 


relation between decay products in a beta-gamma 
cascade. The proposed test demands a measurement of 
the correlation between the transverse polarization of 
the beta particle and the momenta of the electron and 
the photon. 

When the beta transition is allowed, the asym- 
metries which test time-reversal invariance in the 
theoretical distribution for the cascade process are 
negligible relative to the isotropic terms unless the 
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decaying nucleus is oriented’ or unless the gamma 
circular polarization is observed.’ To the extent that 
one may draw conclusions on the basis of the Z=0 
approximation (the example of Curtis and Lewis is 
given in this approximation), the asymmetry which 
tests time-reversal invariance and which depends on 
the beta polarization would be expected to be appreci- 
able relative to the isotropic terms when the beta 
transition is first forbidden—if the violation of time- 
reversal invariance is considerable. 

Preliminary experimental results on the 2~ — 2+ — 0+ 
decay of Au® have been reported by Steffen‘ and a 
small effect depending on the electron transverse polar- 
ization has been found. Steffen quotes an upper bound 
of about 7% for the transverse polarization of the Au'®® 
electrons in a direction perpendicular to both the elec- 
tron and the photon momentum. Interpreted in accord- 
ance with the Z=0 calculation, the measured effect 
indicates a possible violation of time-reversal invariance. 

Because of the high-Z value of Au'* one might wonder 
whether it is legitimate to interpret the experiment in 
terms of the Z=0 approximation. It is well known from 
the study of ordinary beta-decay processes that the 
approximation which neglects the effect of the nuclear 
charge on the electron final-state wave function is 
adequate only when the first-forbidden transition is 
unique, i.e., AJ=2 (yes).® For example, except in a 
very few instances of low-Z decays, the energy spectrum 
associated with an ordinary first-forbidden transition 
has the allowed shape due to the dominance of energy- 
independent terms containing the nuclear charge. Even 
for small Z, these charge-dependent terms are at least 
comparable to the strongly energy-dependent terms 
which do not vanish with Z. Similarly the Z=0 approxi- 
mation for the ordinary beta-gamma directional corre- 
lation anisotropy is inadequate even at relatively 
small Z.° 

On the basis of these previous experiences it might 
be supposed that the nuclear charge radically alters the 
entire distribution function from its Z=0 form and thus 
completely modifies the interpretation of the experi- 
mental results on time-reversal invariance. Steffen 
points out that the Au’ case may be the only one with 
a sufficiently simple decay scheme to allow unambiguous 
interpretation. It is therefore of great interest to deter- 
mine the effect of the Coulomb field on the complete 
beta-gamma distribution function for first-forbidden 
transitions, and in particular to discover to what extent 


2 Jackson, Treiman, and Wyld, Nuclear Phys. 4, 206 (1957). 

3M. Morita and R. S. Morita, Phys. Rev. 107, 139, 1316 (1957). 
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K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), Chap. X. 

6 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957). 


AND TIME-REVERSAL 
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the asymmetry which tests time-reversal invariance is 
altered from its Z=0 form. 

It will be made evident in the following that, even 
for low Z, the modifications from the Z=0 limit are 
extensive and that the time-reversal testing asymmetry 
is reduced appreciably compared to that calculated for 
Z=0. It will be shown that in the limit of high (aZ/2R) 
~ (Z/3), that is, for most first-forbidden transitions, a 
very definite relation exists between the ordinary 
directional correlation anisotropy and the beta polariza- 
tion-dependent asymmetries so that an observation of 
one asymmetry implies the values of the others. In this 
approximation, terms which test time-reversal invari- 
ance appear in the same manner in all the asymmetries 
but are dominated in general by contributions which do 
not test time-reversal invariance and which can be 
separated from those which do only by their energy 
dependence.’ 


THE CASE CONSIDERED BY CURTIS AND LEWIS 


The procedure followed in obtaining an angular 
correlation distribution function is well known and 
need not be elaborated. The beta interaction Hamil- 
tonian is taken to be® 


H=> ¢.Hit+-¢:H/, 


where the g; are the “old” beta-interaction coupling 
constants, the g;’ are the corresponding ‘“‘parity- 
conservation testing” coupling constants, and i ranges 
over the five interaction types. The partial Hamil- 
tonians, H, and H,’, have opposite behavior under the 
parity operation. 

Curtis and Lewis! have given, in the Z=0 limit, the 
general form for the distribution function associated 
with a beta-gamma cascade from unoriented nuclei 
when the beta particle is transversely polarized and 
the gamma radiation is of pure multipole character 
and unpolarized. The inclusion of the final-state inter- 
action between emitted beta particle and the nuclear 
Coulomb field introduces no new scalar or pseudoscalar 
products‘ of observed vectors, but of course alters the 
coefficient of each such product from its Z=0 form. 

After all common factors have been extracted, the 
distribution function associated with a beta transition 
to a final nucleus of atomic number Z followed by a 
pure 2/-multipole gamma transition may be written as 


W=S(Zpge)+K (jrjojsL)LA (Zpge) (o- bX k) (A-k) 
+ B(Zpge)P2(cosOpx)+C (Zpge) (a: k) (p- k)}. (1) 
Longitudinal beta polarization terms have been omitted. 


Here @ is a unit vector along the direction of the beta 
polarization and # and & are unit vectors along the 


7 The presence of such “empty” Coulomb corrections is familiar 
in allowed beta decay. See Jackson, Treiman, and Wyld, refer- 
ence 2. 
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direction of the electron and photon momenta, re- 
spectively. Also p and g are the electron and neutrino 
momenta in units of m,c and « is the total electron 
energy in units of mc’. The Legendre polynomial 
P»(cos6,x) is a function of the angle @,. between the 
electron and photon. Further, 


K (jijojsL) = —6(2L4+1) (2j24+1)(—1)*™ 
XC(LL2; 1, —1)W (jog2LL; 273)W (gojol1; 271), 


where ji, j2, and 73, are the angular momenta of the 
initial, intermediate, and final nuclear states. The W’s 
are Racah coefficients and C(LL2;1, —1) is a vector 
addition coefficient. 

The term in (1) proportional to P2(cos#,,) represents 
the anisotropy in the ordinary beta-gamma directional 
correlation and is present whether or not the beta inter- 
action Hamiltonian is invariant under any of the opera- 
tions of space inversion, time reversal, or charge con- 
jugation. The coefficient B has been calculated by 
Alder, Stech, and Winther® for first-forbidden transi- 
tions with the STP interactions and by Morita and 
Morita” with the combination STP as well as the com- 
bination AV. 

Since the last term in (1) involves a pseudoscalar 
product, (o-k)(p-k), of observed vectors, its presence 
in an experimental distribution corroborates the known 
fact that the beta interaction does not conserve parity. 

In the Z=0 limit, the coefficient of (0-/Xk)(p-k) 
vanishes unless the beta transition is a mixed Fermi- 
Gamow-Teller first-forbidden transition and unless the 
beta interaction Hamiltonian is not time-reversal in- 
variant. That this last is necessary may be seen by 
recalling the ordinary behavior of linear and angular 
momentum vectors under the Wigner time-reversal 
transformation. If there are no final-state interactions 
(in our case, if Z=0), @, p, and k all go into minus 
themselves under the time-reversal operation, so that 
(-fXk)(p-k) is a pseudoscalar and can therefore only 
be present if the beta interaction is not time-reversal 
invariant. The presence of the nuclear Coulomb field 
alters the beta-particle final-state wave function in 
such a way that the simple argument based on the 
transformation properties of vectors is no longer valid.” 
The effect of the Coulomb interaction is to introduce to 
the asymmetry corrections which do not test time- 
reversal invariance and which have the (e- bx hk) (p-k) 
dependence, and to introduce to the asymmetries cor- 
rections which do test time-reversal invariance and 
which have the (o-k) (p-k) and the P2(cos#,,) de- 
pendences. For orientation purposes the effects of the 
Coulomb field will be illustrated by an approximate 
treatment of the example calculated by Curtis and 
Lewis. 

Consider those terms in S, A, B, and C, that involve 
the first-forbidden vector and axial vector matrix ele- 
ments characterized, respectively, by the irreducible 


1 M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 
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tensors Y;” and o-T,,”.8 The function VY; is a first- 
order spherical harmonic, T,,” is a vector spherical 
harmonic," and @ is the spin operator in the Dirac 
spinor space. In order to obtain simple expressions that 
are useful for qualitative estimates, the correct nuclear 
charge distribution will be approximated by a point 
charge and the replacements 


(aZ 2) (jell V1 ji) > (aZ/2R)(je''rV jv; 
and 
(aZ 2) (jelle- Tu jy) “—> (aZ, ‘2R) (je! ro-T3,! ji) 


will be made. The double bars denote reduced matrix 
elements, a@ is the fine-structure constant, and R is a 
nuclear radius in units of the electron Compton wave- 
length (R~10-*), Note that the nuclear radius is 
assumed to be the same in both replacements. Finally, 
it shall be assumed that (aZ/p)*<1 and (aZ/2R)>1. 

With these approximations and restrictions, the iso- 
tropic term in (1) is—disregarding all but the two matrix 
elements under consideration— 


S=avv| My |*L2+3é(pet+q)+ i(p+¢°+ Fp’) | 
t+asa|Ms\*lP+3e(peo—g)4+i(p+e—top ee) ] 
+ RavaMy*MalP+ Ftp et]. (2) 
For negatron decay, the coefficients of the asymmetric 
terms in (1) are proportional to 
A=} (pe) [2aZ(§+4qg)avv| My}? 
—aZ(&—}q)aaa|Ma|*+aZ(E—g)RavaMy*M 4 
+aZ (3aZe/p)lE+ fe— (1/9)q \SavaMy*M 4 
+4$pdavsMy*M g |, (3) 
B=3(pre)[2(E+-4e+-4Q)avy|My|? 
(+ te— 3Q)QA4 | M4 [24 (é— q)RaysM v*M, 
+ (9aZe/4p)(§+}p’€4— (1/9)q \Sav4My*M 4 |, (4) 
and 
C=}(pe)[—2(&+}q)Bvv| Mv]? 
+(&—49)Baa|Ma|?—(E—G) PBvaMy*Ma 
— (3aZe/p)[E—(1/9)q]9BvaMy*M4], (5) 
where 
ak= gign*t+gi'g."* _ Rant 1Icir, 
Bix= gigs’ * +2) g.*= RB ti9Bin, 
My= (jellr Vall 71), Ma =V2(j.||ro- Tull jv, 
t=aZ/2R, 
and it has been assumed that the interaction between 
nuclear particles is time-reversal invariant. 
By setting Z=0, one obtains the vector-axial vector 


analog of the distribution function considered by Curtis 
and Lewis.! The correspondence with Curtis and Lewis’ 


4M. E. Rose, Multipole Fields (John Wiley and Sons, Inc., 
New York, 1955), Chap. II. 
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results is accomplished by the replacements 
My > Ms— + (3/4m)*(f|| Bri), 
Ms, — Mr— —i(3/41))(f||BoX r\\7), 
gv, 4 — 83,7, I> —4 
and by the identification K (jijojsL) = —3f(jijojsL). 

Since, in the Z=0 limit, only the imaginary part of 
a product, ax, of coupling constants appears in the 
asymmetry proportional to (o-pxk)(p-k), Curtis and 
Lewis suggested that time-reversal invariance could 
possibly be tested by determining the presence or ab- 
sence of this asymmetry in an experimental distribution 
function. 

By examining the corresponding term in the Z=0 
theoretical distribution function, one detects an im- 
mediate objection to the proposed test. For most con- 
ceivable cascades involving a first-forbidden transition, 
the coefficient A multiplying (¢-fXk)(p-k) contains 
terms which do not test time-reversal invariance and 
which are at least comparable to the terms which do test 
time-reversal invariance. Hence, merely the presence, 
even significant presence, of the asymmetry having the 
(o-/Xk)(p-k) dependence is not necessarily an indica- 
tion of a violation of time-reversal invariance. 

A more adverse consequence of the interaction be- 
tween the emitted beta particle and the nuclear charge 
is that, due to the dominance of the quantity (aZ/2R)? 
in that part of the distribution function which deter- 
mines the total probability of the beta-gamma coinci- 
dence, the importance of the asymmetric terms relative 
to the isotropic terms is greatly reduced from its im- 
portance in the Z=0 distribution function. Even if the 
terms which vanish with Z in the expressions multiply- 
ing (0-fXk)(p-k) cancel with one another in some 
fortuitous fashion for some particular values of Z and 
q, the maximum relative magnitude of the term which 
tests time-reversal invariance is considerably reduced. 
The prime reason for considering first-forbidden transi- 
tions as opposed to allowed transitions, where the 
anisotropic terms are always reduced from the isotropic 
terms by a factor on the order of R, is thus weakened. 

To the extent that the first-forbidden spectrum ex- 
hibits the allowed shape, all but terms of highest order 
in (aZ/2R) may be discarded in S and in A, B, and C. 
In this limit, it is apparent from (3), (4), and (5) that 
almost precisely the same information about the nature 
of the coupling can be derived from an experimental 
investigation of the energy dependence of any one of 
the three asymmetries. For instance, the detection of a 
relatively large energy-independent component in the 
coefficient of (0: fXk)(f-k) and/or in the coefficient 
of (@-k)(p-k) would be an indication of the failure of 
time-reversal invariance. The same conclusion could be 
drawn from the detection of a component linear in p in 
the coefficient of P2(cos@,x). 

It may be observed further that, if one makes the 
reasonable assumption that Bj,.=-tayx, then the co- 
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efficients A, B, and C in the experimental distribution 
function should satisfy approximately the ratio 


|A|:|B}:|C| =4aZ: (4/9)p:2. (6) 


| ' | | 
These conclusions reached on the basis of the large 
(aZ/2R) approximation are not at all affected by the 
inclusion of all other first-forbidden matrix elements 
and are not affected appreciably when the finite size 
of the nuclear charge distribution and the terms in 
(aZ/p)?, which were neglected in (3), (4), and (5), 
are taken into account. 


GENERAL RESULT IN THE HIGH-Z LIMIT 


Let a nuclear matrix element which depends on light- 
particle radial functions only through 
wi(r) = (aZr/2R)[1— (r/R) ], 
be called large and let it be denoted by M(i), where 7 
specifies the particular irreducible tensor characterizing 
the matrix element as well as the interaction type to 
which it belongs. For example, 


r<R, 


M(V,V1)= (jo oi (r) V1) 91), 
and 


M(T.Bo- To) = (je w1(r)Be- To: ja). 


Let the corresponding matrix element with r replacing 
wi(r) be called small and let it be denoted by m(z); e.g., 


m(V,V1)= (jellr Vill 71), 
and 


m(T poe: To) = (j2||rBo- Toll 71). 


Both w:(r) and r arise from the angular momentum 
eigenfunctions of an electron in the potential corre- 
sponding to the nuclear charge distributed uniformly 
over a spherical volume of radius R. If the radial func- 
tions are evaluated at the nuclear radius and then ex- 
tracted from the nuclear matrix elements, it is clear 
that, in order of magnitude, corresponding large and 
small matrix elements are in the ratio 

M (i)/m(i)~ (4/5) (aZ/2R). 

In the limit of large Z, such that (2aZ/5R) >1, the 
coefficients of the isotropic and the anisotropic terms in 
the distribution function associated with a nonunique 


first-forbidden beta transition followed by a_pure- 
multipole gamma ray are proportional to 


S=D0 fixM*(i)M (k) Rai, 
ik 


A=D giu.M*(i)m(k) (iN-ante.c.)FO, 
ik 


B=—32> gi.M*(i)m(k)(Ntante.c.)FO, 
ik 
C=+£D ginM*(i)m(k)(M-Bute.c.) Fo, 
ik 


where the sign before the summand in C is + when 
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Fic. 1. Coefficient of P2(cosé,,) relative to the isotropic terms in 
the distribution function for the Au"* decay. 


i, k are V and/or A and — when i, k are S and/or T. 
Longitudinal polarization terms have been omitted 
and it has again been assumed that nucleon-nucleon 
interactions are time-reversal invariant. The symbols 
fw and g,, are numerical factors on the order of unity 
such that fiuxM*(i)M(k) and gi.M*(i)m(k) are real 
quantities. The function F(Z,e) is the standard Fermi 
correction factor.” Exact expressions for N~, N+, and 
9N- are given in the Appendix. By neglecting (aZ)?/4 
in comparison with one, one finds that 


(i9-axe+c.C.) = 2F ye 3aZ(Raiz—AIaix), 


(Ntawt+e.c.) = —2F pe (1+ jraZep) 
X (Rain—d' Iain), 


(MBut C.C.) =— 2F 267 (RBix— ASB ix), 


where Fj2, \, and )’ are given in the appendix. 
To the extent that one may neglect (aZ/p)* in com- 
parison with unity, one has 


Fi2— $pF (Z,¢), 


9 
\— aZe/p, ”) 


and 
N’ — 3aZe/4p. 


Recent investigations on the 6+ decay of A®," on 
the B- decay of He‘, and on the orbital electron cap- 
ture in Eu!®™ 15 indicate that the dom! :ant interactions 
in beta decay are vector and axial vector. In deference 
to this evidence, the general expressions (7) shall be 
written explicitly only in terms of the six major vector 
and axial vector first-forbidden matrix elements. With 


12 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p. 682 


13 Herrmansfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 

14 Herrmannsfeldt, Burman, Stihelin, Allen, and Braid, Phys. 
Rev. Letters 1, 61 (1958). 

15 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 
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the approximations (8) one has, for negatron decay, 
S=avy|x|?+a44(2|y|?+3|2|*)+2vV2Rayax*y, (10) 
A= (Fy2/eF)faZN (1+ AT), (11) 
B= (Fy2/eF)3p(1+4raZe/p)N (1427), (12) 
C=—(F12/eF)N’(1+AT’), (13) 
where 
N= $Lavvx*a—agay*(b+ W 2c) +-0.4.4W o22*c 
— R(ava/V2){x* (b+ Wisc)—2y*a}], (14) 
T=4N~'5 (aya/V2)[a*(6+W isc) + 29%], (15) 
and N’ and 7’ may be obtained from N and T by re- 
placing all a with Bj. Further, 
t= (j2}}wirV al] 71) +13 (jello: Troll fi), 
77 (jol|or0- Ti] J), 
—_ (jellwro- Torl| j1) —i(jollys¥ oll fx), 
a= (ja\|r¥i\|j1), 
b= (jol\ro- Tii}| f1), 


(16) 


c=V3 (jallro- T21\| J), 
Wiu= W (jojaik; 271)/W (jojell ; 2j1). 


For positron emission, make the replacement gy — 
+gv*, gv’ —>—gv’*, ga—>—ga*, ga’ —> +84, and 
Z— —Z in all preceding formulas. 


APPLICATION TO AU 


A comparison of Steffen’s measurements of the Au® 
beta-gamma directional anisotropy with the calculated 
anisotropy coefficient B, expression (12), gives no in- 
formation concerning time-reversal invariance. 

In Fig. 1, (KB/S) is plotted as a function of electron 
kinetic energy, Zs, for four values of T. In each case 
(N/S) is chosen to give the best fit with Steffen’s 
experimental points. The exact form for N+ is used in 
the calculations. 

In view of the abundance of matrix elements in NV 
as compared to those in NT, values of T greater than 
one are not to be expected in the general case. Since 
the corresponding curves cannot be fitted to Steffen’s 
points, values of T less than —# are excluded for the 
case of Au’, Further, the values of (V/S) necessary 
to secure even an approximation to Steffen’s points for 
T <—} are unreasonably large. 

It is evident from Fig. 1 that Steffen’s points do 
not distinguish between curves with 7 in the range 
—}<T<1. Since nothing can be said theoretically 
Sbout the matrix elements in 7, no limits can be set on 
aaya, and hence nothing concerning time-reversal in- 
variance can be concluded. 

Measurements of the beta polarization-dependent 
anisotropies for Au’* are under way.'® By using the 


16 P. C, Simms (private communication). 
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values of (N/S) necessary to fit Steffen’s directional 
correlation measurements, it is possible to predict the 
expected behavior of the time-reversal asymmetry 
having the (¢ ‘Pxk) (p-k) dependence. The coefficient 
(KA/S) is plotted in Fig. 2 for the same values of T 
and (N/S)r for which the directional anisotropy co- 
efficient, (KB/S), is drawn in Fig. 1. Again there is 
very little distinction either in order of magnitude (of 
order 3%) or in energy dependence between the co- 
efficients predicted with different values of T in the 
range —}<7<1. The curve for T= —1 shows a rather 
different energy behavior, but may be excluded on the 
basis of the directional correlation shown in Fig. 1. 

The coefficient, (KC/S), of the parity asymmetry 
having the (#-k)(f-&) dependence can be gotten from 
(KA/S) if one assumes that Bj,=a,, when i and k are 
A and/or V. This assumption is supported by experi- 
ments on the angular distribution of electrons from 
polarized Co by Wu et al.,!” and on the longitudinal 
polarization of electrons from Co® and P® by Frauen- 
felder et al.1* and of positrons from Na” by Page and 
Heinberg.”® In the case of Au’, the choice of Bu=axx 
leads to the relation C= —2.02A. At Eg~500 kev the 
curves of Fig. 2 for —}<T<1 indicate that (KC/S) 
~ —0.01. This value is consistent with the <2% effect 
reported by Steffen as a result of preliminary measure- 
ments‘ and with the 1%-+1% effect reported most re- 
cently by Steffen and Simms.'* 


CONCLUSION 


In summary it may be stated that, in conjunction 
with reasonable order-of-magnitude estimates, the ex- 
perimental determination of the coefficient of P2(cos@px) 
in the Au™® beta-gamma distribution function restricts 
T (Eq. (15)] to values in the range —}<T<1. How- 
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Fic. 2. Coefficient of (o- pxk)(p-k) relative to the isotropic terms 
in the distribution function for the Au!* decay. 


17Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957); Ambler, Hayward, Hoppes, Hudson, and Wu, 
Phys. Rev. 106, 1361 (1957). 

18 Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
Rossi, and DePasquali, Phys. Rev. 106, 386 (1957); Frauenfelder, 
a Levine, Rossi, and DePasquali, Phys. Rev. 107, 643 

1957). 
#1. A. Page and M. Heinberg, Phys. Rev. 106, 1220 (1957). 


AND TIME- 


REVERSAL INVARIANCE 1245 
ever, since the coefficients of (o-f) Xk) (p-k and 
(o-k)(p-k) as well as the coefficient of P2(cos#yx) are 
essentially insensitive to variations in 7 within this 
range, it must be concluded that, within the framework 
of present beta-decay theory, no information concerning 
time-reversal invariance can be drawn from a deter- 
mination of either the magnitude or the energy depend- 
ence of these coefficients in the Au! distribution 
function. 

This does not imply that time-reversal invariance 
cannot be tested by examining the distribution function 
for other beta-gamma cascades. Although the T=—1 
coefficients plotted in Figs. 1 and 2 are excluded for 
Aw, they correspond to a situation that might prevail 
for some other case if time-reversal invariance were 
violated in the extreme. For Au’*® the functions 
(KA/S)r—; and (KC/S)7r—1: exhibit relatively sharp 
extrema at low energies and are of opposite sign to the 
corresponding 7 =0 functions. 

If time-reversal invariance were violated to a con- 
siderable extent, it is quite probable that, for at least 
one first- forbidden beta-gamma cascade, the coefficients 
of both the parity asymmetry having the (e-k) (6-&) 
dependence and of the time-reversal asymmetry having 
the (o-fXk)(p-k) dependence might exhibit detectable 
extrema at low energies. If, further, the coefficient of 
the parity asymmetry and that of the directional corre- 
lation asymmetry for this hypothetical case were of 
the same sign or if, equivalently, the coefficient of the 
time-reversal asymmetry and the coefficient of P2(cos6 >) 
were of opposite sign, it could be concluded that time- 
reversal invariance is violated. Even then, however, the 
improbability of obtaining a direct experimental or a 
reliable theoretical determination of the matrix ele- 
ments in the terms in the asymmetry coefficients which 
do and those which do not test time reversal invariance, 
prevents any statement as to the extent to which time- 
reversal invariance is violated. On the other hand, as 
the experience with Au’®® points out, even if the ob- 
served asymmetries may be all accounted for by assum- 
ing that the beta interaction is time-reversal invariant, 
one may not in general. conclude that time-reversal 
invariance holds, but only that the experimental data 
are consistent with time-reversal invariance. 


APPENDIX 


When the condition (aZ/2Reo) >>1 holds, it is neces- 
sary to use accurate expressions for the dominant Z- 
dependent terms in the asymmetry coefficients. 

The functions X~, N+, and I~ appearing in the 
high-Z approximation to the asymmetry coefficients, 
expressions (11), (12), and (13), may be given ex- 
plicitly in terms of known functions. With the definitions 


eID, 1 Cosu 
F 2=————16(1+- 1) p(2pR)- +2) ——__ 
(2y1) !(2y2)! (146°)? 


u= (w/2) (6;—52)—arg(T'1/T'2) — tan“ (Be/y1), 
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Fi=Vi—Be tanu, A= (Be+y: tanu)/%i, 
\’=[A{14+4(6:—82)} —18€(51—52) /52] 
+[1+4(6:—62)+4Bed (6:—42)/de |, 

B=aZ/p, y¥<=[K—(aZ)*}}, 
l= (y¥.— 1+ 7Pe)!, 

one has 

N-=+F ye faZ[ (b:+52)/52\(A—1), 

K+ = — Frope7[ 14+} (6:—52) +3 Bed (51—82) /52](14+i0’), 

M-= — Frye" 1—}.(6 +62) ](1+). 


6,=K—Y«, 


For rapid computation, one may use the approxi- 

mation 
u= (6,—52)[ 44+ tan (3B) ], 
which is correct to the extent that (aZ)?/24 <1. 

When the condition aZ/2Reo >1 does not hold, 
additional terms must be included in the first-forbidden 
beta-gamma distribution function. The complete ex- 
pressions for the isotropic terms in the (aZ/p)*<1 
approximation may be obtained from the literature.” 
Conformity to the normalization used in the text is 
achieved by matching leading (2aZ/5R)* terms in the 
text with the leading (aZ/2R)* terms found in the 
references, and by everywhere replacing (aZ/2R) by 
(2aZ/5R). 

To obtain complete expressions for the asymmetry 
coefficients in the small-(aZ/p)* approximation, add 
A= laZgpe Lavy | a\*+a4 a{ |b|2—d*cW o2+-b*cW 12} 

— R(avs/V2)a*(3b+cW 12) } 
+4 p79 (ay 4/V2)a*(3b+cW 12) 
to A, expression (11); add 
B’=2pe"[Layvla *(Se+49)—aaa\b|*(Ze—3q) 
—a4ad*cW oo(he+43q) —a14.ab*cW 12(3e—4q) 
os R(ava/V2)a*(3b+ cW12)3q] 
+2aZ pg (av s/V2)a*l3b(pPe— 4q) 
+cW 12(p?e7+-9) +3 (7/3) hara.4|c|?W 2op? 


»” L. C. Biedenharn and M. E. Rose, reference 8; M. Morita 
and R. S. Morita, reference 10. 
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to B, expression (12); and add 


C’=—4ope [Bry |a|?+Baa{|b\2?—d*cWo2t+b*cW 12} 
_ R(Bya/V2)a* (36+ cWi2) ]— haZg (By 4/V2)a* 
X[3b(4 pe — 49) +cWio(h p'e+-q) J 


to C, expression (13). Here d= (je|ra-To:!! 71). 
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Note added in proof —The most recent experimental 
results on the Au!® 8-y correlation” are consistent with 
the analysis presented in this paper. It is suggested”! 
that the observed sign of the coefficient C relative to 
that of B gives evidence for the V-A coupling in prefer- 
ence to the S-T coupling. This is true only in conjunc- 
tion with the results of the Goldhaber, Grodzins, and 
Sunyar'® experiment on the helicity of neutrinos. 

If one assumes [see Eq. (7) et seg. in the body of 
this paper ] that 


Byv lavyv=Baa Q4A=Bva/ava, 
or that 

Bss ass=Brr arr=Bsr/as7, 
then 

A: B:C=%aZ: ap: (—1)'Bix/air, 


where r=1 when i and k are V and/or A and r=0 when 
i and k are S and/or T. The Goldhaber ef al.’® experi- 
ment then says that B/an—1. 

It is apparent that one may obtain the same informa- 
tion from an observation of the relative sign of B and C 
as one obtains from the Wuet al.'’ experiment and from 
the many longitudinal polarization experiments.!*.! 


2 P. C. Simms and R. M. Steffen, Phys. Rev. Letters 1, 289 
(1958). 
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The gamma rays from Ag! were studied in magnetic spectrometers. Twenty-two electron lines corres- 
ponding to 14 gamma transitions were observed. These gamma rays were arranged in a plausible decay 
scheme. Directional correlation measurements were carried out on six gamma cascades in Cd" resulting 
in spin assignments for 4 levels and multipolarity assignments for the strong gamma transitions. 


INTRODUCTION 


HE decay of Ag!” (253 days) has been the sub- 
ject of numerous investigations.'~? The presently 
accepted decay scheme, which was first proposed by 
Siegbahn,! is shown in Fig. 1. In addition to the gamma 
rays shown in Fig. 1, five weak transitions have been 
found in internal conversion work. These are at approxi- 
mately 575 kev,’ 618 kev,*:*7 740 kev,” 1480 kev,”:? and 
1560 kev.® 

The 656-kev transition has been definitely established 
as E2 by conversion coefficient measurements!’ and 
Coulomb excitation results.’ Therefore the first 
excited state in Cd" has a spin of 2+. 

The two high-energy beta transitions of 2.86 and 2.12 
Mev are of allowed type requiring a 1+ assignment for 
the ground state of Ag". Antoneva et al.? have reported 
an additional weak beta transition at about 1.4 Mev 
but no confirmation of this has been made. Using the 
measured beta branching ratios,? approximate log ft 
values for the low-energy beta transitions can be found 
from Moszkowski’s graphs.''! This analysis gives a log 
ft value of 8.4 for the 530-kev beta and 5.6 for the 87- 
kev beta. These values indicate that the 530-kev beta 
transition is first forbidden while the 87-kev beta transi- 
tion is allowed. 

The spin of Ag"®™ has been measured as 6 by Ewbank 
et al.” using an atomic beam method. Measurements of 
the K/L ratio for the 116-kev transition and lifetime 
considerations indicate that the 116-kev transition is 
of M4 character. Since there is a spin difference of 5 


* Now at the University of Notre Dame, Notre Dame, Indiana. 

1K, Siegbahn, Phys. Rev. 77, 233 (1950). 

2 Antoneva, Bashilov, and Dzhelepov, Doklady Akad. Nauk 
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U.S. S. R. 21, 1376 (1951). 

4 Dzhelepov, Zhukovskii, and Kholnov, Doklady Akad. Nauk 
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5S. Johansson and S. Almquist, Arkiv Fysik 5, 427 (1952). 

6 T. Azuma, Phys. Rev. 94, 638 (1954). 

7 Thomas, Whitaker, and Peacock, Bull. Am. Phys. Soc. Ser. II, 
1, 86 (1956). 

§ Dzhelepov, Zhukovskii, and Kondakov, Izvest. Akad. Nauk 
S. S. S. R. Ser. Fiz. 21, 973 (1957). 

®G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 

10 P, H. Stelson and F. K. McGowan, Oak Ridge National 
Laboratory ORNL-2076, 1956 (unpublished), p. 6. 

1 §. A. Moszkowski, Phys. Rev. 82, 35 (1951). 

2 Ewbank, Nierenberg, Shugart, and Silsbee, Bull. Am. Phys. 
Soc. Ser. II, 2, 317 (1957). 


between the Ag” level and the ground state of Ag", 
there may be a low-energy dipole transition in cascade 
with the 116-kev transition,” somewhat similar to the 
case of Cs!#4m_14 

The ground state of Ag" most certainly is formed 
from a configuration with the odd proton in a gg,2 state 
and the odd neutron in a g7/2 state. The 1+ assignment 
is then in agreement with Nordheim’s strong coupling 
rule. The isomeric state probably results from the odd 
proton in a gg/2 state and the odd neutron in a d5,2 state 
giving even parity for the spin 6 level. 

Gamma-gamma directional correlation measurements 
on five cascades in Cd" have been reported by 
Knipper.’® The results are shown in Table II. Knipper 
based his interpretation on the Siegbahn decay scheme 
and a spin of 5— for Ag™®™. He assigned spins and 
parities of 3 or 4 to the 1415-kev level, 4+ to the 1541- 
kev level, 4+, 5+, or 6+ to the 2476-kev level, and 
5— to the 2920-kev level, with the 1389-kev transition 
consisting of Ei+ M2 radiation, the 935-kev transition 
M1 or E2, the 885-kev transition E2+M3, and the 
1516- and 759-kev transitions both mixtures with their 
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Fic. 1. Decay scheme of Ag" proposed by Siegbahn. 
All energies are in kev. 


13 For comments on this matter, see Nuclear Data Sheets, Sheet 

No. 58-5-52, C. L. McGinnis, editor, National Research Council. 
44 Sunyar, Mihelich, and Goldhaber, Phys. Rev. 95, 570 (1954). 
18 A. C. Knipper, Proc. Phys, Soc. (London) 71, 77 (1958). 
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character depending on whether the spin of the 1415-kev 
level is 3 or 4. 

The investigation described in this paper consists of 
precise energy measurements of the gamma rays in the 
decay of Ag" and angular correlation measurements 
on six gamma cascades in Cd". A revised decay scheme 
is proposed. 


GAMMA-RAY ENERGY MEASUREMENTS 


The source material was obtained from Oak Ridge 
and was in the form of AgNO; in HNO. The source was 
studied in 180° permanent magnet spectrometers 
employing photographic detection (resolution~0.1%). 
A total of 22 electron lines was observed. These corre- 
sponded to 14 gamma transitions. The energies and 
interpretation of the electron lines are listed in Table I. 

All of the observed transitions can be placed in a 
decay scheme in a consistent manner if one assumes that 
the 764-kev transition precedes the 1504-kev transition 
This scheme is shown in Fig. 2. The 1504-kev gamma 
ray is known to be in coincidence with both the 764-kev 
and 657-kev gamma rays but the order of the 1504- and 
764-kev transitions has never been definitely established. 
Further evidence for the inverted order of these transi- 
tions is found in the angular correlation measurements 
which are discussed in the following sections. 

The energy sum of the 657- and 814-kev gammas is 
close to the 1473-kev gamma and therefore a level is 
placed at 1473 kev. The existence of a state in Cd" at 
this energy has been verified by Stelson and McGowan'® 
by means of Coulomb excitation. The 1473-kev level 
must then necessarily have a spin of 2 and positive 
parity. The 1560-kev transition observed by Dzhelepov 
et al.* would fit between the levels at 657 and 2219 kev 
and the 1400-kev beta transition reported by Antoneva? 
would be the expected transition between the 1+ Ag"® 
level and the 2+ level at 1473 kev in Cd™. 

In Fig. 2, the spins listed beside the Cd’ levels and 
the multipolarity of the gamma rays are those deter- 
mined by the angular correlation measurements. The 
beta energies are those of Antoneva et al. 
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Fic. 2. Revised decay scheme of Ag". 


16 P. H. Stelson and F. K. McGowan, Oak Ridge National 
Laboratory ORNL-2430, 1958 (unpublished), p. 19. 
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RESULTS OF DIRECTIONAL CORRELATION 
MEASUREMENTS 


The correlation measurements were carried out with 
a conventional fast-slow coincidence circuit having an 
effective resolving time of 1X10~-* sec.’ The scintilla- 
tion counters consisted of 2 in.X2 in. NaI(T1) crystals 
mounted on RCA type 6342 photomultipliers. The 
counters were shielded frontally by 3’; in. of aluminum. 
Lateral lead shielding was employed in some measure- 
ments to eliminate coincidences due to scattering. 

The liquid source was contained in a cylindrically- 
shaped Lucite holder, $ inch in diameter and ? inch in 
length. In all correlation measurements the source was 
centrally mounted at a distance of 10 cm from the front 
face of each crystal. The data were taken in the double- 
quadrant sequence at intervals of 15°, running 5 
minutes at each angle. The real coincidence rates were 
normalized by dividing by the single counting rates, 
and after all data for a given angle were combined, a 


TABLE I. Conversion electron energies in kev and their inter- 
pretation. The energies are accurate to about 0.2%. 





Interpre- Energy 
tation sum 


814 


Electron 
energy 


Interpre- Energy 
tation sum 


116.7 


Electron 
energy 


91.2 K} 
113.4 116.8 
116.2 J 116.6 57. ; 884 
420.0 f 447 7 : 883 
590.2 ‘ 617 ? 4 937 
630.7 4 657 * 936 
652.6 656 4 1383 
and K 679 1383 
678.7 4 705 1473 
714.3 y 741 1504 
737.2 764 1498 
760.8 5 764 














least-squares fit was made to the function 
W’'(6) =A o+A 2’ P2(cos 0)+A 4’ P4(cos 6), 


where P, is the Legendre polynomial of order k. The 
annihilation radiation method'* was used to correct for 
the effect of finite angular resolution, giving the nor- 
malized coefficients A» and A,4. 

The scintillation spectrum is shown in Fig. 3. The 
arrows and letters refer to discriminator settings used 
for various correlations. 

For the 1383—884 kev cascade the differential dis- 
criminators were set at positions a and 6 as shown in 
Fig. 3. With these settings there is no interference from 
any other cascades. The corrected correlation function 
shows an asymmetry of about 39% negative and is 
given by 


W (0) =1— (0.308+0.013) P2+ (0.009+0.020) P,. 


The 937—884 kev correlation cannot be obtained 


17 Stewart, Scharenberg, and Wiedenbeck, Phys. Rev. 99, 691 
955 


(1955). 
18 EF, L. Church and J. J. Kraushaar, Phys. Rev. 88, 419 (1952). 
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without interference from the 1383—884 kev cascade. 
Since the interfering correlation has a large csymmetry 
it can appreciably alter the true 937—884 kev correla- 
tion. However, a fairly accurate subtraction process 
was carried out in this case. The correlation was run 
with the discriminators set at positions c and d, and 
background correlations were run with the discrimi- 
nators set first at positions c and e and then at d and e. 
After proper normalization, the background correlation 
was subtracted point for point from the total correla- 
tion. Since some uncertainty was introduced here, a 
+10% error was assigned to the background rate before 
subtraction. The background amounted to approxi- 
mately 25% of the total coincidence rate. After cor- 
rection for finite geometry the correlation function is 
given by 


W (0) =1+ (0.150+0.027) P2— (0.006+0.036) P.. 


For the 884—657 kev correlation the discriminators 
were set at positions f and g. It was estimated that 
about 10 to 15% of the total coincidence counts were 
due to interfering correlations, but no correction could 
be made for this interference. The 884—657 kev cor- 
relation function is given by 


W (6)=1+ (0.07340.014) P2+ (0.009+0.020) P,. 


The 1504—657 kev and 764—1504 kev correlations 
are complicated by the fact that the 657- and 764-kev 


peaks are not resolved by the scintillation counter and 
the 1504- and 1383-kev peaks are only partially re- 
solved. With the discriminators set at positions / and j, 
the measured correlation function was mainly composed 
of the 764—1504 kev correlation but contained some 
interference from the 1504—657 correlation. The result 


was 
W 4(0)=1—(0.202-40.021) P2— (0.006-0.030) Py. 


With the discriminators set at positions 4 and g, the 
correlation function was composed mainly of the 
1504—657 kev correlation but contained interference 
from the 764—1504 kev correlation. For these settings 
the result was 


W »(0)=1— (0.328+-0.023) P,— (0.022+0.031) P,. 


If W, is the true 764—1504 kev correlation function 
and W; is the true 1504—657 correlation function, then 
W, and W¢ are given in terms of the observed functions 
Wa and We by 


Wi=((1—X a) Wa—(1—Xa)We)/(Xa—Xa), 
W2= (X4Ws—XnWa)/(Xa—Xs), 


where X,4 and Xz are the fractions of W4 and Ws, 
which are composed of the 764—1504 kev correlation. 
An estimate of the quantities X4 and Xz was obtained 
graphically. The values found were X4=0.85 and 
X g=0.32. Since uncertainty is introduced here it was 
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Fic. 3. Scintillation spectrum of Ag™™. Letters and arrows refer 
to discriminator settings used in the correlation measurements. 


considered reasonable to assign maximum errors of 
+0.10 to X4 and Xz. The result for the 764—1504 kev 
correlation was 


W 1(0) =1— (0.17_0,10-) Po— (0.002_0. 066° **) Pa. 
The result for the 1504—657 kev correlation was 
W 2(0) =1— (0.40_0.07+°-8) P2— (0.03_0.047°-) Px. 


The coefficients here are the values found for X 4=0.85 
and X g=0.32 and the errors quoted for the coefficients 
correspond to the maximum errors assigned to X 4 and 
Xz. 

In an attempt to gain information on the 1383—657 
kev correlation, a correlation was run with the dis- 
criminators set at positions a and g. This correlation 
consisted mainly of a composite of the 1504—657 kev 
and 1383—657 kev correlations. It showed an asym- 
metry of 40% negative and a negligible value for the 
coefficient of the P, term. It was estimated that about 
45% of the coincidences were due to the 1383—657 kev 
correlation and about 25% were due to the 1504—657 
kev correlation. Other interfering cascades were the 
764—1504 (~10%) and the 1383—884 (~20%). 
Assuming these estimates for the interference it was 
concluded that the 1383—657 kev correlation has an 
asymmetry of about 40% negative (with negligible P, 
contribution). One can definitely say that the asym- 
metry is greater than 25% negative. 

The results of the directional correlation measure- 
ments are listed in Table II together with the results 
published by Knipper.’® , 


INTERPRETATION OF CORRELATION DATA 


The Cd" levels pertinent to the correlation data are 
designated by letters in Fig. 2 and henceforth will be 
referred to by these letters. Since the spin of Ag™™ is 
known to be 6, the possible spin values considered for 
levels E and F are 4, 5, and 6. No crossover transitions 
from levels C and D occur to the ground state of Cd", 
and no beta transitions leading to these states have 
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TaBLE II. Directional correlation results for Ag!™. 


Results of Knipper 
Correlation A: Aa 


1383 — 884 —0.288+0.012 
937 — 884 +0.14 +0.03 
884—657 

1383 — 657 


—0.37 +0.05 
—0.34 +0.07 
—0.16 +0.02 


been observed. Therefore no spin lower than 2 or higher 
than 4 is considered for levels C and D. 

Since the 1383—884 kev correlation is free of inter- 
ference from other cascades it is the logical correlation 
with which to begin the interpretation. Considering 
pure transitions only, no combination of the possible 
spins for levels B, C, and F is consistent with the data. 
If one considers dipole-quadrupole mixtures in one or 
both of the transitions, three sequences are compatible 
with the data. These are 5(D,Q)4(Q)2, 6(0)3(D,Q)2, 
and 4(D,Q)3(D,Q)2. Even though the 1383—657 kev 
and 884—657 kev correlations are not too accurate due 
to interference, the results of these correlations are 
sufficient to eliminate the sequences 6(0)3(D,Q)2 and 
4(D,Q)3(D,Q)2 as possibilities for the 1383—884 kev 
cascade, 

The discrepancy between the experimental coeffi- 
cients for the 884—657 kev cascade and the theoretical 
coefficients A2=0.1020 and A,=0.0091 for a 4(Q)2(Q)0 
sequence is not too great and can easily be explained by 
interfering correlations. The 1383—657 kev correlation 
results are in good agreement with the spin sequence of 
5(D,Q)4(Q)2(Q)0. For this sequence the 1383—657 kev 
correlation should be identical with the 1383—884 kev 
correlation, and the experimental! data agree with this. 

Therefore, 5(D,Q)4(Q)2(Q)0 is the only sequence of 
spins for levels F, C, B, and A, respectively, which 
simultaneously satisfies the results of the 1383—884 
kev, 884—657 kev, and 1383—657 kev correlations. 
With this sequence the 1383— 884 kev correlation data 
require the 1383-kev gamma transition to be a mixture 
of (13.54+1.5)% quadrupole and (86.5+-1.5)% dipole 
radiation (6>0). Since the spin and parity of Ag™” are 
6 and +, respectively, and the 87-kev beta transition 
is allowed, level F must have positive parity. An assign- 
ment of positive parity to level C would be in agreement 
with the fact that no beta transition to this level has 
been observed and the empirical fact that in even-even 
nuclei, low-lying levels with even spin normally have 
even parity. In addition this would require the 1383-kev 
transition to be an M1—£2 mixture which is more 
likely than an E1— M2 mixture. Therefore, assignments 
of 5+ and 4+ are made to the 2924-kev and 1541-kev 
levels, respectively, with the 884kev gamma being 
pure £2 and the 1384-kev gamma being a mixture of 
(13.54+1.5)% E2 and (86.51.5)% M1 radiation 
(6>0). 


—0.01840.014 _ 
~0.02 +0.03 


+0.06 +0.06 
—0.12 +0.09 
+0.01 +0.03 





Results of this investigation 
As As 


+0.009+0.020 

+0.150+0.027 —0.006+0.036 

+0.073+-0.014 +0.009+-0.020 
Asymmetry~—40% (A, small) 

— (0.40_» 97*°-48) — (0.03_0. 047°) 

— (0.17_0.10*°5) — (0.002_o. o66*?-5) 


—0.308+40.013 





Since the spins of levels C and B have been estab- 
lished as 4 and 2, the spin combinations to be considered 
for the 937—884 kev correlation are 6-4-2, 5-4-2, and 
4-4-2. The theoretical coefficients for a pure 6((0)4(Q)2 
sequence are A2=0.1020 and A,=0,.0091, and for a 
pure 4(D)4(Q)2 sequence they are A2=0.1965 and 
A,=0. Neither of these sequences is quite consistent 
with the experimental values of A42=0.150+0.027 and 
As= —0.006+0.036 for the 937—884 kev correlation, 
but they are both close enough to warrant consideration 
as possibilities. They cannot be ruled out on the basis 
of the correlation data alone because the subtraction 
process introduces uncertainties in the data. A pure 
5(D)4(Q)2 sequence can definitely be discarded since 
it would require a negative A». If dipole-quadrupole 
mixtures are considered, both the 4(D,Q)4(Q)2 and 
5(D,Q)4(Q)2 sequences are compatible with the data. 
With a spin of 4 for level E, the 937-kev transition 
would be a mixture of (98.041.8)% dipole and 
(2.01.8)% quadrupole (6<0) and with a spin of 5 
for level E, it would be a mixture of (86+4)% dipole 
and (14-F4)% quadrupole radiation (6<0). 

Since the beta-decay data indicate that the 520-kev 
transition is first forbidden or unique first forbidden, 
level E must have negative parity. A 5— assignment 
then requires an Ei— M2 mixture (~ 14% M2) for the 
937-kev gamma. This is unlikely, and therefore a spin 
of 5 for level E is not probable. An assignment of 4— 
requires almost pure £1 radiation for the 937-kev 
transition while an assignment of 6— requires M2 
radiation. These are the most likely possibilities. 

The 1504—657 kev and 764—1504 kev correlations 
are not too accurate because of interfering correlations. 
However, some information about level D can be ob- 
tained from them since the spins of all the other states 
involved in these correlations have been determined. 
Considering spins of 2, 3, or 4 for level D, it is found 
that only a 3(D,Q)2(Q)0 sequence will explain the 
1504—657 kev correlation data. Spins of 2 and 4 can 
definitely be ruled out. One should thus be able to 
explain the 764—1504 kev results by a 5(Q)3(D,Q)2 
sequence with a mixture in the 1504-kev gamma which 
is consistent with the result obtained from the 
1504—657 kev correlation. This is not the case, but the 
interference from the highly negative 1383—657 and 
1383—884 kev correlations could account for the dis- 
crepancy. If it is conceded that this is possible, a spin 
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of 3 for level D is consistent with the data. This requires 
a mixture of about 10% quadrupole and 90% dipole 
radiation in the 1504-kev transition. 

If the 1504- and 764-kev transitions are reversed 
in order as shown in Fig. 1, the sequences which 
must be considered for the 1504—657 kev correla- 
tion are 5(0)2(D,0)2(Q)0, 5(Q)3(D,Q)2(Q)0, and 
5(D,Q)4(Q)2(Q)0. Neither of the first two sequences 
can give a negative asymmetry greater than 6% no 
matter what the mixing parameter. From the experi- 
mental data it is certain that the 1504—657 kev cor- 
relation must have a large negative asymmetry and 
these sequences can be ruled out. If the spin sequence 
were 5(D,0)4(Q)2(Q)0, the correlation function for the 
1504— 657 kev cascade would have to be identical with 
the 1504—764 kev correlation. The data are not in 
agreement with this, and any interference which might 
be present due to the interfering cascades cannot pos- 
sibly explain the discrepancy. Since the 1504—764 kev 
and 1504—657 kev correlations are not at all in agree- 
ment with any reasonable spin sequences if the 1504-kev 
gamma precedes the 764-kev gamma, it is apparent that 
the data favor the new ordering of these transitions. 

In the interpretation of the 1504—657 kev and 
764—1504 kev correlations, the possibility of both the 
764- and 1504-kev gammas being mixed multipoles was 
not considered. This would require a quadrupole- 
octupole mixture in one gamma transition. Relative 
intensity considerations and conversion coefficient data* 
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tend to rule out this possibility. Therefore it is con- 
cluded that the 764-kev gamma is £2 and the 1504-kev 
gamma is an M1—£2 mixture (~10% E2) with the 
2160-kev level having a spin of 3 and positive parity. 


DISCUSSION 


The revised decay scheme is in better agreement with 
the systematics of medium weight even-even nuclei in 
the region around Cd. In the old decay scheme the 
second excited state occurs at 1421 kev and would 
necessarily have a spia of 3 or 4. This is not in agreement 
with the systematics of nuclei in this region since they 
all have a 2+ second excited state. In the new scheme, 
the spin of the second excited state is 2+. 

From Coulomb excitation of Cd'®, Stelson and 
McGowan"*." found that the £2 transition probability 
for the 657-kev transition is 32 times the single-particle 
estimate, and the £2 transition probability for the 
1473-kev transition is 0.88 times the single-particle 
value. These results together with the fact that the 
ratio of the energy of the second excited state to 
that of the first excited state is 2.24 indicate that the 
low-lying levels in Cd'"® follow the near-harmonic vibra- 
tional level structure. The 2+ and 4+ states at 1473 
and 1541 kev could then be members of the expected 
close-lying triplet of states of the type 0+, 2+, and 4+. 


1? P. H. Stelson and F. K. McGowan, Phys. Rev. 110, 489 
(1958). 
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The excitation curve for the N™(p,)O" reaction at zero degrees has been measured from threshold at 
3.78 Mev to 6.38 Mev bombarding energy. Resonances corresponding to excited states in O'* at 16.21, 
~16.3, ~17.0, 17.13, 17.29, ~17.5, 17.63, 17.84, 17.97, and 18.05 Mev were observed. The 16.21-Mev state 
is J* =1* and the 16.3-Mev state is /*=0-. The energy difference between the N!°(p,n)O" threshold energy 
and the Li’(p,n) Be’? H.* beam thick-target threshold was found to be 17.6+0.5 kev. A threshold energy for 
N*(p,n)O" of 3.7808+0.0011 Mev is implied if possible differences in the extrapolated end points of the 
Li’(~,n) Be’ thresholds with H* and H,* beams are ignored. 





I. INTRODUCTION 


STUDY of the N"(p,7)O" reaction is of interest 

since it gives information on the location and spin 
of excited states in O'* above 15.66 Mev. This region 
has previously been studied through the use of the O'* 
photodisintegration reactions,! but the results from 
these reactions are difficult to analyze and suffer from 
possible large systematic errors in the energy measure- 
ment of the y rays. An independent method for studying 
this region and checking the photodisintegration work 
is thus clearly useful. Measurements of the angular 
distributions of the neutrons from (p,m) reactions can 
give the J value of the resonances and in some cases 
their parity. In the present case the existence of rather 
broad, overlapping resonances makes it difficult to do 
more than place a limit on the possible spin values for 
most of the levels observed. 

A precision measurement of the N'°(p,7)O" threshold 
is of value not only for the aid that it gives in deter- 
mining the O¥-N" mass difference and O” ft value, 
but also for its convenience as a calibration point in 
magnetic analysis of charged particles from Van de 
Graaff accelerators. 


Il. EXCITATION CURVE 


The excitation curve was measured at zero degrees 
with a thin (<10 kev) gas target of N“ (N°>75%, 
balance N") and a conventional long counter.? The long 
counter could be used since the N"(p,2)O"” ground- 
state reaction is the only neutron producing reaction 
energetically possible in the energy region covered 
for the target nucleus N" or for the possible con- 
taminants C”, N“, or O'®, Absolute cross sections were 
estimated by calibrating the long counter with a Ra-Be 
neutron source of known strength. Backgrounds were 


* This work was partially supported by the U. S. Atomic 
Energy Commission. 

t Now at The Ohio State University, Columbus, Ohio. 

1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955); B. M. Spicer, Phys. Rev. 99, 33 (1955); S. A. E. Johansson 
and B. Forkman, Phys. Rev. 99, 1031 (1955); A. S. Penfold and 
B. M. Spicer, Phys. Rev. 100, 1377 (1955); L. Katz, Conference 
on Photonuclear Reactions, April 30 and May 1, 1958, Wash- 
ington, D. C. (unpublished). 

2 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 


measured with the target filled with helium. Most of 
the background was probably due to neutrons origi- 
nating from (p,#) reactions in the nickel entrance foil 
of the gas target.* Background was relatively small 
(10%) below 4.5 Mev but increased rapidly and 
averaged about 50% above 5 Mev. It was not deter- 
mined above 6 Mev because of difficulties in machine 
operation. The correction above 6 Mev was made from 
a smooth extrapolation of the lower energy background 
data. Errors on the absolute cross sections are estimated 
at +50%. The excitation curve obtained for the 
N"(p,n)O" reaction at 0° is shown in Fig. 1. 


Ill. ANGULAR DISTRIBUTIONS 


The angular distributions were measured with the 
same experimental equipment as that used for the 
excitation curve. In this case the front face of the long 
counter subtended an angle of 20° at the target. The 
results obtained are shown in Fig. 2. 

An IBM 650 computer was used to calculate a least- 
squares fit to the experimental angular distributions of 
the form 

o(6)=constl1+ > b,P,(cos6) }. 


y>0 


The values of b, obtained are tabulated in Table I. The 
values given are for the smallest values of ymax which 
give a good fit to the experimental data. The effect of 
the finite angular resolution is to decrease the values of 
the coefficients of the higher order Legendre poly- 
nomials, that is, to make the angular distributions more 
isotropic. For the geometry used it was estimated that 
the attenuation would be approximately 15% for a 
sixth-order Legendre polynomial.‘ The curves through 
the experimental points in Fig. 2 were calculated using 
the coefficients given in Table I. 

The energy dependence of the long counter used in 
this experiment was investigated for neutron energies 
below 1 Mev by measuring the yield from the 
Li’(p,)Be’ reaction. An increase in the sensitivity was 
found for neutrons with an energy of a few hundred 


3 Jones, Kruse, Weil, Baicker, and Lidofsky, Rev. Sci. Instr. 
28, 56 (1957). 
4M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 1. Yield curve for the N'5(p,")O"* reaction taken at a laboratory angle of 0°. Statistical errors are 
generally smaller than the size of the data points. 


kev. It is therefore possible that the rise at the back 
angles in the 3.948-Mev angular distribution is due to 
the increase in counter sensitivity for the lower energy 
neutrons emitted at those angles and that the angular 
distribution is actually much more isotropic. 


IV. THRESHOLD MEASUREMENT 


The N*(p,n)O" threshold energy has been measured 
previously by Kington e¢ a/.,° who obtained a value of 
3.776+0.008 Mev. Kistner ef a/.6 used both an inter- 
mediate-image spectrometer and a thin-lens spec- 
trometer to measure the end point of the O" positron 


the 
and 


spectrum. Their results implied values for 
N"(p,n)O" threshold of 3.765+0.006 Mev 
3.779+0.011 Mev, respectively. 

The experimental arrangement used in making the 
threshold measurement is shown in Fig. 3. The protons 
deflected through ~90° are twice the energy of the 
protons in the H,* beam deflected through ~60°. 
Fortuitously, the N'(p,2)O" threshold energy is also 
very closely twice the energy of the Li’(p,n)Be’ 
threshold. Therefore, if the Li’(p~,2)Be’ threshold is 
measured at 60° with the H,*+ beam, only a small 
(~0.25%) change in the magnetic field is needed for 
measurement of the N'°(p,n)O" threshold at 90° with 
the H+ beam. Errors which result from the energy 
dependence of the magnet calibration constant are 
negligible, and a very accurate measurement of the 
energy difference between the two thresholds can be 
made. 

The lithium targets were prepared by evaporating 
lithium on a tantalum backing. The N” targets were 
in the form of Pb(N"O3)2 and were prepared by adding 


5 Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 
6 Kistner, Schwarzschild, Rustad, and Alburger, Phys. Rev. 
105, 1339 (1957). 


a few drops of HN®O; (99% N*) to a thick lead 
backing. The nitrate target was stable provided the 
beam currents were kept below ~0.6 wa/cm?. A number 
of different lithium and nitrogen targets were used in 
order to reduce the effect of carbon buildup. No 
systematic shifts in the thresholds due to such a buildup 
were observed. The neutrons were detected with paraffin 
moderated BF; counters. 

A typical pair of Li? and N® threshold measurements 
are shown in Fig. 4. A proton resonance magnetometer 
was used to measure the magnetic field of the deflecting 
magnet. The fast energy stabilization for the Van de 
Graaff accelerator was controlled from the H* beam at 
90°. The 60° defining slits were set so that most of the 
H.*+ beam would strike the target. To ascertain that 
the threshold did not depend on the position of the 60° 
slits, the variation of the threshold energy was in- 
vestigated as a function of the slit position. The vari- 
ation in the threshold was no more than would be 


TaBLE I. Table of coefficients for least-squares Legendre 
polynomial fits to the angular distributions. The differential 
cross section is expressed in the form 


o(@)=const{1+ & jbyPr(cosd) }. 
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Fic. 2. Angular distributions measured for the N'(p,n)O% 
reaction. The points shown are the experimental points. The 
curves drawn through the points were calculated from the data 
given in Table I. The errors shown are the statistical errors only. 


expected from the estimated energy spread of the 
analyzed beam. The targets used were thick compared 
to the energy spread of the incident beam. The extra- 
polated end point of the yield curve was used as a 
measure of the threshold energy. The weighted mean 
of fifteen measurements of the difference in proton 
resonance frequency for the two thresholds was 
68.941.9 kc/sec. The Li’(~,n)Be’ H,* threshold gives 
an energy calibration and the energy difference is then 
found to be 17.6+0.5 kev. 

At this point it should be emphasized that the energy 


difference is in terms of the thick target extrapolated 


end points for the N“(p,n)O" threshold with the Ht 
beam and the Li’(,7)Be’ threshold with the H,* beam. 
In order to obtain an accurate value for the N°(p,n)O” 


LIDOFSKYyY, 


AND WEIL 


threshold, the energy of the Li7(,n)Be’ threshold must 
be known. This energy has been measured accurately 
by a number of workers using H+ beams; a weighted 
mean of these measurements is 1.8811-+0.0005 Mev 
for the extrapolated end point of the thick target curve.’ 
It has been pointed out by Herring e¢ al., Bondelid et al., 
and Newson e/ al. that the internal energy of the H,* 
molecule is large enough to increase appreciably the 
energy spread of the H+ beam. Bondelid eé al. also 
found that the midpoint of the Al?’(p,7)Si?’? resonance 
at 993 kev measured with a thick target and the H.+ 
beam was too low by ~0.05%.° No data are available 
on the difference of extrapolated end points for (p,m) 
thresholds with H+ and H.* beams. If such an effect 
should be present in (p,) thresholds, our measured 
energy difference, which is based on the extrapolated 
end point for the Li?(p,n)Be’ threshold with the H,* 
beam, would be too large by about 0.05% or approxi- 
mately 1.9 kev. A precision measurement of the differ- 
ence in end points for the Li’(p,n)Be’ reaction with 
H* and H.* beams would remove this possible source 
of error. 

At the present time it seems most reasonable to 
ignore this possible systematic error and to calculate 
the N“(p,n)O"™-threshold energy by assuming that 
there is no difference for (p,m) thresholds taken with 
H* and H.*+ beams. The energy of the H.* molecule 
at the Li’(p,n)Be’ threshold is 3.7632+-0.0010 Mev, 
where the effect of the single electron in the H,* 
molecule has been taken into account. The N'°(p,n)O"- 
threshold energy is therefore 3.7808+-0.0011 kev. (The 
possible systematic error discussed in the foregoing is 
not included in the estimate of the probable error.) 

This result is in good agreement with the value of 
Kington ef al.' It also agrees with the thin-lens spec- 
trometer value of Kistner ef al.,® but it does not agree 
with their value obtained with the intermediate-image 
spectrometer. 
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Fic. 3. Schematic diagram of the experimental arrangement 
for the N'5(p,2)O" threshold measurement. 


7 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 4, 
947 (1954); R. O. Bondelid (private communication). 

8 Herring, Douglas, Silverstein, and Chiba, Phys. Rev. 100, 
1239 (A) (1955); Bondelid, Butler, and Kennedy, Bull. Am. Phys. 
Soc. Ser. II, 2, 381 (1957); Newson, Williamson, Jones, Gibbons, 
and Marshak, Phys. Rev. 108, 1294 (1957). 





N!5(p,")O!5 


V. DISCUSSION OF RESULTS 


The 0° excitation curve indicates the presence of a 
number of excited states of O'® The bombarding 
energies at which these states were observed, the 
corresponding excitations in O'*, and the approximate 
level widths are tabulated in Table IT. 

The most detailed previous study of this region of 
excitation in O'® was made by Penfold and Spicer! from 
a study of breaks in the O'*(y,n)O™ activation curve. 
A summary of the levels they observed is also given in 
Table II. The results of Katz,! who has also observed 
this energy region, are in good agreement with Penfold 
and Spicer. From analysis of their data, Penfold and 
Spicer conclude that the bulk of the cross section for the 
O'*(y,n)O" reaction is contributed by narrow levels 
and that the widths of the levels are less than 40 kev. 
They place an upper limit of 70 kev on the level widths 
which their technique can detect. The radiation widths 
for the levels observed were also deduced and indicate 
that the levels are reached by M1 or £2 radiation. They 
rule out M1 radiation on the basis of a shell model 
argument, but this is probably not a very stringent 
requirement at these energies. Spicer,' from a study of 
the angular distribution of protons, emitted in the 
O'®(y,p)N"™ reaction, also concludes that the levels in 
this energy region are reached predominantly by M1 
or £2 radiation. This implies that the levels in this 
region are predominantly J*=1* or 2*. 

The present experiment shows ten levels in the region 
covered compared to twelve reported by Penfold and 
Spicer. Our results, however, show only four levels 
with widths of ~40 kev or less. It is not clear why 
fewer levels should be observed in the 
N(p,2)O” experiment, unless Penfold and Spicer have 
underestimated the widths of the levels which they 


narrow 


can detect. In Table II this is assumed to be the case, 
and in some cases the levels are matched when the 
energies correspond even though the widths estimated 
from the N'*(p,7)O" reaction are somewhat too large. 

The angular distribution coefficients given in Table I 
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Fic. 4. Typical pair of threshold runs. The proton resonance 
frequency is proportional to the magnetic field of the deflecting 
magnet. At this field 1 kc/sec0.26 kev. 
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TABLE II. Summary of levels observed in the present experiment 
and in the O'*(y,)O" experiment of Penfold and Spicer. 


O16 
(Mev) 


T lab (C1 6a 
(kev) (Mev) 
15.85 
ne 16.03 
16.21 
~16.3 , 
16.47 
16.75 
16.95 


17.02 
17.13 
17.18 


17.55 


5.88 17.68 
12 17.84 
24 52 ’ 

33 18.04 


® Present experiment. 
b Penfold and Spicer, reference 1. 
° This energy assignment is based on incomplete data taken at 90°. 


show large values for the P; and P; terms at many of 
the energies, which implies interference between levels 
of opposite parity. The odd terms would not be ex- 
pected if the levels were reached only by M1 or E2 
radiation as stated by Penfold and Spicer. The broad 
levels observed in the present experiment, but not by 
Penfold and Spicer, may therefore have negative parity. 

Some information about the spins of the levels may 
be obtained from the angular distributions. In par- 
ticular, the narrow resonance at 4.372 Mev and the 
broad resonance at ~4.5 Mev are sufficiently isolated 
from other levels that it should be possible to make 
reasonable inferences about their spin and _ parity 
assignments. 

The existence of a strong P; term in the angular 
distribution taken at the peak of the 4.372-Mev reso- 
nance shows that the levels are of opposite parity and 
the strong P: term rules out J*=0* for the sharp 
resonance. The only levels which can give P: terms, 
and none higher, are /*=1*. Another possibility is 2*, 
which can give a P, term only if formation and decay 
with /=3 is appreciable. 1~ is unlikely since the calcu- 
lated coefficient for the P, term is not big enough to 
explain the measured value. Therefore, the narrow 
level is 1* or 2+. The angular distribution measured at 
4.51 Mev is nearly isotropic and hence the broad level 
is probably J*=0-. (The weak P;, P2, and P3; terms 
are presumably effects due to the 4.372-Mev resonance 
and the tails of other resonances.) A 2+-0 
cannot give the P; interference term at E,=4.37 Mev 


combination 


since these angular momentum states are formed by 
different channel spins. Therefore, it is concluded that 
the two levels are 1+ and 0-, respectively. 

Additional support for this assignment comes from 
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the N*(p,7)O"* ground-state reaction.® The 4.372-Mev 
resonance is observed, but the broad resonance at ~4.5 
Mev is not. The intensity of the 4.372-Mev resonance 
is much less than the £1 transition seen at 1.05 Mev." 
On the basis of the relative intensity an assignment 
of J™=1* (M1) or J*=2+ (£2) can be made to the 
narrow resonance. The broad resonance at 4.5 Mev is 
not observed at all, which indicates an assignment of 
J =0# or a high J. The N(p,n)O" angular distribution 
measurements rule out the high J assignment and 
require that the levels show a large P; interference term. 
A J*=2*+—0O- combination does not give an interference 
term, as noted above. A J*=2+—0* combination does 
not give the P; term because the levels have the same 
parity. Therefore, it is again concluded that the 
4.372-Mev resonance is J*=1* and the 4.5-Mev broad 
resonance is J™=0-. 

The N'°(p,ey)C” reaction has also been observed in 
this energy region’ and neither level was found. This 
mode of decay for the 0~ level is forbidden by con- 
servation of parity. There is no obvious reason why the 
1* level should not have been observed unless the 
alpha-particle width is very small, due to a low pene- 
trability for the outgoing d-wave alpha particles, for 
example. 

At higher energies it becomes more difficult to make 
spin assignments, although a rather weak limit may be 
set. As can be seen from the Legendre polynomial 
coefficients given in Table I, no more than a fourth- 
order Legendre polynomial is required to fit the 
measured angular distributions. Theoretical Legendre 
polynomial coefficients were calculated for J/<4." A 


*L. J. Lidofsky and J. L. Weil (to be published); Lidofsky, 
Jones, Bent, Weil, Kruse, Bardon, and Havens, Bull. Am. Phys. 
Soc. Ser. II, 1, 212 (1956). 

10 Schardt, Fowler, and Lauritsen, Phys. Rev. 86, 527 (1952); 
D. H. Wilkinson, Phys. Rev. 90, 721 (1953). 

J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 


LIDOFSKY, 


AND WEIL 


fourth-order Legendre polynomial is the highest needed 
to fit angular distributions for J/<2. A 3> state is 
formed with incoming and outgoing channel spins of 
one and with various combinations of incoming and 
outgoing orbital angular momentum values, namely, 
(2,2), (2,4), (4,2), and (4,4). Only the last combination 
gives a Ps, term in the angular distribution. However, 
the penetrabilities for /=4 neutrons and protons are 
small at the energies used in this experiment and the 
intensity contribution from the (4,4) combination 
should be negligible. The angular distribution for a 3~ 
state should then contain no Legendre polynomial 
higher than fourth order. All other spin values give 
Legendre polynomials of order higher than four. The 
possible spin values for the excited states observed 
below 6-Mev bombarding energy are therefore re- 
stricted to J<2 and 3-. A more detailed analysis of 
the angular distribution does not appear to be profitable 
for the following reasons: (1) Interference between 
levels is required because of the odd Ledengre poly- 
nomials present; thus, a two- or even three-level 
formula may be necessary; (2) A level may be formed 
with two incoming and outgoing channel spins or with 
two incoming and outgoing / values; (3) the neutron 
and proton partial widths are not known. 

Further study of the N®(pvy)C” and N'*(p,y)O'* 
reactions is planned in order to restrict the spin values 
of the various levels to a greater degree than can be 
attained from the N'(p,7)O" reaction alone, as well 
as to locate levels not observed in the N"(p,n)O" 
reaction. 
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A source of Cu® was prepared by means of the (p,7) reaction on an enriched Ni®™ target. The gamma rays 
following positron emission were detected with a scintillation spectrometer, and the following energies were 
measured: 0.88+0.01, 1.13+0.02, and 1.17+0.01 Mev. The relative intensities with respect to the positrons 
are 0.3, 0.1, and 0.5% with uncertainties of a factor of two either way. Coincidence techniques and half-life 
measurements were used to identify the gamma rays with the decay of Cu®. The half-life for positron 
emission was measured to be 9.9+0.2 min. Branching ratios and log /t values have been calculated and are 


listed in tabular form. 





I. INTRODUCTION 


OR some time the decay scheme of the radioactive 
isotope, Cu®, has been open to considerable 
question. A number of investigators'* have reported 
that the Kurie plot is linear from its end point at about 
2.9 Mev down to less than 1 Mev, indicating no popula- 
tion of states in the residual nucleus below about 2 Mev. 
A gamma ray of energy 0.56 Mev following the decay 
of Cu® was reported in a nuclear data table.‘ Later 
Nussbaum ef al.5 and Reid and Wright® reported that 
they found no evidence for a 0.56-Mev gamma ray and 
placed an upper limit of about 5% for the branching 
ratio to any state emitting such a gamma ray. Further, 
Reid and Wright estimated that any gamma-ray peak 
in the region 0.6 to 1.2 Mev having 0.25% of the counts 
in the annihilation total-capture peak would have been 
detectable, but they found none. 

Since the production of this isotope is used in monitor- 
ing betatron bremsstrahlung beams by means of the 
(y,n) reaction on Cu foils, it is important to establish 
the decay scheme with certainty. Further, it would be 
somewhat surprising, and therefore interesting from a 
theoretical point of view, if a beta emitter in the 
medium-weight region having an end point of 2.9 Mev 
should lead to no excited states in the product nucleus. 

When the decay of Cu was investigated by the 
present authors,’ there was developed a technique which 
was extremely sensitive in detecting the presence of 
gamma rays near and below (in energy) the annihilation 
radiation, as well as gamma rays well removed from 
the annihilation radiation. It was therefore decided to 
investigate the decay of Cu® by means of this technique. 

A preliminary account of the present work has been 
published.*® 

1 Becker, Kirn, and Buck, Phys. Rev. 76, 1406 (1949). 

2 Katz, Penfold, Moody, Haslam, and Johns, Phys. Rev. 77, 
289 (1950). 

3R. W. Hayward, Phys. Rev. 79, 541 (1950). 

‘Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953); private communication from R. C. Thompson and 
D. R. Miller. 

5 Nussbaum, Wapstra, van Lieshout, Nijgh, and Ornstein, 
Physica 20, 571 (1954). 

6 J. M. Reid and I. F. Wright, Nature 175, 298 (1955). 

7 J. W. Butler and C. R. Gossett, Phys. Rev. 109, 863 (1958). 

8 J. W. Butler and C. R. Gossett, Bull. Am. Phys. Soc. Ser. II, 
3, 62 (1958). 


II. SOURCE PREPARATION 


A moderately thick target of Ni®™ was prepared by 
electroplating the Ni®™ onto a Cu disk, 3%; in. in diameter 
and 0.002 in. thick. The isotopic composition of the Ni® 
sample’ was as follows : 2.78+0.15% Ni®§, 10.36+0.11% 
Ni®, 83.06+0.29% Ni®™, 2.41+0.09% Ni®, and 1.38 
+0.10% Ni*. The spectroscopic analysis was as follows: 
0.05% Cu, 0.02% Fe, 0.01% Mg, and 0.01% Sn. The 
deposition was carried out as described in a previous 
communication” to a thickness of about 5 mg/cm?, The 
target was bombarded by a beam of about 5 ua of 
1.8-Mev protons from the NRL Nucleonics Division 
2-Mv Van de Graaff accelerator, producing the Cu® 
isotope by means of the radiative capture reaction. The 
target was not made thicker than about 0.5 Mev to 
the incident protons because the resonances appearing 
below a bombarding energy of 1.3 Mev are expected” 
to be too weak to contribute sufficiently to the (p,y) 
yield to warrant the expenditure of additional target 
material. Proton capture reactions induced in the Cu 
backing do not produce positron activity since the 
residual nuclei from the (p,y) reactions on both Cu 
isotopes are stable. 

The use of (p,y) reactions from low-energy protons 
to produce positron activities in this mass region has 
two distinct advantages over bremsstrahlung irradia- 
tion. First, the extremely small amounts of target 
material required for charged-particle targets allows 
economic use of highly enriched separated isotopes. 
Second, in most cases, where the bombarding energy is 
below the (p,2) threshold, the (p,y) reaction is the 
only possible reaction of transmutation. The combina- 
tion of these two advantages usually allows the pro- 
duction of the activity to be studied with very little 
contamination by other activities. 


III. COINCIDENCE TECHNIQUE 


The gamma rays were detected by a 3-in. diam X 3-in. 
Nal(Tl) crystal in conjunction with a 256-channel 
pulse-height analyzer. The positrons were detected by 

®The Ni®™ isotope was obtained from the Stable Isotopes 
Division of the Oak Ridge National Laboratory. The composition 
analyses were made by ORNL. 

10 J. W. Butler and C. R. Gossett, Phys. Rev. 108, 1473 (1957). 
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a 1}-in. diam X0.012-in. thick disk of Pilot-B plastic 
scintillator in conjunction with conventional electronic 
equipment. The geometrical arrangement of the de- 
tectors is shown in Fig. 1, and the coincidence technique 
is similar in principle to the arrangement previously 
described.’ 

Briefly, the principle is as follows. The multichannel 
analyzer is gated “on” by a pulse from the Pilot-B 
phosphor. Since the thin plastic phosphor is very 
efficient for the detection of beta particles but is very 
insensitive to gamma rays, the analyzer will normally 
be gated on only when a positron enters the plastic 
phosphor. Such positrons can be expected to annihilate 
in the vicinity of the phosphor, or at least above the Pb 
cone shield. Therefore, the annihilation radiation from 
a “gating” positron may reach the Nal crystal only 
through the very small solid angle defined by the Pb 
cones; and a coincident nuclear gamma ray emitted 
by the residual nucleus in the source can therefore be 
detected in the large Nal crystal with only a small 
probability that the annihilation radiation from the 
positron would also enter the crystal. A resolving time 
of 0.5 wsec was used. 

The Lucite plate was placed under the source to 
prevent positrons from entering the Pb with more than 
a few hundred kev of energy and thus to prevent the 
emission of higher-energy bremsstrahlung in the direc- 
tion of the Nal crystal. The paraffin within the lower 
Pb cone stopped the positrons which had passed through 
the Lucite in the direction of the crystal with minimum 
bremsstrahlung emission and only slight attenuation of 
the gamma rays from the source. The inner surface of 
the upper Pb cone and the bottom of the lower Pb cone 
were covered with a thin sandwich of two foils (0.002-in. 
Sn and 0.002-in. Cu) to prevent the Pb K x-rays from 
entering the plastic phosphor or the Nal crystal, re- 
spectively. 


GOoSs2 tT 

In order to minimize the effects of other radioactive 
copper isotopes present (produced by proton capture 
by small amounts of the other nickel isotopes present 
in the target), the bombardment-counting cycle was as 
follows: two minutes of bombardment, two minutes of 
waiting (during which time the target was removed 
from the vacuum system of the Van de Graaff acceler- 
ator, and placed in position in the counting arrange- 
ment), twelve minutes of counting, and four minutes of 
waiting (during which time the target was replaced 
into the vacuum system). This cycle is hereinafter 
referred to as the “short cycle” to distinguish it from 
the “long cycle” which involved a continuous counting 
period of about 3 hours’ duration following about 10 
successive short cycles. The reasons for these different 
cycles are elucidated in the following paragraphs. 

Cu®, produced by proton capture by Ni®’, has a half- 
life of 81.5 sec and has nuclear gamma rays of 0.343, 
0.463, 0.872, 1.305, and 1.70 Mev associated with its 
decay.? Cu", produced by proton capture by Ni®, has 
a half-life of 3.3 hours and has nuclear gamma rays of 
0.070, 0.282, 0.380, 0.580, 0.659, 0.940, 1.12, and 1.19 
Mev associated with its decay.’"" These are the only 
radioactive contaminants expected because the other 
nickel isotopes produce stable copper isotopes upon 
proton capture, the (p,7) thresholds for all the stable 
nickel and copper isotopes are well above the bombard- 
ing energy used, and the Cu isotopes in the target 
backing lead to stable Zn isotopes following proton 
capture. 

Since the Cu®™ would continue to build up with re- 
spect to the Cu® during succeeding cycles, not more 
than ten successive short cycles were made without 
giving the Cu®™ at least three hours to decay, during 
which time the decay spectrum was separately recorded 
as the “long-cycle spectrum.” The magnetic core 
memory of the 256-channel analyzer was divided into 
two equal parts; the short-cycle counts were recorded 
in the first half, and the long-cycle counts recorded in 
the second half. Four sets of short cycles (each set 
containing about eight individual short cycles) and four 
long cycles were made in all with a total counting time 
of 6.8 hr for the short cycles and 16.3 hr for the long 
cycles. The final spectra shown in Fig. 2 are the separate 
sums of the short cycles and the long cycles. 

Figure 2(a) shows the short-cycle spectrum. The 
apparent peak about 0.04 Mev is due to a “cutoff” 
effect in the analyzer. Other spectra taken with ex- 
panded gain gave no evidence for a gamma ray or 
x-ray of that energy, but always showed the cutoff at 
the same channel number. The peak at 0.18 Mev is the 
back-scattered Compton peak of the annihilation radi- 
ation, and the peak at 0.511 Mev is the annihilation 
radiation itself. The peak at 0.69 Mev is due to one 
annihilation quantum plus the back-scattered Compton 


1 Nussbaum, Wapstra, Bruil, Sterk, Nijgh, and Grobben, Phys. 
Rev. 101, 905 (1956). 
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photon from the accompanying annihilation quantum. 
Evidence for this and other assignments is discussed in 
Sec. VI. 

The peak at 0.88 Mev is a nuclear gamma ray associ- 
ated with the decay of Cu®, as is also the peak at 
1.17 Mev. The latter peak, however, shows some evi- 
dence of a doublet nature. Other spectra taken with 
expanded gain showed even stronger evidence for a 
second peak about 40 kev lower in energy and of about 
4 the intensity of the primary peak. The counts of 
higher energy than 1.17 Mev are apparently due to 
bremsstrahlung. It is not expected that annihilation in 
flight will make an appreciable contribution to the 
yield here because of the coincidence requirement. 
During preliminary runs with different geometrical 
arrangements, the relative intensity of this ‘‘back- 
ground” with respect to the 1.17-Mev peak was con- 
siderably greater than in the final run shown in 
Fig. 2(a). When the geometrical arrangement was 
changed in a way deliberately designed to reduce 
bremsstrahlung, this background was always reduced, 
thus tending to confirm that at least part of this 
“background” is indeed due to bremsstrahlung. 

In preliminary runs, all 256 channels were used with 
the same gain as was used in Fig. 2(a), thus displaying 
the spectrum up to 3.2 Mev. Above about 1.7 Mev, 
there were only a few (of the order of two or three) 
counts per channel, thereby indicating that there are 
no gamma rays higher than 1.17 Mev associated with 
the decay of Cu®™ to the limit of about 10% of the 
intensity of the 1.17-Mev gamma ray. However, the 
detection efficiency of the coincidence arrangement used 
here decreases rapidly below a positron end point of 
about 300 kev, corresponding to an excitation energy 
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Fic. 2. Gamma-ray coincidence spectra during the (a) “short 
cycles,” and (b) “long cycles.” Spectrum (a) consists of about 
99.5% Cu® decays, and about 0.5% Cu® decays. Spectrum (b) 
consists of about 70% Cu® decays and 30% Cu® decays. In (a) 
are shown the annihilation radiation, the 0.88-Mev gamma ray, 
and the unresolved doublet, 1.13- and 1.17-Mev gamma rays, 
following the decay of Cu®. In (b) are shown the 0.070-, 0.282-, 
0.659-, and 1.192-Mev gamma rays following the decay of Cu®. 
Background was negligible and has not been subtracted. 
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of about 2.6 Mev in the Ni® nucleus. This effect is due 
to the fact that about 150 kev are required to trigger 
the positron counter. If the spectrum end point is below 
about 300 kev, the fraction of the positrons capable of 
triggering the coincidence gate is correspondingly small. 

Figure 2(b) shows the delayed, or long-cycle, spec- 
trum. The lowest-energy peak in Fig. 2(b) represents 
the 0.070-Mev gamma ray of Cu®., Likewise clearly 
evident are the peaks corresponding to the 0.282-Mev 
and 0.659-Mev gamma rays of Cu®. The 1.19-Mev 
peak is barely evident; but this is in accord with 
expectations because of the coincidence requirement. 
The positrons leaving Ni® in the 1.19-Mev state have 
an end point of only about 20 kev, and would therefore 
seldom, if ever, result in a gate pulse. The competing 
(and more probable) mode of excitation of this state, 
K-electron capture, would also not result in a gate pulse. 

Throughout the course of the bombard-count cycles 
the beam intensities and times were recorded. By 
utilizing this information and the known half-lives of 
the activities, the percentages of the annihilation radi- 
ation in the two spectra due to the Cu®™ and Cu® 
activities were calculated to be 99.5% Cu® and 0.5% 
Cu® in Fig. 2(a), and 70% Cu® and 30% Cu® in 
Fig. 2(b). An additional check on the percentage of 
Cu® in Fig. 2(b) was provided by recording a “‘pure” 
Cu® spectrum under the same conditions as the spectra 
of Fig. 2, but beginning six hours after the last bombard- 
ment (equivalent to 24 half-lives of the Cu®). A com- 
parison of the ratio of the annihilation peak to the 
strong 282-kev peak in the ‘“‘pure’’ Cu®™ spectrum to 
the corresponding ratio from Fig. 2(b) indicates about 
30% Cu® in Fig. 2(b), in agreement with the above. 

Since it is shown that Fig. 2(a) contains only 0.5% 
contribution from Cu®, it is essentially a pure Cu® 
decay spectrum. In particular, due to the weakness of 
the 1.19-Mev peak in the Cu® coincidence spectra, as 
explained above, one may calculate that this gamma 
ray could give rise to no more than 1% of the counts in 
the 1.17-Mev peak of Fig. 2(a). 

The two-minute waiting period, between the end of 
bombardment and the beginning of count in the short 
cycles, was evidently sufficient to make the contribution 
of the Cu®® decay (81-second half-life) negligible in the 
spectrum of Fig. 2(a), since there is no evidence for a 
1.305-Mev peak from that activity. In particular, one 
may estimate that no more than 10% of the 0.88-Mev 
peak of Fig. 2(a) could be due to the 0.872-Mev gamma 
ray from the Cu decay, since this gamma ray should 
produce a peak of comparable size to that of the 
1.305-Mev gamma ray which was not detected. 


IV. HALF-LIFE 


To determine the half-life for positron emission, the 
thin plastic phosphor and associated electronic equip- 
ment was used to count the positrons as a function of 
time. For these runs, the plastic phosphor and photo- 
tube were inverted from the position shown in Fig. 1, 
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and the source was laid face down onto the thin alumi- 
num foil (0.002 in. thick) covering the phosphor and 
tube. The other items shown in Fig. 1 were removed. 
Precautions were made to insure gain stability and 
counting efficiency as a function of time. 

The half-life of Cu® has been measured and reported 
by a number of investigators.” One adopted value™ is 
9.7 min. In order to check this value, and at the same 
time check the possibility of other radio-isotopes being 
present, the half-life was measured as described above, 
and the value of 9.9+0.2 min was obtained. In order 
to determine if any appreciable amount of Cu*® was 
present, one half-life measurement was made with no 
deliberate additional waiting period after the bombard- 
ment. That is, the waiting period consisted of only the 
10 sec necessary to remove the target from the vacuum 
system and place it on the counter. The bombardment 
was for only two minutes (and was made after all 
activities from previous bombardments had essentially 
disappeared), and the counts were recorded every 
10 sec, but no evidence was found for a half-life less 
than 9.9 minutes. After one of the early runs involving 
about ten bombard-count cycles in which the bombard- 
ing and counting times were each ten minutes, a half- 
life measurement was made, and an appreciable amount 
of Cu® (3.3-hour half-life) was observed. It was for 
this reason that the precautions of shortening the 
bombarding time to two minutes and introducing the 
“long-cycle” counts were taken to limit the relative 
amount of Cu® and provide a means of measuring the 
Cu® contribution. 


V. GAMMA-RAY INTENSITIES 


Because the annihilation radiation is deliberately dis- 
criminated against by the coincidence technique, one 
cannot obtain the relative intensities of positrons and 
gamma rays from the spectra obtained with that 
arrangement. The spectrum was therefore obtained 
without the coincidence requirement but with the 
source enclosed in a 13-in.-diam paraffin sphere having 
a removable plug to permit placing of the source at 
the center of the sphere. The paraffin was thick enough 
to stop the most energetic positrons, thus insuring that 
all positrons were annihilated within the paraffin sphere. 
The center of the sphere was 3 in. from the crystal face 
along the axis of the crystal. Paraffin was used because 
(1) its absorption of nuclear gamma rays and annihila- 
tion radiation would be low, and (2) bremsstrahlung 
emission would be low. 

The resulting spectrum is shown in Fig. 3. The crystal 
was shielded from room background by two inches of 
Pb on all sides except the front face. The 0.07-Mev 


22. N. Ridenour and W. J. Henderson, Phys. Rev. 52, 889 
(1937); E. C. Crittenden, Jr., Phys. Rev. 56, 709 (1939); Leith, 
Bratenahl, and Moyer, Phys. Rev. 72, 732 (1947); Goldenberg, 
Sousa-Santos, and Silva, Ciencia e cultura 3, 307 (1951); H. C. 
Martin and B. C. Diven, Phys. Rev. 86, 565 (1952); A. I. Berman 
and K. L. Brown, Phys. Rev. 96, 83 (1954). 

8 L, J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 
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peak in Fig. 3 is the Pb x-ray. It arises from the ejection 
of K electrons from the Pb by the annihilation quanta 
and gamma rays from the Cu® source. The other peaks 
have the same interpretation as in Fig. 2(a). The room 
background counts, taken for a time equal to that 
during which the decay spectrum was observed, were 
subtracted from the total spectrum in order to obtain 
the net spectrum shown in Fig. 3. A prominent peak 
at 1.46 Mev (apparently due to K* in the floor and 
walls of the laboratory) appears in the background 
spectra, and it is believed that this peak was not 
completely subtracted out, leaving the slight anomaly 
in the vicinity of 1.5 Mev. 

The relative intensities of positrons and gamma rays 
were then determined by the areas in the total capture 
peaks, corrected for relative efficiencies, and for the 
fact that for each positron, there are two annihilation 
quanta. The solid angles subtended by the crystal at 
the small gamma-ray source (a plane of less than }-in. 
diam) and the diffuse annihilation-quanta source were 
assumed to be the same. The intensities of the gamma 
rays with respect to the positrons were calculated to be 
as follows: 0.88 Mev, 0.3%; 1.13-1.17 Mev doublet, 
0.6%. On the basis of the relative intensities of the 
members of the doublet, discussed in Sec. III, the 
relative intensities of the individual gamma rays are 
calculated to be the values listed in Table I. 

Absorption of the annihilation quanta and nuclear 
gamma rays by the paraffin of the sphere was neglected, 
as was also the reduction of the number of the annihila- 
tion photopeak pulses due to removal from the photo- 
peak by the addition of a back-scattered photon (thus 
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Fic. 3. The Cu® decay spectrum with no coincidence require- 
ment, and with the source enclosed in a 1}-in. diam paraffin 
sphere, 3 in. from the crystal face. This spectrum was used to 
determine the relative intensities of the gamma rays and positrons. 
The background has been subtracted. The peaks are as follows: 
0.07 Mev, Pb K x-ray; 0.18 Mev, back-scattered Compton 
photons from the annihilation radiation; 0.511 Mev, annihilation 
radiation; 0.69 Mev, annihilation quantum plus the coincident 
back-scattered Compton photon of the accompanying annihilation 
quantum; 0.88 Mev, gamma ray following positron decay of Cu®; 
1.13- and 1.17-Mev doublet, gamma rays following positron 
decay of Cu®, 
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TABLE I. Energies and relative intensities of the gamma rays 
following the positron decay of Cu™. The intensities are with 
respect to the positron intensity, and are uncertain by about a 
factor of two either way. 


Gamma-ray energy (Mev) 
0.88+0.01 


1.13+0.02 
1.17+0.01 





forming the 0.69-Mev peak) or bremsstrahlung or 
annihilation-in-flight photons. These effects were small 
compared to the over-all uncertainty which is about a 
factor of two. 


VI. IDENTIFICATION OF GAMMA RAYS 


Since the intensities of the gamma rays from the 
decay of Cu® were so low compared with the annihila- 
tion radiation (or positrons themselves), and since the 
values of the gamma-ray energies were very close to 
some of those known to be present in-the decay of Cu®® 
and Cu®, the interpretation of the spectra of Fig. 2 is 
not straightforward. Some information affecting such 
interpretation was given in Sec. III and IV. The follow- 
ing additional steps were taken to insure that the 
identification given in earlier sections of this paper 
were indeed the unique and correct ones. 

The 0.69-Mev peak was reported as a gamma ray 
in. the preliminary account® of the present work. How- 
ever, the 0.69-Mev peak was suspected of being the 
sum of an annihilation quantum and the back-scattered 
Compton photon of the accompanying annihilation 
quantum, when it was noticed that the channel number 
of the 0.69-Mev peak was exactly the same as the sum 
of the annihilation peak channel number and the back- 
scattered Compton peak channel number. A test was 
therefore carried out to determine with certainty 
whether or not the 0.69-Mev peak corresponded to a 
single gamma ray. 

A sample of Teflon was kindly irradiated by Mc- 
Elhinney. and the betatron group of this laboratory, 
producing the pure positron emitter, F'8. The Teflon 
sample was then placed in the same geometrical arrange- 
ment as was used to obtain the spectrum of Fig. 3 and 
described in Sec. V. The counting rate for the F'* 
source was approximately the same as for the Cu® 
source previously used. The 0.69-Mev sum peak* was 
observed in the F'* spectrum, and the relative intensities 
of the 0.69-Mev peak and 0.511-Mev peak were about 
the same as those observed in the Cu® spectrum, thus 
confirming that the 0.69-Mev peak of the Cu® spectrum 
is indeed due to annihilation radiation alone. 

The 0.88- and 1.17-Mev gamma-ray peaks were not 
present in the background spectrum, and they were not 
even approximately erased by subtracting the back- 
ground. Therefore, we conclude that these peaks are 
not due to background effects. 

The beta half-life was measured as described in 
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Sec. IV, yielding the proper value for the half-life of 
Cu®, and only one other detectable half-life, the 3.3- 
hour half-life of Cu®. An upper limit of about 1% 
(of the total disintegrations) could thus be placed on 
the amount of Cu® decaying during the counting part 
of the “short cycles” [from which comes the spectrum 
of Fig. 2(a) ]; and since the 81-sec half-life of Cu®® was 
not observed (during the beta half-life determination), 
an upper limit of about 1% could likewise be placed on 
its contribution to the total number of disintegrations 
during the counting periods. 

In the spectrum’ of Cu®, the 1.305-Mev gamma ray 
is about the same intensity as the 0.872-Mev gamma 
ray. Since the spectrum of Fig. 2(a) shows no evidence 
for a 1.3-Mev gamma ray, it is reasonable to conclude 
that the 0.88-Mev gamma ray is not due to Cu®. As 
mentioned earlier, an extrapolation of the intensity of 
the 1.19-Mev gamma ray of Fig. 2(b), to the counting 
periods of Fig. 2(a), indicate that less than 1% of the 
counts in the 1.17-Mev peak of Fig. 2(a) can be due 
to Cu®, 

As final conclusive evidence as to the origin of the 
0.88- and 1.17-Mev gamma rays, the half-lives of the 
gamma rays themselves were measured. This could not 
be done in the usual manner because during any one of 
the short bombard-count cycles, only about 10 counts 
would be recorded in each of the entire photopeaks 
during a twelve-minute counting period. In order to 
d:’- rmine the half-life with reasonably good statistics, 
the iollowing procedure was devised and used. 

From the measured value of the Cu® half-life 
(9.9 minutes), it was calculated that } of the nuclei 
decay in 4.1 minutes and another } decay in the next 
5.8 minutes. The magnetic core memory of the multi- 
channel analyzer was therefore divided into two halves 
in such a manner that during each 9.9-min count 
period, counts were recorded in the first half of the 
memory during the first 4.1 minutes, and in the second 
half of the memory during the next 5.8 minutes. In this 
way the individual counts during each cycle could be 
accumulated until they were statistically significant. 

If the assumed half-life (9.9 minutes) is correct for 
the gamma rays, the spectra in the two halves of the 
memory should be identical. If a peak were due to a 
shorter lived activity, this peak would contain more 
counts in the first half of the memory than in the second 
half. The reverse would be true for a longer lived 
activity. The relative number of counts in the peaks of 
the two halves of the memory vary with the half-life 
in a calculable relation. Thus, by comparing the total 
counts in each of the photopeaks, it was possible to 
compute upper and lower limits for the actual half-life. 
For the annihilation radiation itself, the upper and 
lower limits are thus found to be 10.5 min and 8.5 min. 
For the 1.17-Mev peak, the upper and lower limits are 
13.8 min and 8.5 min. The number of counts in the 
0.88-Mev peak could not be determined so well as the 
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others because of the higher background under it. 
Even so, the two peaks looked quite similar, and one 
could place rough lower and upper limits of about 5 
minutes and 15 minutes on the half-life of the 0.88-Mev 
gamma ray. 

On the basis of the above discussion, the identification 
of the gamma rays listed in Table I with the decay of 
Cu® is considered to be well established. 


VII. DISCUSSION 


The experimental work of this report was concerned 
with the detection of gamma rays arising from the de- 
excitation of levels in the Ni® nucleus, and with the 
exception of the coincidence requirement described in 
Sec. III, was not concerned directly with the dis- 
integration transitions (occurring during the decay of 
Cu®) which populate these levels. However, when our 
work is considered with other recent information, a self- 
consistent scheme for the decay of Cu®? may be ob- 
tained. 

Two recent experiments: concerning the precision 
magnetic analysis of the proton groups from the 
Ni®(p,p’)Ni®* reaction and a similar analysis of the 
alpha particle groups from Cu®(p,a)Ni® reaction'® give 
information on the level scheme of the Ni® nucleus. 
The Rice Institute group" found levels in Ni® at 1.172 
+0.004, 2.047+0.004, and 2.304+0.005 Mev. The 
Massachusetts Institute of Technology group,'*:!* with 
higher bombarding energy, found with excellent agree- 
ment the same three levels, and in addition levels at 
2.336+0.005, 2.888+0.005 Mev, and a group of more 
closely spaced levels beginning at an excitation energy 
of 3.055 Mev. 

Figure 4 shows the energy levels of references 14 and 
15, and it may be seen that the three gamma-ray transi- 
tions observed in the present experiment fit very well 
into such a level scheme. The 1.17-Mev gamma ray 
represents de-excitation of the first excited state, while 


4 Spencer, Phillips, and Young, Phys. Rev. 108, 69 (1957). 

16C. H. Paris and W. W. Buechner, Bull. Am. Phys. Soc. 
Ser. IT, 3, 38 (1958). 

16 Mazari, Buechner, and de Figueiredo, Phys. Rev. 108, 373 
(1957). 
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Fic, 4. Decay schemes of Cu® 
and Co®, and energy levels in Ni®. 
The energies of the excited states 
are from Spencer eé al. and Paris 
and Buechner, except that their 
levels above 3 Mev have been 
omitted. The Co® decay data are 
from Gardner and Meinke. Their 
1.47- and 1.74-Mev transitions 
have been interchanged to conform 
to the level scheme. The Cu® decay 
data are from the present experi- 
ment, except that the ground-state 
positron end point comes from 
Nussbaum ef al. The other positron 
end points were calculated from 
their ground-state end point and 
gamma-ray energies of the present 
experiment. 


0.6! (0.03% 8*, 0.07 %e) 5.8 
0.86 (0.2% 8%, 0.1%€) 5.7 
1.74 (0.09%8* 0.01%e) 72 


2.91 (97.5%8*, 2.0%€) SI 


the other two gamma rays, 0.88 and 1.13 Mev, repre- 
sent the first members of stopover transitions from the 
2.047- and 2.304-Mev states, respectively. 

On the basis of the relative intensity measurements 
of Sec. V, listed in Table I, we conclude that in the 
decay of Cu®, 0.1% of the transitions are to the 1.172- 
Mev state of Ni®, 0.3% are to the 2.047-Mev state, and 
0.1% are to the 2.304-Mev state. These estimates are 
probably accurate to within a factor of three, the un- 
certainty largely arising from the uncertainties in the 
relative gamma-ray intensities, but these uncertainties 
are amplified by the fact that the intensity of the 1.17- 
Mev gamma ray had to be apportioned among direct 
and stopover transitions. The branching ratios have 
been subdivided into contributions due to positron 
emission and K-electron capture separately by using the 
theoretical calculations of Feenberg and Trigg.'” Table I] 
lists these branching ratios and the positron end points 
for each group, calculated from the positron end point 
measured by Nussbaum ¢f al.’ for the ground-state 
group and from the gamma-ray energies reported herein. 

Assuming that the four transitions ascribed to the 
decay of Cu® are all allowed or, at worst, first-forbidden 
transitions, logf# values may be calculated from the 
information given above and the curves of Feenberg 


TABLE II. The branching ratios and log ft values for the various 
positron groups in the decay of Cu®. The precise energies of the 
final states in Ni® are from the data of Spencer ef al. and Paris and 
Buechner. The positron end points are calculated from the ground- 
state end point measured by Nussbaum ef al., and from the 
gamma-ray energies listed in Table I. The uncertainties in the 
branching ratios to the excited states are about a factor of three 
either way. 


Positron Branching ratios 
end point gt € 
(Mev) % % 


Final state 
of Ni® 
(Mev) 

0 2.91 
1.172 1.74 0.09 0.01 
2.047 0.86 0.2 0.1 

2.304 0.61 0.03 0.07 


Log ft 


97.5 2.0 


17E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
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and Trigg.'7 The resultant values are also listed in 
Table IT. 

The log ft values are all in the range of allowed transi- 
tions. The value of 7.2 for the transition to the first 
excited state of Ni® is somewhat high, but perhaps may 
be explained by the trend for 1*—>2* transitions to 
yield higher log/ft values. It is certainly unlikely that 
this transition is first forbidden, as the first excited 
state is very likely 2+, according to the systematics of 
even-even nuclides. Since allowed transitions are ob- 
served to the first three excited states of Ni®, of which 
two states are probably 2+, it may be concluded that 
the ground state of Cu® is 1* and that the first three 
excited states of Ni® are limited to 0+, 1*, and 2t. 
Because 1* states seldom occur in the first three or four 
levels of even-even nuclides, it is unlikely that any of 
these states is 1*. 

The fact that crossover transitions are not observed 
for the 2.047- and 2.305-Mev states, to a limit of about 
20% of the stopover transitions, is not surprising in 
view of the probable 0* or 2+ assignments to these 
states. Selection rules prohibit a 0*—0* transition by 
means of a single gamma ray; and if certain collective 
quantum numbers are valid in this region, a 2+—0* 
crossover transition should be suppressed with respect 
to a 2+—+2+-—0* stopover transition. 

In a recently published article, Gardner and Meinke'® 
report gamma rays of 1.17+0.01, 1.47+0.02, 1.74 
+0.03, 2.03+0.03, and 2.5+0.2 Mev following the 
decay of Co™, these gamma rays being emitted by the 
same nuclide, Ni®, as the gamma rays of the present 
experiment. From these and other observations, they 
deduced the decay scheme reproduced on the left side 
of Fig. 4 with the exception that we have taken the 
liberty of interchanging their cascade sequence in- 
volving the 1.47- and 1.74-Mev gamma rays, in order 
to conform to the level scheme of references 14 and 15. 
From the allowed nature of the beta transitions, they 
concluded that the 2.34- and 4.37-Mev levels are 
probably 4+. On this basis, we would not expect to 
populate the 2.34-Mev state in the positron decay of 
Cu®, because to do so would require a second-forbidden 
1+—>4* transition. Since the 2.34-Mev state decays by 
emission of two 1.17-Mev gamma rays in a cascade 
sequence through the 1.17-Mev state, the data of the 
present experiment are indeterminate as to whether or 
not the 2.34-Mev state is populated in the decay of 
Cu®. If the 2.34-Mev state were excited in the decay of 
Cu®, the branching ratios shown in Fig. 4 and listed 
in Table II would be incorrect, since they are based on 
(1957) G. Gardner and W. W. Meinke, Phys. Rev. 107, 1628 
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the assumption that all of the 1.17-Mev radiation ob- 
served is due to the direct or cascade radiation from 
the de-excitation of the 1.17-, 2.05-, and 2.30-Mev 
levels. 

One further indication that the spin of the 2.336- 
Mev state is relatively high, perhaps 4 or more (and 
therefore that the state does not contribute to the 
spectrum of the present experiment), is the fact that 
the Rice Institute group did not observe the 2.336-Mev 
state whereas the MIT group, using higher energy 
protons, did observe this state. At the bombarding 
energies used by the Rice Institute group, about 5 Mev, 
the intensity of the outgoing protons from a state of 
about 2.4 Mev of excitation would be sensitive to the 
angular momentum of the outgoing wave. 

In another recently published article, Brun e al.’ 
reported on the decay of Zn®™. As their experiment 
involved the decay of Cu® in secular equilibrium with 
the Zn™, they performed a secondary experiment to 
determine the gamma spectrum for the decay of Cu®, 
the source being prepared by irradiation of an enriched 
Cu® foil with the bremsstrahlung beam from an electron 
linear accelerator. They reported evidence for peaks 
corresponding to gamma rays of the following energies: 
0.66+0.02, 0.85+0.02, 1.18+0.02, 1.35+0.03, 1.46 
+0.03, 1.98+-0,03, and 2.24+0.03 Mev. 

Only their 0.85- and 1.18-Mev gamma rays are in 
agreement with the observations of the present experi- 
ment. Their 0.66-Mev gamma ray probably has the 
same interpretation as our 0.69-Mev peak. With respect 
to the higher energy gamma rays, it is possible that they 
had a more sensitive detection system, or a stronger 
source, and could detect weaker transitions from the 
higher states, or crossover transitions which were not 
observed in the present experiment. However, since the 
energies which they quote do not agree with possible 
transitions involving the states known from the work 
of references 14 and 15, it is possible that the higher- 
energy gamma rays were from longer-lived activities 
like Cu® and Cu®, and from room background, which 
(as mentioned before) included an outstanding 1.46- 
Mev gamma ray. 

From the evidence presented herein, it may be con- 
cluded that no gamma rays other than those listed in 
Table I are present following the decay of Cu® having 
an intensity as much as ¢ of that observed for the 
1.17-Mev gamma ray, and that the decay scheme 
illustrated in Fig. 4 represents within the stated un- 
certainties the actual decay of Cu®. 

1? Brun, Meyerhof, Kraushaar, and Horen, Phys. Rev. 107, 
1324 (1957). 
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(n,t) Cross Sections for B’®, B", and Be*t 
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A measurement of the (n,t) cross sections for Be®, B, and B" is described. The tritium yield was deter- 
mined by absolute counting of the beta activity. Neutron fluxes were measured by standard techniques. 
The following values were obtained for the (n,f) cross sections at the indicated neutron energies: Be® at 14.1 
Mev, 181.5 mb; B"” at 4 Mev, 95+10 mb; B"” at 5.6 Mev, 230+25 mb; B"” at 9.6 Mev, 125+15 mb; B” 


at 14.1 Mev, 856 mb; B” for fission spectrum, 30142 mb; B" at 14.1 Mev, 155 mb. 


INTRODUCTION 


NE way of determining the cross section for (n,t) 
reactions is to measure the tritium activity pro- 
duced by a known number of neutrons. Since the half- 
life for the beta decay of tritium is 12.262+0.004 
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years,' 10° tritons are needed to produce about two 
counts per second. The end-point energy of the tritium 
beta is 18.0 kev,® requiring that it be detected inside a 
counting system. 


EXPERIMENTAL TECHNIQUES 


A low-background system was built using an ethane 
proportional counter. Figure 1 is a schematic sketch of 
this counter. By the use of Teflon plugs on the ends of a 
copper tube 9 in. long and 1 in. o.d., counting losses in 
the end regions were minimized. The center wire 
(0.002-in. platinum wire) was threaded through the 
}-in. copper tubes held in the Teflon plugs and crimped. 
The steel ends were screwed down tight against the 
Teflon plugs, producing a vacuum seal for the counter. 
The platinum and copper materials were chosen 
because they have lower solution rates for hydrogen 
than most structural materials. Hence, the increase in 
counter background due to internal contamination 
could be reduced to a minimum. The counter had a 
volume of 80 cm* and was filled with ethane to a pres- 
sure of 20-cm Hg. The counter proved to be about 95% 
efficient by comparison with a counter that had a known 
efficiency.* 

An anticoincidence counter surrounded the tritium 
counter and was built as an annular ring containing 
ten 0.003-in. Kovar wires. The counter and anti- 
coincidence counter were placed in a 3-in. thick steel 
sleeve and then surrounded by 2 tons of lead, as shown 
in Fig. 2. 

The signals from each of these two counters were fed 
into amplifiers which had been modified to accept 
pulses thirty times greater than normal saturation 
without blocking. The amplifier gains were set at about 
10‘. By feeding the outputs of these amplifiers into the 
anticoincidence circuit with the discriminators set at 
about 4 volts, it was possible to get voltage plateaus 
for each counter with less than 1% change in 100 volts 
at 2000 volts. The plateau characteristics were not 
altered by the addition of hydrogen up to 25% of the 


1W. M. Jones, Phys. Rev. 100, 124 (1955). 
2 L. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 689 (1952). 
’ Engelkemier, Hamill, Inghram, and Libby, Phys. Rev. 75, 
1825 (1949). 
4A. G. Engelkemier and W. F. Libby, Rev. Sci. Instr. 21, 550 
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counter filling. The tritium counter had a background 
counting rate of about 55 counts/min but when used 
with the anticoincidence circuit, the rate was reduced 
to about 2.5 counts/min. 

The materials used for samples were heated in a 
vacuum to remove all traces of tritium. These materials 
were loaded into copper capsules in a dried helium 
atmosphere and sealed by soldering. 

The samples were irradiated in monoenergetic 
neutron fluxes supplied by the Cockcroft-Walton 
accelerator, the P-9 Van de Graaff accelerator, and the 
P-3 Van de Graaff accelerator, all at the Los Alamos 
Scientific Laboratory. The Van de Graaff fluxes were 
determined by counter telescope techniques.’ The 
Cockcroft-Walton d-T neutron flux was measured by 
detecting the associated @ particle in the neutron- 
producing reaction. A few small B"” samples were 
irradiated in a fast-fission neutron flux created by a 
U* radiator in the thermal column of the LASL Water 
Boiler reactor, the flux being determined by measuring 
the fission yield of some U** monitor foils. 
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Fic, 2. The shield and anticoincidence circuit. 


ANALYSIS 

The irradiated samples were placed in a quartz firing 
tube and connected to a vacuum circuit (Fig. 3). The 
air was pumped out and the sample heated inductively 
(breaking the solder seal). The evolved gases were 
collected in a Toepler pump and added to the ethane 
of the counter. Succeeding additions of the evolved 
gases to the counter with the Toepler pump caused the 
measured activity to increase and reach a limiting 
value, indicating that all the tritium had been evolved. 
A small amount of hydrogen was added to the system 
before the evolution to act as a carrier. This prevented 
any loss of tritium in the transfer. 

In order to identify the activity as that due to 
tritium, the tritium and carrier were passed through a 
palladium window. The counter filling including the 
evolved tritium was transferred by the hand Toepler 
pump to the automatic Toepler pump loop. A liquid- 
nitrogen trap condensed the ethane, leaving the tritium 
(and hydrogen carrier) to pass through the heated 
palladium (500°C). The counter was refilled with new 

5 Bame, Haddad, Perry, and Smith, Rev. Sci. 
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Fic. 3. The analysis system. 


ethane and the gases which had passed through the 
palladium were added to the counter. Normally all the 
original activity could be removed in 1 to 2 hr. If some 
of the tritium was collected as water vapor, it condensed 
in the liquid-nitrogen trap. When this trap was re- 
placed with a dry-ice trap, the water vapor was held 
but the ethane released. Permitting the remaining water 
vapor to pass over uranium at 900°C released the 
hydrogen and tritium. These gases could be passed 
through the heated palladium and added to the counter 
to check for the remaining activity. No unknown 
activities were found and each sample was verified to 
better than 98%, 
RESULTS 
B’+n— H'+2 He'+0.23 Mev 


Two 1-gram samples of enriched B" (95.5%) were 
irradiated by 4.0-Mev neutrons from the d-D reaction 
at the P-3 Van de Graaff. A flux of 2.510" neutrons 
cm? produced a tritium activity of about 135 counts, 
min in the samples. The B'°(n,é) cross section was 
measured as 95+10 mb. The two samples gave results 
which differed by 7%. 

Three 1-gram samples of B' were irradiated by 5.6- 
Mev neutrons from the p-T reaction at the P-9 Van de 
Graaff. A flux of 1.810" neutrons/cm? produced 
about 240 counts/min in the samples, yielding an (m,¢) 
cross section of 230+25 mb. The three samples showed 
a variation of 10% 

Two 1-gram samples were irradiated by 9.6-Mev 
neutrons from the d-D reaction at the P-9 Van de 
Graaff. A flux of 2.410" neutrons/cm? produced 
about 165 counts/min in the samples, yielding an (m,#) 
cross section of 125+15 mb. The two samples gave 
results which differed by 8%. 

Nine 1-gram samples were irradiated by 14.1-Mev 
neutrons from the d-T reaction at the P-4 Cockcroft- 
Walton accelerator. A flux of 1.810" neutrons/cm? 
produced about 830 counts/min in the samples, yielding 
an (n,t) cross section of 8526 mb. The samples gave 
results which had an ee r-all spread of 15% but had 
an average deviation of 5% 

Five samples of B” (0.15 g) were irradiated in a 
flux of fission-spectrum neutrons in a U* radiator 
located in the Water Boiler reactor. U™ foils were 
placed on either side of the samples and the total 
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TABLE I. The (m,t) cross sections for B®, B", and Be’. 
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Fic. 4. A plot of the B!°(m,#)2a reaction cross section as measured 
by absolute counting and emulsion techniques. 


fissions determined by LASL radiochemists. The flux 
was determined by using the fission cross section for 
U8 in a fission-neutron spectrum® and the ratio of 
U*® to U*8 fission cross sections as measured in the 
radiator. The samples produced activities of about 
1000 counts/min. The average (m,#) cross section was 
30+2 mb. The total spread in the five results was 10%, 
with an average deviation of 2%. 


B'+n— H’+ Be®—9.55 Mev 


A 0.264-gram sample of normal boron was irradiated 
by 14.1-Mev neutrons at the P-4 Cockcroft-Walton 
accelerator. A flux of 7.2810" neutrons/cm? gave a 
tritium activity of 340 counts/min in the sample. A 
1-g sample of normal boron was exposed to a flux of 
1.0610" neutrons/cm? of the same energy neutrons. 
It showed a tritium activity of 200 counts/min. From 
the value of 85 mb for the B!°(n,#) cross section, these 
two samples would predict an (m,#) cross section for 
B" of 15+5 mb. The error in this case is an estimate. 


Be’+n — H?+ Li’— 10.4 Mev 


Six 1-gram samples of Be® were irradiated by 14.1- 
Mev neutrons from the d-T reaction at the P-4 Cock- 
croft-Walton accelerator. A flux of 1.810" neutrons/ 
cm? produced about 210 counts/min tritium activity. 
The average value for the (n,t) cross section was 181.5 


®R. B. Leachman, Nuclear Energy 4, 38 (1957). 


BY 14.1+0.1 
BY : fission spectrum 
Bu 14.1+0.1 
Be® 14.1+0.1 


830 
1000 
200 
210 


85+6 
3042 
15+5 
18+1.5 


mb, with a spread of 20% and an average deviation of 


1%. 
These results are listed in Table I. 


RELIABILITY 


The neutron flux at 4 Mev had a reliability of +10%, 
at 5.6 Mev, +7%, at 8 Mev, +8%, at 9.6 Mev, +7%, 
and at 14.1 Mev, +4%. A measure of the other un- 
certainties was the spread of the results from the 
individual samples. In general, the evolution system 
and the counting system seemed to have reliabilities of 
+5%. 

The B"™ measurement has a greater uncertainty since 
it was determined by two subtractions (background and 
the B” activity). 


INTERPRETATION AND COMPARISON 


Comparison of the cross section for B'°(n,t) by the 
absolute counting techniques as compared to emulsion 
techniques’ is shown in Fig. 4. The dotted line is merely 
a connection of the points to indicate a reasonable 
variation in the cross section. The increase in the value 
of the cross section at a neutron energy of 5.6 Mev 
corresponds to a level in the compound nucleus of B"™ 
at about 16.6 Mev which had been observed to decay 
by triton emission.® 
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The elastic scattering of 1.6-Mev gamma rays from H, Li, C, and Al has been measured at an angle of 
124°. The ratios of the measured differential cross sections to the classical Thomson differential cross 
sections are 0.94+0.16 for H, 0.92+0.10 for Li, 1.06+0.10 for C, and 1.15+0.10 for Al. These results 
agree with the field-theory prediction that in the low photon-energy limit the cross section must approach 


the classical Thomson cross section. 





I. INTRODUCTION 


REVIOUS experimental studies of the elastic scat- 
tering of low-energy gamma rays have for the 
most part been confined to the heavier elements.! One 
of the reasons for this is that the small cross sections 
for the several important processes involved all are 
strongly Z dependent, while the relatively huge cross 
section for Compton scattering by electrons increases 
directly with Z. Two problems confronting an experi- 
menter who attempts to observe the Thomson scatter- 
ing from protons are the following: (a) the differential 
cross section at 124° is only 1.55X10~-* cm? sterad—, 
so that one needs strong sources and efficient detectors 
to give counting rates above natural backgrounds; and 
(6) scattering from electrons is several million times 
more probable than it is from protons, so that extreme 
precautions must be taken to reduce the effects of 
electron-scattered quanta. 

These experiments® have been made possible by two 
developments of the past decade. The availability of 
multicurie sources of artificially radioactive substances 
from chain-reacting piles has overcome the first diffi- 
culty, and the development of the large Nal-crystal 
counter has provided a solution to the second. The 
large NaI counter is essentially a total-energy-sensitive 
counter, which gives an output pulse proportional to 
the energy of the incident photon. This is in marked 
contrast to the older gas counters, which had no such 
energy-sensing properties. One makes use of the well- 
known fact that Compton-scattered photons at 90° all 
have an energy of approximately moc? if their initial 
energy was considerably higher than moc?. The elas- 
tically scattered photons then give larger pulses than 
the Compton-scattered photons, and so should be 
recognizable by a properly biased electronic circuit. 
This description of the experimental technique is, of 


* This research was performed under the auspices of U. S. 
Atomic Energy Commission. 

1E. Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948); 
A. Storruste, Proc. Phys. Soc. (London) A63, 1197 (1950); Robert 
R. Wilson, Phys. Rev. 90, 720 (1953); Thomas D. Strickler, 
Phys. Rev. 92, 923 (1953); W. G. Davey, Proc. Phys. Soc. 
(London) A66, 1059 (1953); J. L. Burkhardt, Phys. Rev. 100, 
192 (1955); S. Messelt and A. Storruste, Proc. Phys. Soc. (London) 
A69, 381 (1956); and Alfred K. Mann, Phys. Rev. 101, 4 (1956). 

*A preliminary report was given at the American Physical 
Society Meeting at Berkeley in 1954, and is summarized by the 
authors in Phys. Rev. 98, 280(A) (1955). 


course, oversimplified; the details are described in the 
next section. 

One might think that the calculation of the Thomson 
cross section for light nuclei is so straightforward that 
no new information could come from its measurement. 
One of our colleagues, on the basis of a theoretical 
model (which he later showed was in error), encouraged 
us to look in the range of radioactive gamma-ray ener- 
gies for what he believed might be a substantial de- 
parture from the simple Thomson cross section. In any 
case, from the purely experimental point of view, it did 
seem worth while to search for an increased cross 
section due to scattering from the light, virtual mesons 
surrounding the nucleon core. 

Actually, there exists a theorem from field theory 
that requires the scattering cross section to approach 
the classical Thomson cross section as the photon 
energy goes to zero.’ The experimental results can be 
considered to substantiate the principles of Lorentz, 
gauge, and charge-conjugation invariance in which this 
theorem from renormalizable field theory is predicated. 

At much higher photon energy, deviations from the 
Thomson cross section are expected. If one neglects the 
anomalous magnetic moment of the proton, the cross 
section is given by the Klein-Nishina formula. Powell 
has calculated the scattering taking into account the 
anomalous magnetic moment of the proton.‘ Measure- 
ments in the high-energy region just below photomeson 
threshold have been made by Oxley and Telegdi,® and 
by Janes ef al.*; these agree with the Powell theory for 
90° scattering but seem to fall below the predicted 
value for angles greater than 90°. 

Fuller and Hayward have investigated elastic scat- 
tering on various elements from Na to U for gamma-ray 
energies between 4 and 40 Mev.’ They observed two 

3 Walter Thirring, Phil. Mag. 41, 1193 (1950); N. Kroll and 
M. Ruderman, Phys. Rev. 93, 233 (1954); Francis E. Low, Phys. 
Rev. 96, 1428 (1954); M. Gell-Mann and M. L. Goldberger, 
Phys. Rev. 96, 1433 (1954); R. H. Capps and W. G. Halliday, 
Phys. Rev. 99, 931 (1955); Abraham Klein, Phys. Rev. 99, 998 
(1955); and Karzas, Watson, and Zachariasen, Phys. Rev. 110, 
253 (1958). 

4 John L. Powell, Phys. Rev. 75, 32 (1949). See also R. Gomez 
and D. Walecka, Phys. Rev. 104, 1479 (1956), and Phys. Rev. 
106, 1371 (1957). 

5C. L. Oxley and V. L. Telegdi, Phys. Rev. 100, 435 (1955). 

6 Janes, Gomez, Pugh, and Frisch, Phys. Rev. 100, 1245 


(1955). 
7E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 


1267 





ALVAREZ, 


H~-LEAD SHIELDING 
I - MOVABLE COLLIMATING SHIELD 


RANIUM 


Fic. 1. Scattering geometry. The LiH and Li targets “C” and 
“B,” respectively, are shown on their Styrofoam supports, E. 
The LiH target is shown in the scattering position. Not shown in 
this figure is the blank Styrofoam target, although the flanges 
that support the blank are shown. All three targets are mounted 
on an automatically controlled movable cart, F. When one target 
is in the scattering position, the other two targets are in a position 
such that neither the source, A, nor the detector, D, can “see’’ 
the other targets. The movable shield J remains fixed during a 
given run. A uranium cylinder, G, 7 inches in diameter and 12 
inches long, prevents the source from directly irradiating the 
detector. The conical lead shield, H, shields the detector from 
air-scattered gamma rays. 


maxima in the energy dependence that they feel 
indicate scattering by separate nuclear levels and by 
the “giant resonance” process. 


Il. EXPERIMENTAL DETAILS 
Geometry 


Figure 1 shows the experimental arrangement that 
was used in the course of this work. The scattering 
geometry had a horizontal axis of symmetry. The 
source of the gamma rays was placed at Position A. 
The source, when not in use, was shielded by placing 
the movable shield J in contact with the fixed conical 
shield H. When the source was in use, the shield J was 
moved back to the position shown in Fig. 1. A conical 
sheath of gamma rays radiated from the opening 
formed by the shields J and H, so as to completely 
bathe the ring-shaped target with photons. The shields 
I and H were so placed that the targets would be 
irradiated only when in the “in” position of target C 
and not when in the “out” position shown by target B. 
In addition to preventing gamma rays from striking 
the targets when in the out position, the conical col- 
limation furnished by shields J and H restricted the 
zone in which air scattering could take place and hence 
reduced this form of background. 

The gamma rays that scattered from the target C 
into the detector D, were deflected by 124+3°. The 
detector was a Nal crystal 4 in. in diameter and 4 in. 
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long, viewed by a 5-in.-diameter photomultiplier tube. 
The photomultiplier (not shown in Fig. 1) and the 
crystal were located on the axis. A lead filter (not 
shown) in the form of a coaxial cylindrical lead sheet 
of variable thickness was placed between the detector 
and the scatterer. If insufficient filter were used, the 
very strong flux of 0.3-Mev photons from the Compton 
scattering from electrons would, through accidental 
coincidences, shift and broaden the pulse-height 
spectrum of the elastically scattered gammas and make 
pulse-height analysis impossible. The lead filter pro- 
duced a differential absorption effect; the Compton- 
scattered photons of 0.3 Mev were attenuated much 
more effectively than the nuclear-scattered gammas 
with the full energy of 1.6 Mev. The optimum thickness 
of lead varied between 3 in. and ? in., depending upon 
the source intensity and the scattering material, and 
provided a relative filtering action of 4X 10°(4 in.) to 
7X 10° ( in.). 

The massive absorber between the source and the 
detector consisted of a uranium cylinder 7 in. in diameter 
and 12 in. long. In order to shield the counter from the 
gamma rays and neutrons emitted from the uranium, 
8 inches of lead was placed between the uranium and 
the detector. The additional lead shown near the head 
of the arrow H in Fig. 1 eliminated plural Compton 
scattering from electrons in air atoms, which could 
otherwise carry a gamma ray around the uranium from 
the source to the detector without substantial energy 
loss. Additional lead was placed underneath the table 
that supported the semicylindrical geometry. Because 
the apparatus was located on the roof of the laboratory, 
this additional shielding was necessary both as a health 
measure, and to eliminate background in low-level 
counting experiments in the rooms below. 

The value of the scattering cross section is calculated 
in terms of several measured ratios, plus two macro- 
scopic measurements—one of length and the other of 
mass. No measurement of source strength, nor of ab- 
solute counting rate is required. The strong source was 
put into solution, and aliquot ratios of 10~*, 10~’, and 
10-* were prepared. This was easily done by taking a 
10~? sample of the original source that was in solution 
and dissolving it in the same volume of water. This 
operation was repeated twice to obtain the 10~* sample. 
Similar procedures were used to obtain the other 
aliquots of 10-7 and 10-8. The aliquots were placed in 
small vials with walls of negligible thickness. One of 
the vials, the choice of which depended upon the 
thickness of the filter, was then placed at the same 
average position as the target. The counting rates 
produced by the scattered photons plus the direct 
photons from the aliquot were measured; the aliquot 
was then removed and the counting rate was measured 
for scattered photons only. By subtraction, one obtains 
the counts produced by the aliquot alone. The reason 
for obtaining the aliquot counts by subtraction is to 
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reproduce the same “pile-up” distortion (if any) of 
the pulse-height spectrum for the aliquot measurement 
as for the scattered-gamma-ray measurement.* The 
scattered-gamma-ray counts are obtained by subtract- 
ing the counts obtained with a blank target from the 
counts obtained during an equal amount of running 
time with the target “in.” The ratio of scattered- 
gamma-ray counts to aliquot counts thus obtained is 
called R. The distance, L, from the source (A) to the 
target (C) was then measured with a meter stick. 
Finally, the mass M of the scatterer yields the number 
of atoms responsible for the scattering. The differential 
scattering cross section is then 


do/d2=1L?RA/MNow, (1) 


where A is the atomic weight, and Ny is Avogadro’s 
number. Typically, when the aliquot ratio r was 10-7, 
the counting-rate ratio R was of the order of 107°. 

In practice there are small corrections to be made 
to Eq. (1) to take into account (a) the photon attenu- 
ation upon entering and leaving the scatterer, (6) the 
attenuation in the primary-source holder, (c) the 
attenuation of the “aliquot’’ photons in the vials, (d) 
the change in average scattering angle for targets of 
different thickness, (e) the fact that the calibration 
counts were not taken at exactly the same time as the 
scattered counts, and (f) bremsstrahlung effects present 
in the scattered photon spectrum but not in the 
“aliquot” spectrum. Actually, in determining cross 
sections, we consider only that part of the pulse-height 





ae 


CALIBRATION 
COUNTS 
MIN 


‘io-? CALIBRATION 
SOURCE 








L L | " 
45 50 ts) 60 


PULSE HEIGHT (VOLTS) 





Fic. 2. Pulse-height distribution of the Ba-La!™ source near 
the 1.6-Mev gamma-ray peak. The distribution was obtained by 
placing a 1077 aliquot of the main source at the target position. 


® There was actually no distortion of the spectrum caused by 
pileup, but the precaution was taken nevertheless. 
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Fic. 3. Pulse-height distributions prior to background sub- 
traction. This figure shows the relative contributions to the total 
counting rate by Li, H, and background. One can see that the 
contribution of the H and Li scatterers to the total counting 
rate is small compared with the background. 





spectrum where the bremsstrahlung effects are visibly 
negligible. We list it as a correction only to emphasize 


that we are aware of the effects. (For an excellent 
discussion of these latter effects, see Messelt and 
Storruste.!) 

The thickness of the scatterer was limited by the 
magnitude of the first correction factor. We restricted 
the target thicknesses sufficiently to keep all calculated 
absorption corrections below 20%. 


Source 

The choice of the primary source of gamma rays was 
governed by several factors. First, it was desirable, 
from the standpoint of reducing possible distortion of 
the pulse-height spectrum due to accidental coin- 
cidences with Compton-scattering photons, to use as 
high a gamma-ray energy as possible. The relative 
filtering action of the lead filter improves drastically 
with increased photon enenergy. Second, the source 
had to have a half-life of the order of a week or two to 
allow sufficient time to perform the measurements and 
to check those measurements. Third, the source had to 
be available in multicurie quantities at reasonable 
prices. 

The source that was finally used in this work con- 
sisted of approximately 100 curies of Ba'’-La™. This 
source emits among other things a 0.5-Mev gamma ray 
of 20% abundance, a ‘1.6-Mev gamma ray of 60% 
abundance, and a 2.5-Mev gamma ray of 3% abun- 
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Fic. 4. Uncorrected hydrogen pulse-height distribution. This 
figure shows the pulse-height distribution after the Li-plus- 
background counts are subtracted from the LiH-plus-background 
counts. Sixty percent of the resulting counts come from “impur- 
rities” that were in the LiH tagret but not in the Li target. The 
remaining 40% of the counts are from photon-hydrogen scatters. 
Also shown in this figure is the 10-7 calibration source pulse- 
height distribution, which has been multiplied by the factor 
R=5.00(1+0.10) X 103’ so as to coincide with the scattered dis- 
tribution near the peak. 


dance. The half-life is 12.8 days. The cross-section 
measurements were made with the 1.6-Mev gamma ray. 
Figure 2 shows the sodium iodide pulse-height dis- 
tribution in the vicinity of the 1.6-Mev gamma-ray 
peak. This distribution was obtained by placing the 
10~? aliquot of the main source at the target position C. 


Electronics 


The scattered photons were detected when they 
converted in the Nal crystal via Compton scattering, 
pair production, or photoelectric effect. The resulting 
pulses from the 5-in.-diameter photomultiplier were 
amplified and then counted with a 10-channel pulse- 
height analyzer. The 10 channels could be set to sample 
any desired portion of the pulse-height distribution. 
The horizontal separation between any two adjacent 
points in Figs. 3 to 7 corresponds to a channel width of 
2 volts. To minimize thermal drifts, as much of the 
electronic apparatus as possible was placed in an air- 
conditioned room. However, the photo tube necessarily 
had to be placed outside where there were wide vari- 
ations in temperature. Consequently, steps had to be 
taken to compensate for the appreciable drifts which 
occurred over approximately 12-hr periods. We over- 
came these long-time drifts by using a feedback amplifier 
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Fic. 5. Uncorrected lithium pulse-height distribution. The 
pulse-height distribution after subtraction of background counts 
from the Li-plus-background counts is shown. Twelve percent of 
the resulting counts come from “impurities” in the Li target that 
were not in the blank target. The remaining 88% of the counts 
are from photon-Li scatters. Here the 1077 calibration distribution 
has been shifted by a factor R=5.20(1+0.10)X10™ so as to 
agree with the scattered distribution near the peak. 





and servomechanism in the following way. We periodi- 
cally, and automatically, exposed the Nal crystal di- 
rectly to an aliquot of the main source which we refer 
to as the monitor source. At the same time, we switched 
the phototube output from the 10-channel analyzer 
to a single-channel pulse-height analyzer. The single- 
channel analyzer was set to sample the counting rate 
on the steepest part of the 0.5-Mev photon pulse- 
height distribution. This counting rate was so large 
that the single-channel pulse-height analyzer acted as 
a source of dc current. When the amplification in the 
crystal plus phototube changed by a slight amount, a 
large change in the dc current was produced. The dif- 
ference in dc current was fed into a difference amplifier 
as a source of feedback and thence to a servomotor 
which controlled the gain on the linear amplifier. The 
feedback system then maintained the counting rate on 
the steep slope of the distribution constant by varying 
the linear-amplifier gain. This in turn kept the pulse- 
height distribution fixed. 

The necessity for such precautions can be appreciated 
when one observes that in the case of hydrogen, we 
were detecting a difference in counting rate between 
LiH and Li of about 40% of the Li counting rate, which 
in turn was only about 20% above background. In 
order to obtain sufficient statistical accuracy, the dura- 
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tion of the counting times of single runs were in some 
instances as long as 24 hr. 

The counts induced by 1.6-Mev gamma ray from the 
monitor source were accumulated in a separate bank 
of registers and provided us with a check against drifts. 

In order to further minimize systematic errors due to 
drifts, an elaborate method of target cycling was used. 
A typical target cycle is represented symbolically as 
follows? : 


L(3), M (3), B(2), M (3), L(%), 
M(}), HQ), MQ), HQ), M*Q), 


repeat. L, M, B, and H represent the Li target, monitor 
source, blank target,!° and the LiH target, respectively. 
The quantities in parentheses indicate the time in 
minutes that the particular target (or source) was in 
place. The Li, LiH, blank, and monitor counts were 
accumulated in four separate banks of ten scaling 
registers each. Each register bank was provided with 
a clock which recorded its integrated ‘‘on” time. About 
three times during each run the aliquot source was 
placed in position C, and a calibration run of a few 
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Fic. 6. Carbon pulse-height distribution. The C pulse-height 
distribution after background subtraction is shown. Here the 
10-7 calibration distribution has been shifted by a factor 
R=1.56(1+0.09)X10~ so as to agree with the scattered dis- 
tribution near the peak. 

® The last monitor run (M*) of each cycle was used by the 
servomechanism to compensate for any drifts that occurred 
“7 cycle. 

10 The blank is not shown in Fig. 1 in order to avoid compli- 
cation of the drawing. However, the flanges that supported the 
Styrofoam blank target are shown on the cart that contains the 
other two targets. 
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Fic. 7. Aluminum pulse-height distribution. This figure shows 
the Al pulse-height distributions after background subtraction. 
Shown also is the 10~* calibration distribution that has been 
shifted by the factor R=3.80(1+0.09) x 10°. 


minutes duration was made. The pulse-height spectrum 
obtained from the aliquot source was then compared 
with that obtained from the accumulated monitor 
counts to insure that no drifts had occurred. 


Ill. MEASUREMENTS 


Figure 3 shows for a typical run the pulse-height 
distributions obtained from LiH, Li, and the monitor 
source, prior to background subtraction. The back- 
ground is also shown. The curves give the actual 
counting rates in this particular run in counts/min. 

That one is detecting elastically scattered gamma 
rays is evident from the similarity of the ‘scattered 
gamma ray” pulse-height distribution to those obtained 
from the aliquot source. The target-out curve also 
shows a slight peak corresponding to elastic scattering 
of 1.6-Mev photons from air nuclei. The most striking 
dissimilarity in the curves in the presence of an excess 
of small pulse heights in the scattered photon dis- 
tribution not present in the aliquot distributions. We 
believe this difference to be caused indirectly by elec- 
trons ejected from the atoms of the target with almost 
the same energy as the primary photon. These high- 
energy electrons undergo several scatters and sub- 
sequently radiate bremsstrahlung photons into the 
detector. The effect of these photons is to produce a 
high-energy tail which partially fills in the valley 
present in the unscattered aliquot distribution. For 
this reason, only channels 5 through 8, which are sub- 
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TABLE I. Summary of cross sections and corrections. 








Lead- r of 
filter cali- 
thickness bration 
(inch) source 


da/dQ 
uncorrected 
(10-*? cm?) 


RX108 


Element uncorrected 


Attenuation 
Source Aliquot 
Target holder 


Correction factors 
Finite Relative Target da/dQ da/dQz 
target decay of impu- corrected (enn) 
thickness sources ities (10-2 cm?) da/d2(Thomson) 


vial 





2.00(1 +0.10) 


5.20(1+0.10) 2.28(1+0.10) 
15.6(1+0.09) 13.4(1+0.09) 
3.80(1+0.09) 65.4(1+0.09) 


H 1/2 1077 1.18 1.03 


Li 

(A =6.94) 
Cc 
Al 


5.00 (1 +0.10) 


1.18 
1.12 
1.14 


1.03 
1.03 
1.03 


1 10-7 
1/ 1077 
3 10-6 





0.97 1.04 0.63 1.45(1+0.17) 
2.39(1 +0.11) 
14.9(1 +0,10) 


69.2(1+0.10) 


0.96 0.94 (1 +0.17) 
0.92(1+0.11) 
1.06 (1 +0.10) 
1.15(1 +0.10) 


0.96 
0.96 
0.96 


0.97 
1.00 
1.00 


1.04 
1.00 
0.94* 


0.89 
1.00 
1.00 





® This correction includes a 5% correction in the relative source strengths of the 10-* and the 10~7 aliquots, and a small geometrical correction that takes 


into account the fact that the calibration source was not placed exactly at the average position of the target. 


stantially above the tail, were used in the cross section 
determinations.t 


Hydrogen Cross Section 


The hydrogen cross section was obtained by a LiH-Li 
subtraction. The lead filter used was } in. thick. The 
LiH and Li targets consisted of 25 individual 2- by 2- 
by 4-in. blocks on a Styrofoam support in the semi- 
circular arrangement shown in Fig. 1. The LiH target 
contained a total of 569 moles of H, 513 moles of Li, 
31.8 moles of C, and 7.43 moles of O. The C and O 
impurities were contained in the plastic binder that 
held the LiH together and in the Saran wrap and 
masking tape used to keep moisture from the LiH. 

The Li target contained 9.48 moles of H, 514 moles 
of Li, 4.74 moles of C, and 2.2+1.4 moles of O. The 
C and H impurities are from the Saran wrap and 
masking tape. The oxygen was due to a small layer of 
oxidized lithium on the surface of the targets which 
was caused by moisture that penetrated the protective 
wrapping. 

The total counts obtained from the Li target are 
subtracted from those obtained from the LiH target 
to give the counts produced by the hydrogen plus the 
impurities. Figure 4 shows the pulse-height distribution 
of the hydrogen plus impurities. The contribution from 
the impurities is calculated using the theoretical 
Thomson cross sections for C and O. This correction 
is 60% of the hydrogen contribution." Also shown in 
Fig. 4, as a solid line, is the pulse-height distribution 
from the calibration source (r=10~’). The absolute 
value must be shifted vertically by a factor R=5.00 
X (1+0.10) X 10-* so as to fit the observed distribution 
in the vicinity of the peak. The measured distance L 
is 1.17 meters. The number of nuclei within the target 
is 3.36X 10", so that Eq. (1) becomes 


da/dQ2=405RX 10-* cm? sterad—. 


The resulting uncorrected cross section is 2.03(1+0.10) 
X10-* cm? sterad~'. Table I summarizes the correc- 


+ Note added in proof.—Similarly, the 2.5-Mev y ray can produce 
Compton electrons which radiate 1.6-Mev photons into the de- 
tector. We estimate that at most 1% of the counts in Channels 5 
through 8 are caused by the 2.5-Mev y ray. No correction was 
made for this effect. 

1 The carbon cross section was measured later in the experiment 
and agrees with the theoretical Thomson cross section toa later 
section). 


tions that were made to obtain the corrected cross 
section for hydrogen, 


do 
—(124°) = 1.45(1+0.17) x 10-* cm? sterad-'. 


Qn 
which is equivalent to 


do do 
— 124°) / (=) =(0,94(1-40.17). 
dQ dQ Thomson, H 


Lithium Cross Section 


After the background counts are subtracted from 
the Li target counts, we obtain the pulse-height dis- 
tribution shown in Fig. 5. The solid curve represents 
the 10~’ aliquot distribution which this time has been 
shifted by a factor R=5.20(1+0.10)X10~ to fit the 
observed counts near the peak. After making the cor- 
rections summarized in Table I, we obtain for the 
normal isotopic mixture of Li(A = 6.94) the cross section 


do 
——(124°) = 2.39(1+0.11) x 10-* cm? sterad_!, 


**Li 


do do 
—<124) / (=) =0.91(1+0.11). 
dQyi dQ Thomson, Lit. 


Carbon Cross Section 


Figure 6 shows the counts from a }-inch-thick carbon 
target after background has been subtracted. The 
calibration source was the 10~’ aliquot. In this par- 
ticular run, R= 1.56(1+0.09) x 10-?. When we average 
this result with other similar results and make the 
corrections of Table I, we obtain 


do 
—(124°)=14.9(1+0.10) x 10-* cm? sterad™, 
IN 


do da 
—(124°) / (=) = 1,06(1+0.10). 
dQ dQ Thomson, C 





ELASTIC 


Aluminum Cross Section 


The Al target was 3 in. thick, the lead filter ? in. 


thick. Figure 7 shows the distribution of scattered 
photons after background subtraction. The calibration 
source was shifted by R=3.80(1+0.09)10~*. After 
making the corrections shown in Table I, we obtain 


do 
(124°) = 69.2(1+0.10) x 10-* cm? sterad™, 
dQ, 


do do 
— a2) /( ) = 1.15(1+0.10). 
dQ) dQ/ Thomson, Al 


IV. DISCUSSION OF RESULTS 


The Z dependence of the cross sections at 1.6 Mev 
is summarized in Fig. 8. The measured differential 
cross sections are plotted in units of 10- cm?/sterad 
as solid circles; the ratios of the measured cross section 
to the classical Thomson cross section are plotted as 
open circles. Our result—-that the measured hydrogen 
cross section is equal to the Thomson cross section 
(within the experimental error)—verifies a prediction 
of the low-energy theorem of 
theory.’ This theorem, which is based upon Lorentz, 


renormalizable-field 


e= gel24°)( LEFT-HAND SCALE ) 


dor omsoN 


do 
$8 / 


(124°)x10°* cm* sterad~! —» 


(RIGHT-HAND SCALE) 
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clon 
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Fic. 8. Z dependence of the elastic scattering cross section at 
124° for 1.6-Mev gamma rays. The solid circles give the differential 
cross section as a function of Z. The open circles are ratios of the 
measured cross sections to the classical Thomson cross sections. 
These ratios are statisically consistent with unity, which shows 
that the scattering under these conditions can be adequately 
explained by the classical Thomson process. 
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gauge, and charge-conjugation invariance, states that 
as the photon energy approaches zero, the scattering 
cross section must approach the classical Thomson 
cross section. Low photon energy is that which is small 
compared with the pion rest energy. In this limit, it 
appears that the classical description of the scattering 
process is adequate. When one tries to extend this 
theorem to more complex nuclei, the effects of Rayleigh 
scattering from the bound electrons, and of virtual 
pair production in the field of the nucleus (Delbriick 
scattering), which are unimportant for hydrogen, 
become complicating factors. Brown and Woodward” 
point out that the calculation of the Rayleight scat- 
tering from a complex atomic system is a formidable 
task for the general case where large momentum 
transfers are involved. The calculation of Delbriick 
scattering likewise has been made only for small 
momentum transfers..4 Our experimental results for 
Li, C, and Al indicate that for large momentum 
transfers (124° deflection) the scattering is still pre- 
dominantly Thomson scattering. However, as Z 
increases, the electrons become more tightly bound, 
and the Rayleigh scattering, which increases roughly 
as the eighth to tenth power of Z for large momentum 
transfer,’ becomes more important. At the same time 
the Delbriick scattering is increasing as Z‘ so that all 
three amplitudes, Thomson, Rayleigh, and Delbriick, 
interfere in some quantitatively unknown fashion. 
Qualitatively, theory predicts that the scattering am- 
plitudes for Thomson and Rayleigh processes interfere 
constructively with each other and both interfere de- 
structively with the Delbriick scattering amplitude. 
As long as the calculations of Rayleigh scattering and 
Delbriick scattering remain inadequate, there seems to 
be little hope of unscrambling these three processes with 
any quantitative accuracy. 
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Scattering solutions of the Dirac equation for a muon in the static electric field of an extended nucleus are 
numerically obtained for various values of the velocity of the incident particle (@=0.4 to 0.8) and of the 
charge of the scattering nucleus (Z=48 and 80). A Stanford Fermi-type shape for the extended nuclear 
charge distribution is assumed. Angular distributions of the unpolarized cross section and of the left-right 
scattering asymmetries (S) of a transversely polarized beam of u* and w~ mesons are presented. For w~ the 
finite nuclear size strongly reduces S in the forward directions. The reduction of the cross section seems to 
be more sensitive to the detailed shape of the charge distribution than is the reduction of S. In the case of 
u*, S is appreciably altered from the “point” value, and can depend sensitively on the shape of the nuclear 
charge distribution. The value of S can be larger for the extended nucleus than for the point nucleus. 


INTRODUCTION 


EASUREMENT of the polarization of spin-} 
particles emitted in weak interaction decay has 
recently become of importance. In particular, muons 
arising from pion decay are known! to be polarized be- 
cause of their decay asymmetries, but the magnitude 
and sign of the polarization has as yet not been meas- 


TABLE I. u~; 8=0.6; Z=48, 80, 92. Percent polarization* 100 S 
and differential cross section o (in 10-** cm? per sterad) for nega- 
tive muons of 26.42 Mev kinetic energy incident on the extended 
nuclei of Cd, Hg, and U. The shape of the nuclear charge distribu- 
tion used is given in Eq. (1) of the text. The scattering angle @ is in 
degrees. 





Z=80 


—0.552 
320.1 





Z=92 
—0.602 
451.4 


@ Z=48 


100 S$ —0.376 
o 99.7 





—1.79 
47.7 


—3.47 
6.42 


—1.612 
34.6 


—3.4 
4.64 


—5.33 
0.857 


—6.70 
0.244 


—6.32 
0.0834 


—5.56 
0.0274 


—9.48 
8.72 10-% 


— 24.02 
3.56X 10% 


100 S —0.952 
o 12.4 


100 S$ —1.58 
o 1.96 


—5.32 
1.26 


100 S —2.56 
o 0.331 


—6.14 
0.348 


100 S —5.19 
o 0.0642 


—5.91 
0.101 


100S  —10.0 
o 0.0196 


—6.45 
0.0280 


100S  —13.0 
o 0.0101 


— 15.05 


100S —13.3 
9.10 10% 


o 6.40X 10% 


— 30.59 


100S —11.7 
5.12 10-4 


g 4.37X 10% 


150° 


— 24.43 
4.59X 10-% 


— 24.08 
2.56X 10-4 


100 .S —7.22 
o 3.34X 10-3 


165° 








* See reference 2. 


~ * Work supported in part by the U. S. Atomic Energy Com- 
mission. ae 
+ Now at Physics Department, Yale University, New Haven, 


Connecticut. 
1Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 


(1957). 


ured. The experimental difficulty lies in the smallness of 
the spin-dependent effects. Neither Mller scattering 
nor bremsstrahlung, which permit the measurement of 
electron polarization, are suitable in the case of the 
muon. Therefore, it is worth while to investigate the 
Mott scattering of muons polarized transversely to the 
direction of motion, although the left-right scattering 
asymmetries result to be of the order of 20% or less. 
Some theoretical curves for the scattering cross 
section and polarization? of u~ mesons on extended 


TABLE IT. w+; 8=0.4; Z=48, 80, 92. Same as Table I for positive 
muons of 9.63 Mev kinetic energy. 

Z=92 

0.148 

2.78 X 108 





0.201 
758 2.10 108 


0.253 
563.0 


0.358 0.281 
155 433 


0.338 
193.8 


0.484 0.378 
51.7 146 


0.392 
86.9 


0.438 
65.6 


0.560 
22.8 


0.410 
47.1 


0.581 
12.1 


0.394 
29.4 


0.553 
7.43 


0.484 
5.10 


0.383 
3.86 


0.352 
20.5 


0.285 
15.7 


0.198 
13.0 


0.267 
3.18 


0.101 
13.7 


2 The word polarization” is used henceforth to denote the 
polarization of an initially unpolarized beam scattered through an 
angle @. The definition of the function S(@) adopted here is the 
same as that given in reference 3, Eqs. (5) to (8). In this reference 
the connection between S(@) and the left-right scattering asym- 
metry of an incident polarized beam is reviewed. For example, in 
the case of an incident beam polarized transversely in the ‘‘up” 
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nuclei have become available recently.’ These calcula- 
tions consist in modifying the point Coulomb wave 
function given by Sherman‘ in order to take into account 
the finite nuclear size. The results show that the effect 
of the nuclear extension is to reduce greatly the polariza- 
tion from the point Coulomb values in the forward 
directions, which is just where the cross sections are 
largest. The above-mentioned calculations are limited to 
velocities v/c 0.4 and use a uniform charge distribution 
for the nucleus. 

The results presented in this paper complement those 
of reference 3 by including the case of positive muons, 
by extending the velocity to o/c=0.8, and by using the 
more realistic ‘Fermi shape” for the nuclear charge 
distribution as fitted to the Stanford electron scattering 
experiments.° 


TABLE III. u*+; 8=0.6; Z=48, 80, 92. Same as Table I for positive 
muons of 26.42 Mev kinetic energy. 


Z =48 Z =80 


100 S 0.281 0.388 
a 103 306 


0.530 
79.2 


0.464 


57.9 


100 S 0.335 
o 18.2 


17 0.405 
24.1 


100 § 0.3 

o 17.2 
0.104 
9.50 


0.00 
6.61 


100 § —(.109 
a 1.80 


~—0.406 
3.05 


—0,.279 
4.49 


100 S —0.572 
o 0.769 


100 8 —1.05 


—0.778 0.638 
g 0.381 2.45 


1.63 2.4 


- 1.02 —0.881 
0.983 1.51 


100 § —1.41 
a 0.215 


~ 0.938 
1.04 


1.51 — 1.06 
0.666 


100 S 
o 0.138 


—0.781 
0.796 


100 S$ — 1.27 —0.877 
o 0.504 


—0.442 
0.679 


—0.490 
0.427 


100 S 
o ; 10 


An additional motivation for the present work was to 
provide reliable elastic cross sections with which experi- 
ments could be compared. The so called “anomalous 
scattering,” found some time ago® for muons of cosmic- 


direction, the scattering cross section to the “left” (Z) and that to 
the “right” (R) are related to S by (L—R)/(L+R)=S(6). 

3 J. Franklin and B. Margolis, Phys. Rev. 109, 525 (1958). 

4N. Sherman, Phys. Rev. 103, 1601 (1956). 

5R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 231. 

6 J. L. Lloyd and A. W. Wolfendale, Proc. Phys. Soc. (London) 
A68, 1045 (1955); I. B. McDiarmid, Phil. Mag. 46, 1777 (1955); 
A. I. Alikhanov and G. P. Eliseev, Bull. acad. sci. U.R.S.S., Phys. 
Sér. 19, 732 (1955) [Columbia Tech. Transl. 19, 662 (1955) ]; A. I. 
Alikhanyan and V. G. Kirillov-Ugriumov, Bull. acad. sci. U.R.S.S., 
Phys. Sér. 19, 737 (1955) [Columbia Tech. Transl. 19, 667 
(1955)]:S. Fukui ef a/., Progr. Theoret. Phys. Japan 19, 348 (1958); 
B. G. Chidley eé al., Can. J. Phys. 36, 801 (1958). 
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TABLE IV. y*; 8=0.8; Z=48, 80. Same as for Table I for positive 
muons of 70.47 Mev kinetic energy. 


Z=48 


“100.5 ~0.06 
o 10.3 


100 $ —0.872 
g 0.891 


100 S — 2.67 whe 
a 9.29X 10 .262 


—5.23 
3.13 10 


100 S — 5.88 
o 9.95 10 
—2.59 


4.92 10 


100 S —7.44 
o 1.2110 


100 S +-0.07 
a 2.89X 10 


+0.564 
1.22X10™ 


—2.35 
4.38 X 10 


100 S +3.83 
o 1.4110 


—3.61 
1.87 X 10-4 


100 $ +2.03 


8.45 X 10 


—0.709 
5.52X 10 


— 0.668 
9.04X 1075 


—0.567 
4.10 10-5 


+0.868 


ray origin is still on uncertain footing. At present no real 
evidence exists for a u-nuclear scattering interaction’ 
other than Coulomb. 


TABLE V. u*; B=0.8; Z=48, Z=80; uniform. Same as Table 
IV but using a uniform nuclear charge distribution of the same 
rms radii as those of the Fermi shape used for the nuclei of 
Table IV. 


Z=48 
100 S —0.112 
o 10.3 


100 S —0.920 
o 0.86 


100 S — 3.06 

o 7.98X 10 0.221 
100 $ — 6.07 

o 7.33X 10 


— 4.09 
2.75X10* 


100 S — 1.43 
o 1.46X 10™ 


100 S 3.28 
o 7.71X10 


—0.551 
6.14X 10 


— 1.69 
1.99 10 


100 § 0.736 
o 4.23 10 


—7.32 
6.58 X 10 


100 § — 2.64 
o 2.1810 


—14.5 
2.0710 


100 § — 4.6: — 19.6 
o : 6.70X 10 


100 § ; —14.7 
o : 2.81X 10-5 


165° 


71. B. McDiarmid, Phys. Rev. 109, 1792 (1958). 
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Fic. 1. The percent polarization? for w~ scattering in the 
Coulomb field of an extended Hg nucleus for several velocities of 
the muon. The nuclear charge distribution is taken to be of the 
Fermi shape itted to electron scattering at Stanford University 
[Eq. (1), text; co= 1.08X 10 cm; #=2.4X 10-" cm]. The dashed 
curves, shown for comparison, refer to the point nucleus. 


Our polarization and cross-section results are pre- 
sented in Tables I to V and are illustrated in Figs. 1-5. 
The sensitivity of the polarization to the charge distribu- 
tion is displayed in Figs. 6 and 7. The next section 
outlines the calculation method, and in the appendix 
some of the more useful formulas are transcribed. 


CALCULATION 


The Dirac equation is used to determine the scattered 
wave function. The solution is obtained in terms of the 


ws’ Polarization 
2°48 
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Fic. 2. Same as Fig. 1 referring now to positive mouns scattering 
on Cd nuclei. Note that for 8=0.8, the polarization for the 
extended nucleus is larger than for the point nucleus. 
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well-known® method of partial wave expansion. The 
potential acting on the mu meson is assumed to be 
entirely the result of static Coulomb interaction arising 
from a charge distribution p(r) of the “Fermi shape’”: 


p(r)=po{1+exp[(r—c)/z]}}_ if (1a) 
=0 if (1b) 


r<To, 


r> To, 


@ 


anf p(r)r-dr=Ze, c=coXAl, 2=t/4.4. 
0 


(1c) 


Here r is the radial distance from the center of the 
nucleus, Ze and A are respectively the nuclear charge 








Fic. 3. The ratio of the differential cross sections for muon scat- 
tering on the extended Hg nucleus of the Fermi shape to that for a 
point nucleus. The momentum transfer is in units of m,c= 105.7 
Mev/c and is given by the expression ¢/myc=2(p/m,c) sin(@/2), 
where p is the muon’s incident momentum and 6 the scattering 
angle. The dashed curve, shown in order to provide a comparison 
with older estimates, represents the ratio calcuiated in Born ap- 
proximation for a uniform nuclear charge distribution of radius 
R=1.20X A!X 10 cm (where A is here 200). Again 8=»/c. The 
author is indebted to Brown ef al. for permission to use their 
B=0.8 uw cross section result. 


and the atomic number. The quantities c and ¢ are the 
half-point radius and skin thickness, respectively, as 
defined in reference 9. In all the results denoted by the 
subscript “EXT,” co and ¢ are taken,’ respectively, as 
1.08X 10-" cm and 2.4 10-" cm. The matching radius 
ro is determined so that less than 10~* part of the 
nuclear charge would lie outside ro if the form (1a) for 
p(r) were used from 0 to #. 

The scattering wave function is decomposed into a 
series of eigenfunctions of the angular momentum oper- 


®N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition, Chap. 
4, Sec. 4. 

* See reference 5, Eqs. (192), (193), and (194). 
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Fic. 4. Same as Fig. 3, referring now to muon scattering on Cd. 


ator” k, and the radius-dependent coefficients Fy, 
and G,; are determined from the well known radial 
equations which they obey [appendix, Eq. (2A) J. The 
asymptotic behavior of the F’s and G’s determines the 
phase shifts 9, from which /(@) and g(@) [see Eq. (15A) ] 
and finally the cross section and polarization are 
calculated. 
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Fic. 5. The product of cross section and percent polarization® 
for negative muon scattering on the extended nucleus of Hg. The 
cross sections are in units of 10-** cm? per steradian and 8=2/c. To 
the left of the horizontal marks the polarization is less than 5%, 
to the left of the vertical marks it is less than 10%. The maximum 
polarization is indicated in each case. For comparison, the dashed 
curves are for u* scattering on uranium at 8=0.6. Notice that, 
although the polarization is small for Z= —92 (i.e., u* scattering), 
the cross section is so large as to raise the values of the product 
above the Z=92 curve, beyond 100°. 


L. I, Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), Eq. (44.10). The eigenvalues of k 
are the integers +1, +2---etc., also denoted by the letter &. For 
k=+ (k| the orbital angular momentum / of the partial wave is 
equal to k—1, and for k= —!k|, J=|k|. In both cases the total 
angular momentum j is equal to || —4. 
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Fic. 6. The sensitivity of the polarization*? S and the cross 
section o@ to the detailed nuclear shape at 8=0.6 on uranium. The 
subscript EXT refers to a Fermi-type nuclear shape defined in 
Eq. (1), text, with the parameters co and ¢ taken equal respectively 
to 1.08 and 2.4 times 10™" cm. The subscript UNIF refers to a 
uniform nuclear charge distribution with a radius so chosen that 
the rms radii for the EXT and UNIF shapes are the same. 


The evaluation of the n; occurs in much the same way 
as in the work of Yennie e¢ a/.,"' by means of numerically 
integrating the radial Eqs. (2A) up to ro and there 
matching the results to a combination of the regular and 
irregular point Coulomb solutions F,”, F,!, Gx”, G!. 
The major difference of the present calculation from 
that of reference 11 lies in the fact that the rest mass of 
the muon cannot be neglected in comparison to the 
total energy, and therefore ),; is no longer equal to 
n-\xj. Thus, two phase shifts are required here for each 
value of |}. 

As k increases the phase shifts approach the point 
Coulomb phase shifts .°. When the difference becomes 
less than 10~4, the nx° are substituted directly for the nx, 
and the calculation proceeds until the third-order re- 
duced” coefficients of the Legendre polynomials re- 
quired in the sum of f(6) and g(@) have a value less than 


y 











% POLARIZATION 





Fic. 7. Same as in Fig. 6, now referring to positive muons scat- 
tering on Hg nuclei with velocity 8=0.8. The % polarization for 
the extended and uniform nuclei are plotted separately (lower 
part of figure), rather than their ratio. 

4 Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954). 

2 Defined in reference 11, Eqs. (47) to (49). 
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TaBLE VI. wt; B=0.4; Z=48, 80, 92; point. Percent TABLE VII. w+; B=0.6; Z=48, 80, 92; point. Same as Table 
polarization* 100 So and differential cross section oo (in units of 
10-6 cm? per sterad) for positive muons of 9.63 Mev kinetic energy eee ey, an —— 
scattering on the point nuclei of Cd, Hg, and U. The quantities f a re —= 
and g are defined in Eqs. (15A) and (17A). 





6 
30° 


0.592 
0.383 
0.155 
2.10 108 i —3.64 i 
—2.91 ~—7.70 . 
5. 17.3 —0.186 —2.01X 10 0.129 
ae it. % 1.56 Im g —0.177 —0.401 —0.433 
—8.41X107 0.346 0.450 100 Sp 0.938 0.996 0.843 
Im g —0.236 —0.195 5.94 10-2 oo 21.8 60.7 80.4 
100 So 0.382 0.278 0.249 
432 572 ° Ref —2.48 —2.60 —1.74 
Inf  —1.00 —3.63 —4.84 
2.78 9.68 Re g —0.150 —0.124 —6.70X 10-2 
—11.8 —9.99 Im g —8.22X10%  —0.226 —0.283 
8.06X 10°? 0.217 100 S» 1.49 1.34 1.27 
— 0.239 —0.189 os 7.18 20.0 26.6 
0.388 0.342 


¢ 
146 -" 5° Ref  —1.74 ~2.44 ~2.32 
2 Im f —0.301 — 1.67 —2.50 
Re f —4.56 a 2 Reg  —O.114 ~0.130 ~0.113 


Im f — 1.65 —7.69 —9,24 << 
> . R 5 Im g —3.79X 107 —0.121 —0.164 
2g _ 2 om 2 2 
Re g 9.70X 10 3.53 X 10 4.50 10 100 Sp 2.02 1.77 1.64 


Im g —5.33X 10 —0.167 —0.189 
100 S, 0.702 0.467 0.407 a 3.14 8.80 11.7 


oo 23.6 65.7 87.0 
Re f —1.29 — 2.04 —2.16 
Re f — 3.56 —4,02 — 2.32 Im f —1.18X 10-2 —0.711 —1.24 
Im f —0.340 —4.42 — 6.47 Re g —8.60X% 10"? —0.109 —0.108 
Re g —7.54X 107 —6.84X 10-2 —3.14 10 Im g —1.64X 10 —6.18X 10°? —8.93X 10? 
Im g —2.14X107 —9.77X10 —0.132 100 So 2.42 2.06 1.89 
oo 12.8 35.7 47.3 


— 
wn 
wn 


go 


| 
Omen 


— 
Y 


a Un Go 
CaN 


Re f 
Im f 
Re g 
Im g 
100 So 
oo 


oO © 


nn on 


~ 





Lt Ref  —0.997 ~1.68 —1.87 
i. “Ee. 3 oT Imf 0.116 —0.225 —0.558 
Rez 559X102 673X102 —5.36X107 Reg —GMX10" = —855X10" = 8.0K 10" 
ime —5.94K10- = —5.13K10% —7.98X10~ ms —S93X10+ = —2.99X10* = —4.66X10 
1005, 0.806 0.497 0.427 ge p- br 

oe 7.99 22.3 29.5 ai aaa ’ 


Re f —2.29 —3.81 —3.81 Re f —0.812 — 1.40 —1.61 
Im f +0.573 — 1.05 — 2.48 Im f +0.174 2.92 10? —0.185 
Reg —4.00X 10 —5.45X107% —5.15X10? | Re g —4.66X 107 —6.30X 10 —6.74X 107 
Im g 8.67 X10 —2.43X107% —441X107 | Im g —1.01X 10% —1.32X 10 —2.30X 107 
100 So 0.752 0.451 0.387 100 So 2.68 2.07 1.86 

oo 5.58 15.6 20.7 oo 0.692 1.98 2.63 





Re f —1.94 —3.45 —3.71 | Ref —0.692 —1.21 —1.41 
Im f 0.717 —0.309 — 1.45 Im f 0.201 0.164 +2.16% 10 
Re g —2.73X107 —3.95X107% —4.04X107 | Re g —3.25xX 107 —4,40 10-2 —4.77X107 
Im g 3.17X10% = —1.00X10% = — 2.2510 | Im g 9.37X10%  —4.96X10*  —1,05x107 
100 So 0.629 0.372 0.316 | 100 So 2.26 1.77 1.58 

a 4.28 12.0 15.9 | a0 0.521 1.50 2.00 
| 


Re —1.72 —3.16 —3.54 
ay 0.785 0.107 —0.830 wd f 7 - . 7 1 s 
Reg ~1.70X10% —2.53X10% —2.70X107 m f : ! : ’ 
Im 3.04X 1073 —3.31X10-?> —1.04K107 Re g —2.06X 10~ —2.78X10 —3.02X 10~ 
100°S 0.455 0.264 0221 Im g 1.29K10-* = —1.33K10-** »=—- — 4.25 10-8 
3.56 9.98 13.2 100 So 1.68 1.29 1.15 
¥ ‘ “2 - 0.428 124 165 


Re f —1.59 — 298 —3.41 
Im f 0.814 0.317 —0.506 Re f —0.578 —1,02 —1.20 
Reg ~8.13X10% —1.22K107%  —1.33X107 Im f 0.218 0.268 +0.189 
Im g 1.74X10% —7.93X10*  —3.94x10-% Reg —1,00X10% —1.34K10% —0.146«107 
100 So 0.240 0.139 0.113 Im g 8.2710 —1.42K10“ —1.40x10- 
a 3.20 8.97 11.9 100 So 0.892 0.677 0.603 
o 0.381 1.11 1.48 

















* See reference 2. 
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10~. This procedure, although duplicating some of the 
point Coulomb results already contained in the litera- 
ture, was required for the u* calculations, for which no 
results were available. For the sake of completeness, the 
positive point Coulomb results for /*(@) and g*(@) are 
reproduced in Tables VI to VIII. 

The whole program was checked by the following 
comparisons with published results. The phase shifts 
given in reference 11, Table I, calculated for gold, 
uniform charge distribution, were reproduced with good 
accuracy. For this purpose the rest mass of the muon 
was replaced by that of the electron, and ¢ of Eq. (1c) 
was taken equal to 0.3X10~" cm. It is interesting to 
note that m; differed from n_; by about 0.03%, Yennie’s 
value lying close by. Next, the results of reference 3 
were obtained for Z= 80, 8=0.2, and also some of the 
point results of reference 4 were obtained. The agree- 
ment is excellent. For the u* scattering the following 
comparisons were made: The point cross section for 
B=0.4, Z= 92, agrees with that of Doggett and Spencer,” 
and the point polarizations for Z=80, B=0.8 agree 
with those of Brown, Elton, and Mandl"* and Massey."® 
The scattering of 20-Mev positrons on the extended 
nucleus of gold obtained by Elton and Parker'® was also 
reproduced. 

CONCLUSIONS 


For w~ scattering on the Coulomb field of extended 
nuclei, the polarization? S(@) peaks in the backward 
direction (Fig. 1), increases slowly with energy, and is 
less sensitive to the detailed shape of the charge distribu- 


o(0) is quite different from the Born approximation re- 
sult (Fig. 3). The product S(@)Xo(@) decreases rapidly 
with increasing energy, making the polarization meas- 
urements more favorable at lower energy (Fig. 5). 

The polarization for u* scattering is much smaller 
than that for w-, but strongly increases with energy 
(Fig. 2). For the energy region in which classical 
penetration into the nucleus begins to occur, the polari- 
zation changes sign with scattering angle contrary to the 
point-nucleus result. However in this energy region the 
polarization is not sensitive to the detailed shape of the 
nuclear charge distribution. For example, the values of 
both o and S for Z=92, 8=0.6, uniform, do not differ 
from the corresponding “Fermi shape” values by more 
than 1%. In this case the closest distance of approach 
for = 90° is equal to 8.4X 10-" cm= 1.2X (238) *X 10-* 
cm. For larger energies the sensitivity of the polarization 
to the nuclear shape becomes more pronounced, as 
shown in Fig. 7 for the case of Z=80, 8=0.8. Here for 


13 J, A. Doggett and L. V. Spencer, Phys. Rev. 103, 1597 (1956). 

4G. E. Brown, L. R. B. Elton, and F. Mandl (private com- 
munication). Their original preprint contains an error. Our agree- 
ment in the polarization for the extended nucleus Z=80, 8=0.8 
is reasonably good. The difference may well be due to the differ- 
ence in nuclear shape. 

15H. S. W. Massey, Proc. Roy. Soc. (London) A181, 14. 

16 L, R. B. Elton and K. Parker, Proc. Phys. Soc. (London) 
A66, 428 (1953). 
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TABLE VIII. ut; B=0.8; Z=48, 80; point. Same as Table 
VI for positive mesons of 70.47 Mev kinetic energy. 


6 





30° Re f 
Im f 
Re g 
Im g 
100 So 


v0 


Re f 
Im f 
Re g 
Im g 
100 So 


70 


Re f 
Im f 
Re g 
Im g 
100 So 


a) 


Re f 
Im f 
Re g 
Im g 
100 So 


a0 


Re f 
Im f 
Re g 
Im g 
100 So 
oo 


Re f 
Im f 
Re g 
Im g 
100 So 


A) 


Re f 
Im f 
Re g 
Im g 
100 So 


a0 


Re f 
Im f 
Re g 
Im g 
100 So 


a0 


Re f 
Im f 
Re g 
Im g 
100 So 


A) 


Re f 
Im f 
Re g 
Im g 
100 So 
o 


—2.89 
—3.10 
—0.256 
—0.294 
0.633 
18.1 


— 1.62 
—0.909 
—0.201 
—0.127 
1.38 
3.50 


—0.990 
—0.311 
—0.151 
—6.05X 10 
2.38 
1.10 


— 0.658 
—0.101 
—0.113 
—2.96X 10 
3.50 
0.457 


—0.469 
—1.71X107 
—8.58X 10 
— 1.42107 
4.58 
0.227 


—0.354 
1.94 10? 
—6.46X 107? 
—6.38X 10-3 
5.41 
0.130 


— 0.282 
3.59 10 

—4.78X 107 

—2.41X 10 
5.76 


8.32 10? 


—0.237 
4.34X 107 
—3.38X 10 
—5.57X 10 
5.42 
5.90 10? 


—0.208 
4.67 X10 
—2.16X 10™ 
1.3210 
4.26 
4.61X 10? 


—0.193 
4.81X 10 

—1.05X 10 
2.1110 
2.35 


3.97X 107 


5.78X 10-3 
—0.621 
0.759 
50.0 


—1.59 
—2.64 
—0.168 
—0.330 
1.64 
9.64 


— 1.33 
—1.10 
—0.174 
—0.176 
2.77 
3.04 


— 1.00 
—0.482 
—0.147 
—9.59X 10 
3.99 
1.27 


—0.761 
—0.206 
—0.116 
—5.28X 107 
5.11 
0.638 


—0.597 
—7.26X 10 
—8.93X 107 
—2.92X 10 
5.90 
0.370 


—0.486 
—5.28X 10-3 
—6.64X 10 
—1.59X 10 
6.13 
0.241 


—0.414 
+2.98X 10 
—4.70X 10 
—8.46X 10-3 
5.63 
0.174 


—0.368 
4.81X10 
—3.00X 107% 
—4.24X 10-3 
4.34 
0.139 


—0.342 
5.69X 107? 
—1.46X 10 
—1.75X10-% 
+2.37 
0.120 





6=90° the closest distance of approach is 4.1 10-" cm 
=0.7X (200)*X 10-" cm. 
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The ratio of the cross section to the point-nucleus 
cross section plotted as a function of momentum 
transfer is shown in Figs. 3 and 4. As v/c increases, the 
curves appear to approach a limit which is independent 
of the incident momentum. This, if true, could be very 
valuable in extrapolating the cross section to high 
energies. 
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APPENDIX 


The notation adopted is the following: 
E= total energy/mec*; 
p=momentum/mc ; 
a= eZe*/hc; 
e= +1 for negatively charged mesons; 
e=—1 for positively charged mesons; 
v/c=B=p/E; 
y=a/B; 
v=7(1—p); 
5,=+(k#—o’)! for the regular solutions, denoted by 
superscript R; 
$,= — (k’—o?)! for the irregular solutions, denoted by 
superscript J; 
x= mcp/h; 
r=radial distance from the center of the nucleus; 
x=Tx, Xo= rox, where ro is the matching radius; 
= 105.7 Mev; 
k=angular momentum quantum number =+1, 
+2... 
The radial wave functions F;(k) and G;(x), 
Gy=r7(E-1)'G,, Fr=r7(E+1)'5,, (1A) 
obey the radial equations 
(d/dx— k/x)S et (1-01) F,= 


(2A) 
(d/dx+k/ x)F— aaa 


where 


1=0(E—1)/p?, m=6(E+1)/p’, (3A) 


and where @ is the Coulomb potential energy in units of 
mc*. For the example of a point nucleus, /p= —a/x. 

The phase shifts », are defined in the usual manner® 
by the asymptotic form of the radial wave functions of 
Eq. (1A): 


G,=9r~ sin[a— (k—-1)x/2+.], &>0, 


(4A) 
=~ sin[a— | k|x/2+n:], k<0. 
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The value of n; is obtained in terms of the regular and 

irregular Coulomb phase shifts 7”, 7,’ and the matching 

coefficients (D/C), from 
sinnx®+ (D/C), sinn,! 


cosn,®#+ (D/C) k cosn,! 





(SA) 


tann,.= 


The Coulomb phase shifts are given by 
ne®l= (X+Y), 24, 


X= (k—1—s,)4/2—argl (si+1+ 77), 
=X\x+2/2, 


(6A) 


k>0, 


k<0. (7A) 


For the sake of clarity the superscripts R and J have 
been omitted in the above equation. The value of the 
argument of I is calculated by means of Stirling’s 
approximation.!’ The value of Y is given in the expres- 
sion below, valid for both signs of k: 


sinY ,.= — ek[k(k+51) +7’ (y’—) }}/ 
|k| |k—ty’| v2, 


—si)t+y'(y' +7) ]Y |k- 


The matching coefficients (D/C), are obtained in terms 
of the radial wave functions evaluated at xo: 


G/k#— F’R(G 5) VR 
Limo) 
(G/s)5"7 k N! ‘ 


Here G and § are the solutions of Eqs. (2A) and the 
primed quantities are related to the point Coulomb 
radial waves G*-!, F®! by means of 


(8A) 


cosV,=[k(k iy’ | v2. 


G,Bt=AN BR lxgthg Bl, 
FF t=97[(E—1)/(E+1) PNP x05 ,/8 7, 
The G’ and §&" are given by the series expansion"® 

G’=L amxo”™, 
F’ =>) bate”, 
Om=[—(y—7')dma— 


(10A) 


(11A) 


(set m+ k)bm—1)/ 
m(m-+-2s,), 


(y+7')bm—1]/ 
m(m+ 2s), 


bm=[(Set+-m—k)dm1— (12A) 


ao= 1, 
bo= (y+y')/(k+5¢). 


In Eq. (12A) the superscripts R and J and the subscripts 
k have been omitted for the sake of clarity. 

The normalization coefficients N are obtained by 
Comporng the G and F of Eq. (10A) with those given in 


17E,. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis C9 apt University Press, Cambridge, 1927), fourth 
edition, Chap. 1 

18 See ea 11, Eqs. (A15) to (A17). 
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TABLE IX. y~ ; B=0.6; Z=80. Sample be A wave — for negative muons of 26.42 Mev kinetic energy scattering on Hg. The various 


symbols are defined in t 


5,8 
— 0.04499 
— 0.2800 
—0.02653 
0.8923 
0.04253 
—0.2017 
0.08429 
— 3.216 
0.1076 
— 7.669 


ne® (rad) 
3.849 
6.329 
2.811 
5.582 
2.300 
5.187 
1.962 
4.911 
1.711 
4.727 


me! (rad) 


2.665 
5.146 
2.263 
5.033 
1.939 
4.826 
1.692 
4.641 
1.495 
4.482 


me (rad) 
2.550 
5.628 
2.443 
5.434 
2.223 
5.165 
1.952 
4.909 
1.710 
4.698 


TABLE X. yw ripe 0.6; Z=80. Same as Table IX for ee ositive muons. ” 


‘sve 


1. 823 
3.965 
0.6150 
15.25 
0.3839 
25.84 
0.2848 
36.30 
0.2286 
46.55 


ad (rad) — 


6. 351 
0.580 
6.912 
0.979 
7.308 
1.276 
7.598 
1.506 
7.822 
1.693 


jw | 


me® (rad) 


6.166 
0.545 
6.887 


m! (rad) 


6.169 
0.547 
6.888 
0.977 


} 
| | | | | 
Ue me WN Ne ee | 


terms of the hypergeometric functions, 





N,24= -—s 


k | asceaaio 
Dskerr/2 init 


|| 2(k-+-") 


I'(s,+1+7y)|/P(2s.+1). (13A) 


The ratio (V®/N*), is most convenient in the form 


(—) - IP (oxtiy)|* (ox +y° “4 
N! 


IP (2px) |? 


cosh*(7y) - Cos*mpe 


sin2xp, 
XK 226 k(k+p) +7! (y’—7) / 
[k(k—pr) +’ (y’'—7) J}; 


2p 


pr= (sel. 


Finally, the scattering amplitudes® /(@) and g(6), 
from which the unpolarized cross section o(@) and 
polarization? S(6) are obtained, are given in terms of the 
Legendre polynomials P;(cos@) as 


f(0) = (2ix) Lee cxP, 


g(0) = (2ix sin@)~ we d,P,, 
C.= (2k+ 1)[e? im — 1 ]+kax, 


(15A) 


e are The $’s and G’s were calculated at the matching radius x»= 4.4033. 


0.08771 88.60 
—0.6018 —9_576 
— 0.04178 2.359 
—0.1760 — 37.81 
— 0.00393 — 2208 

1,235 35.68 

0.06561 — 2446 

2.804 70.34 

0.1371 — 858.4 

4.301 33.33 


Ge’ I 
12. 74 
9.222 
744.6 
— 14.58 
— 507.4 
— 68.58 
— 2386 


G ‘Fe 


0.2413 
— 2.559 
4.538 
— 0.06756 
—0.01209 
—5.314 
0.7849 
— 0.8704 
1.275 





Gn 


0. 9059 ; 
—0.5369 


Ge ° P Ge 
— 1553 
295.37 
— 20297 
961.7 
— 40541 
857.1 
— 30317 
362.6 
— 11684 
90.62 








2.165 
— 18.64 

1.130 
— 18.06 

1.010 
— 18.33 

0.9794 
— 18.64 

0.9693 
— 18.92 


— 62.37 

— 11065 
811.0 

— 15433 
— 1206.7 

— 8857 
— 702.6 

— 2808 
— 220.3 


dy= (R+1) (R+2)an41/(2k+3) 
~k(k—1)ar_1/(2k—1), 


== gt G1) a 
a= E28 }k| — Ce? HH, 


o(6)= | f(0) |?+|g(0)|?, 
S(0)=i(fe*—gf*)/(\fl?+1g\?). 


The connection between the right and left scattering 
asymmetry, the polarization of the incident beam, and 
the function 5 (6) is the same as in reference 3, Eqs. (5) 
o (8). 

The sums (15A) were performed by using the third- 
order reduced coefficients, following the method found 
satisfactory in reference 11, Eqs. (47) to (49), and the 
integration of Eq. (2A) was done by the method of the 
same reference, Eq. (A26). 

The power series expansion (11A) becomes unreliable 
if xo is too large. The reliability limit x, which depends 
on the numerical accuracy of the computer, was esti- 
mated by means of the expression 


> | OmXo™| +2 | bin xo™| 


(17A) 


IX antel| + [5 bto™| 


for an upper limit to the error. The factor 10-7 comes 
from assuming the numerical accuracy of each term of 
the sums to be good to one part in 10~’. 

For future reference, detailed information concerning 
the sample calculation for Z=80, 8=0.6 is reproduced 
in Tables [IX and X. 


-x 1077, (18A) 
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High-Energy Electron Scattering from Lithium-6* 


GEORGE R. BuRLESON AND R. HOFSTADTER 
Department of Physics and High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received July 7, 1958) 


The Li® nucleus has been studied at 426 Mev by electron scattering methods between laboratory angles 
of 33° and 57.5°. Absolute values of the Li® cross sections have been obtained by comparison with scattering 
measurements made on the proton at 426 Mev and 40°. Unique values of the experimental form factors are 
given in tabular form. The results are analyzed in terms of various possible charge distributions. Several 
examples of models showing a good fit are presented and appropriate radius and skin thickness values are 


given. Several unsuccessful models are also discussed. 


I. INTRODUCTION 


XPERIMENTS on the elastic scattering of elec- 
trons from Li® nuclei have been described briefly.!? 
Descriptions of these results have also been given in 
two review articles by one of the present authors.*:* In 
references 2 and 4 the results of an analysis of the shape 
of the angular distribution curve were given in terms of 
a harmonic-well model of the Li® nucleus. More recent 
findings at 426 Mev, reported in the present paper, in- 
clude absolute cross-section data and permit a much 
better definition of the charge distribution in Li*. 
These data show that the rms size reported in references 
2 and 4 must now be increased. The new data also 
demonstrate that the harmonic-well model (without 
a cutoff of the well) cannot be made to fit the data. 
Acceptable models of the charge distribution in the 
ground state of the Li® nucleus will be given in this 
paper. The charge distributions given here are obtained 
from a determination of absolute as well as relative 
cross sections. The results given below provide uniquely 
determined form factors for Li®. 


Il. METHOD 


The experimental apparatus has already been de- 
scribed on several occasions.*:* The Li® target material 
was obtained on loan from the Oak Ridge National 
Laboratory and consists of 95.7% Li® and 4.3% Li’. 
The target thicknesses used were 497 mils, 472 mils, 
and 183 mils. The targets were usually scraped clean 
before each run to avoid oxygen contamination on the 
surface. 

Figures 1 and 2 show the types of elastic peaks ob- 
served in these investigations. The positions of the Li® 


* The research reported here was supported jointly by the 
Office of Naval Research and the U. S. Atomic Energy Commission 
and by the U. S. Air Force, through the Office of Scientific Re- 
search of the Air Research and Development Command. 

1J. F. Streib, Phys. Rev. 100, 1797(A) (1955). Streib’s more 
recent interpretation of his data favored a large rms radius of Li®; 
it is very satisfying that our present results are in good agreement 
with his recent determinations. 

2 R. Hofstadter and G. R. Burleson, Bull. Am. Phys. Soc. Ser. 
IT, 2, 390 (1957). 

*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

‘R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1937), Vol. 7, p. 231. 

5E. E. Chambers and R. Hofstadter, Phys. Rev. 105, 1454 
(1956); also F. Bumiller and R. Hofstadter (to be published). 


peaks vary as a function of angle because of the effects 
of recoil. A small impurity peak, perhaps due to oxygen, 
appears near position 20.25 in Fig. 1. The scattering 
from the first excited level is also shown in that figure. 
The shifting of energy of the Li® peak with angle in the 
predicted way serves as an aid in identifying it. In- 
elastic level scattering corresponding to oxygen or other 
impurities has not been observed in a consistent manner 
and is not thought to be present in appreciable amount. 

Two methods were used to compute the relative 
cross sections. The first was based on a measurement of 
the areas under the peaks. The method used to define 
the areas is indicated by the dashed lines in Figs. 1 
and 2; these were drawn so as to give the peak a roughly 
symmetrical shape. A radiative correction* was applied 
to these data. As a check, another calculation of the 
relative cross sections was made and was based simply 
on the relative peak heights. The experimental points in 
the angular distribution as calculated by the area 
method were found to be somewhat more scattered 
than those calculated by the peak height method, but 
within the experimental errors no difference between 
the angular distribution curves defined by the two sets 
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Fic. 1. The Li® elastic peak observed at 426 Mev and 33°. 
The abscissa is the voltage across a shunt in the spectrometer 
circuit as measured on a potentiometer, and is related to the 
energy of the scattered electrons. The counts observed above a 
potentiometer setting of 20.15 are probably due to impurities of 
Li’ and oxygen. 
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of points could be seen. To compare with theoretical 
cross section curves the two sets of points were averaged 
together. 

For “absolute” calibration of the Li® data the elec- 
tron scattering peak from the proton was observed 
under the same experimental running conditions as the 
Li® data. The absolute value of the proton elastic cross 
section is known from other electron scattering deter- 
minations.® Figure 3 shows the “proton” peak observed 
at 40° in CH» and the carbon background from an 
equivalent carbon target. It will be noticed that the 
proton peak is considerably wider than the Li® peak. 
The additional width is due to the larger recoil shift of 
the lighter mass and corresponds to the angular width 
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Fic. 2. The Li® elastic peak observed at 426 Mev and 45°. 


TTING) 


of the entrance slit of the spectrometer (~+1.0°). 
When comparing areas of the peaks, suitable correction 
was made for the narrowness of the Li® peaks. This 
correction corresponds to a calculation of the fraction 
of the total cross section which was missed because of 
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Fic. 3. The elastic “proton” peak observed at 426 Mev and 40°. 
The target used was polyethylene (CH2) 237 mils thick. The 
carbon background points were taken with an equivalent carbon 
target. 


radiation. In other words, both the Li® peaks and the 
proton peak were extended to lower energies by em- 
ploying the Schwinger and straggling corrections.’ For 
the Li® peak, AE was taken to be the energy difference 
between the center of the peak and the point on the 
lower energy side of the peak where the counting rate 
fell to } the peak value. Thus AE/E was generally found 
to be of the order of 0.2%. For the proton AE was 
taken to be the energy difference between the center 
of the peak and the lowest energy experimental point 
taken, which was at a potentiometer setting of 17.19, 
as indicated in Fig. 3. Thus for the proton peak AE/E 
was 1.23%. These corrections amounted to about 34% 
for the Li® peaks and to 22.7% for the proton peak. 
Other determinations of the absolute cross sections were 
made on two separate occasions. The results were 
consistent, within experimental error, with the results 
given here. 

Table I presents the differential cross section data 


TABLE I. Theoretical and experimental cross sections, with radiative corrections, for Li® at 426 Mev. 


Also shown are g values and the experimental values of F*(q). 
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TABLE II. Charge distributions and form factors for models which were tried. Parameters which gave 
the best fit for the three successful models are also shown. 





Name of model 


p(r); a=rms radius 
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(1) Gaussian 
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(4) Hollow exponential 
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Parameters for best 
fit (in units of 
10-" cm) 





No fit 

No fit 

a= 2.65, a2=1.07 
a=2.80 

No fit 


ce’ = 1.20, # =3.10 


Rms radius ¢ (in units t (in units 
(in units of of 10°" of 10-4 
10-4 cm) cm) cm) 








already corrected for the radiative and straggling losses 
(bremsstrahlung). The following quantities are given 
in this table: 


(1) Column I: The laboratory angle. 

(2) Column II: The experimental cross section, in- 
cluding corrections. 

(3) Column III. The Schwinger correction which 
was applied to the experimental cross section. 

(4) Column IV: The bremsstrahlung correction 
which was applied to the experimental cross section. 

(5) Column V. The statistical error of the experi- 
mental cross section, which was based on the number 
of counts observed at the peak of the curve. 

(6) Column VI: The scattering cross section for a 
point Li® nucleus, given by the Mott formula: 


=) (=) 


when £p is the energy of the incident electrons and M 
is the mass of the Li® nucleus. 
(7) Column VII: The momentum transferred by the 


1 


cos? (6/2) 


seeteaeeies 2 2 ; 
a are . sin o/) 


electron to the recoil nucleus, which is given by 


2 2Eo — 
q=- sin(@/2)( 14+ snt(0/2)) , 
A Me 


where X is the (reduced) de Broglie wavelength of the 
incident electrons. 

(8) Column VIII: The experimental (form factor)’, 
which is a function of g and is given by the ratio of the 
experimental cross section (Col. II) to the point cross 
section (Col. VI). The form factor is the Fourier trans- 
form of the charge distribution and is a function of @. 
It is given by 


F(@)= fo(rewrrr 
A discussion of these formulas is given in references 
3 and 4. 
Ill. INTERPRETATION OF THE DATA 


Because the Li® nucleus has an atomic number of 
Z=3, the Born approximation may be used with con- 
siderable confidence in interpreting the angular dis- 
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tribution in terms of a phenomenological charge dis- 
tribution. The Born approximation is particularly 
appropriate in the angular region preceding the first 
diffraction minimum. (See Fig. 4 of reference 4.) The 
error anticipated in the use of the Born approximation 
is less than 1%. 

Several phenomenological models have been tried in 
attempting to fit the data. They are listed in Table IT. 
The gU model of Helm® was also tried without success. 
Other unsuccessful attempts involved the following 
models: uniform, exponential, Model VII (Table I of 
reference 3), and the hollow Gaussian, Model XI 
(Table I of reference 3). 

The form factor for the modified harmonic-well shell 
model was taken from Tassie.’ The calculations for the 
Fermi 2-parameter model were kindly carried out for us 
by Meyer-Berkhout using the code and methods of 
Yennie, Ravenhall, and Wilson. Thus the Fermi- 
model calculations are exact. 

Charge distribution curves for the three best-fitting 
models, namely (3), (4), and (6), are shown in Fig. 4. 
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Fic. 4. Charge distribution curves for the three best-fitting models. 


In Table II we also show values of ¢ and ¢ for these 
models. ¢ is the distance to the half-density radius and 
tis the 10-90% skin thickness.® For models without a 
flat region at the origin or with structure at the origin 
the previous definitions of c and ¢ are ambiguous. For 
cases of monatonically decreasing charge densities as a 
function of radius we“have chosen c¢ to be the abscissa 
for which the density‘has fallen to 50% of its value at 
the origin and ¢ is taken to be the distance between 90% 
and 10% of the values of the charge density at the origin. 
For other models we have taken a mean of the charge 
density over the first 10-" cm from the origin. We have 
then defined ¢ and ¢ in terms of 50%, 90%, and 10% of 
this mean value. It should be pointed out that the ¢ 
and ¢ values which are found for the Fermi 2-parameter 


*R. H. Helm, Phys. Rev. 104, 1466 (1956). 
7L. J. Tassie, Proc. Phys. Soc. (London) A69, 205 (1956). 
8 Yennie, Ravenhall, and Wilson, a Rev. 95, 500 (1954). 


®Hahn, Hofstadter, and Ravenhal 
(1957). 


Phys. Rev. 105, 1353 
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Fic. 5. The experimental cross sections are shown together with 
theoretical curves for a hollow exponential charge distribution. 
The solid curve is the best fit, and the dashed curves show the 
tolerances allowed. 


distribution are not the same as the “‘c” and “‘?” (called 
c’ and #’ in Table IT) which are used as parameters in 
the functional form of the charge distribution given in 
Table IT. 

Figures 5 and 6 show two of the models which fit 
both the absolute value and the “slope” of the experi- 
mental angular distribution, together with the toler- 
ances allowed for these models. 

However, it proves to be difficult to find a unique 
charge distribution fitting the angular distribution of 
Figs. 5 and 6. One of the reasons is that the energy and 
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Fic. 6. The experimental cross sections are shown together 
with theoretical curves for a Fermi 2-parameter charge dis- 
tribution. The solid curve is the best fit, and the dashed curves 
show the tolerances allowed. 
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Fic. 7. The experimental cross sections are shown together 
with theoretical curves for a harmonic-well model charge dis- 
tribution. The points in the figure on the left are plotted at the 
absolute values experimentally observed; they do not fit the slope 
of the a=2.30 curve. The points in the figure on the right are 
plotted so as to fit the slope of the a=2.10 curve; they do not fit 
the absolute value at 40°. 
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Fic. 8. r*p(r) curves for the three best-fitting models. 


angles used in these experiments are not large enough 
to reach the diffraction minimum. When the latter is 
reached, e.g., as in the case’ of C” and O"*, the position 
of this minimum immediately determines a’ radial 
parameter, such as an rms radius of the charge dis- 
tribution. In the case of Li® the cross section at this 
minimum is presently too small to be seen. Hence the 
fitting procedure must depend on the shape of the 
angular distribution curve and the absolute value at 
some fixed position. 

Figure 7 shows the harmonic-well model when the 
parameter a=rms radius=2.30X10-® cm is chosen to 


- Ehrenberg, Hofstadter, Meyer-Berkhout, and Sobottka (to 
be published). 
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Fic. 9. r°p(r) curves for two unsuccessful modeis and one suc- 
cessful model (the hollow exponential). The hollow exponential 
curve is very similar to the modified exponential curve, which, 
however, does not fit the data. 


fit the absolute cross section at 40°. It may be seen, 
however, that the slope of the curve fits the value 
a=2.10X10-" cm although the absolute value does 
not. It has not been possible to find parameters for a 
harmonic-well model that fit both slope and absolute 
value within our experimental error. Our first deter- 
minations? were based almost entirely on the slope fit, 
which are now seen to be inconsistent with a fitting of 
the absolute cross section. Using both slope and absolute 
value we have been able to eliminate many models such 
as (1), (2), (5), and others. We have tried to determine 
properties common to the successful models and also 
those properties which eliminate unsuccessful models. 
To make the comparison easier we have plotted in 
Fig. 8 the r°p(r) curves for the successful models and in 
Fig. 9 rp(r) for unsuccessful models along with one 
successful model (4). These curves are all normalized 
so that 4x So*p(r)r°dr=1. 

It may be seen that the successful models all have 
similar shapes but some unsuccessful models, in par- 
ticular the modified exponential model, give charge 
distributions unexpectedly similar to the successful 
models. Apparently there are delicate differences which 
distinguish between successful and unsuccessful models. 

We have not been able to find a single and unique 
charge distribution for Li® at this time. However, model 
(4) certainly represents a close approximation. Since 
we have given the experimental form factors in Table 
II, these form factors may often be used in lieu of a 
charge density model. The theoretical problem of deter- 
mining a unique (within experimental error) charge 
distribution from experimental data is one that we 
have not yet solved. This problem may not be resolved 
without the addition of further experimental data. 
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M. E. Brevins, M. M. Brock, AND J. LEITNER 
Duke University, Durham, North Carolina 
(Received January 13, 1958) 


A hydrogen-filled diffusion cloud chamber investigation of *+— > interactions in the energy range around 
500 Mev is reported. The elastic scattering angular distribution, based on a total of 180 events, is analyzed 
using only s and p waves, and also using s and p waves with a d-wave interference term. Phase shifts are 
presented and ambiguities are discussed. The d-wave contribution is small. The elastic cross section is used 
to compute the real part of the forward coherent scattering amplitude. The latter is in good agreement 
with that predicted by the dispersion relations. Inelastic production sets in at about 300 Mev. Eighteen 
inelastic events were found; 7 were p+0, 7 were n*+*, and 4 were unidentifiable. Inelastic processes are 


discussed in terms of various models. 





I. INTRODUCTION 


OSITIVE pion-proton scattering experiments have 

been performed previously at energies up to 395 
Mev.'~* There exists no conclusive evidence requiring 
the introduction of d waves in a phase shift analysis 
of the data, i.e., the data are, within experimental 
accuracy, satisfactorily described by s- and p-wave 
scattering. At higher energies one might expect sig- 
nificant contributions from d-wave scattering to be 
present, and it is of interest to see at what energies 
d waves become important. 

Recently, dispersion relations for pion-proton scat- 
tering have been obtained by Goldberger et al.‘ There 
is good agreement between the existing r*+— p scattering 
data and the dispersion relations. However, Puppi and 
Stanghellini® have recently analyzed the »-—p low- 
energy data and found serious disagreement with 
theory. This disagreement might, among other things, 
indicate a breakdown of the principle of microscopic 
causality.® If so, it would be expected that the influence 
of this violation of causality would be more serious at 
the higher energies for positive-pion scattering. 

In previous r*—p scattering experiments up to 395 
Mev,’ there has been no evidence of inelastic scattering 
although the threshold for the production of an addi- 
tional meson is only 170 Mev. The inelastic scattering 
angular distributions and charge state branching ratio 
are of interest in that they provide a means of com- 
paring the many models of pion production. 

The afore-mentioned features of #+—p interactions 


* This work was supported by the U. S. Atomic Energy Com- 
mission, and by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955); J. Orear, Phys. Rev. 91, 155 (1953); Anderson, Fermi, 
Martin, and Nagle, Phys. Rev. 96, 1417 (1954); H. Anderson and 
M. Glicksman, Phys. Rev. 100, 268 (1955). 

2A. Mukhin et al., in Proceedings of the CERN Symposium 
on High-Energy Accelerators and Pion Physics, Geneva, 1956 
eat “a Organization of Nuclear Research, Geneva, 1956), pp. 
204-223. 


*R. Margulies, private communication (to be published). 
* Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 
5G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
( — Goldberger, and Thirring, Phys. Rev. 95, 1612 
1954). 


have been studied in the energy range around 500 Mev 
using a hydrogen-filled cloud chamber in a magnetic 


field. 
Il. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement is shown in Fig. 1. 
A positive beam, produced by ramming a carbon target 
into the circulating 3-Bev proton beam of the Cos- 
motron, passed through a collimating channel in the 
loaded concrete Cosmotron shield. The beam mo- 
mentum, 750+125 Mev/c, was selected by means of a 
steering magnet. The deflected beam, containing both 
pions and protons, passed through a graphite absorber 
and lead collimator, 83 in. wide by 2} in. high, into the 
chamber, which was situated in a concrete block- 
house. The chamber itself was a twenty-atmosphere, 
hydrogen-filled, diffusion cloud chamber’ situated in a 
magnetic field of 10 000 gauss. The sensitive region was 
16 in. in diameter and ~2 in. in depth. 

The absorber in the path of the beam was 66 g/cm? 
thick and served to remove protons with momentum 
¢ 840 Mev/c; those protons able to enter the chamber 
were so degraded in energy that they were heavily 
ionizing. It was calculated that the pions emerge with 
a mean momentum of 610+125 Mev/c. The measured 
momentum of 49 beam tracks was found to be 590 
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Fic. 1. Schematic of the experimental arrangement 
at the Cosmotron. 


7 Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 91, 135 (1953). 
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Fic. 2. The distribution of events as a function of the laboratory 
kinetic energy of the incoming pion. The solid histogram repre- 
sents the elastic events and the dotted histogram represents the 
inelastic events. 


+80 Mev/c, in good agreement with the foregoing con- 
siderations. 


Ill. SELECTION CRITERIA AND MEASUREMENT 
TECHNIQUE 


An event was selected as a r*— interaction pro- 
vided it satisfied the following criteria: 


1. The incoming track was minimum ionizing. 

2. The event vertex was unobscured. 

3. The event did not occur within one inch of the 
chamber periphery (since bias against small-angle 
scattering events is high at the edges). 

4. The incoming track was within the assigned beam 
angular dispersion limits. The angular dispersion of the 
beam was found by direct measurement at several 
points in the chamber. It was found that approximately 
90% of the beam tracks lie within 4° of the mean beam 
direction at any point. Events with incoming pions 
lying outside this 90% region were discarded. 


A reprojection apparatus,* in which each event was 
reconstructed in space on a screen which was free to 
rotate in three dimensions, duplicated as nearly as 
possible the optical system used to take the pictures. 
The direction of the incoming track was taken as the 
polar axis. The polar angles @, and 6, of the scattered 


TaBLeE I. Correction factors for the number of events 
in the 0.9 < cos@< 1.0 interval. 








Laboratory 
kinetic 
energy 

335 Mev 
420 Mev 
525 Mev 


Coulomb 
correction 


0.89 


0.87 
0.89 


Total correction 


1.39+0.20 
1.14+0.14 
1.15+0.20 


¢ correction 


1.56+0.20 
1.31+0.14 
1.29+0.20 











8 E. Fowler et al., Rev. Sci. Instr. 25, 996 (1954). 
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pion and proton, respectively, along with the azimuthal 
angles ¢, and ¢, were measured directly. Errors on the 
angles were assigned by repeating measurements several 
times for each event. A typical error in @, is +0.5°. 

The curvature of each track in an event was measured 
by plotting the track coordinates on a scale which 
exaggerates the sagitta. The plotted points were ob- 
tained by microscope measurement. The momentum of 
a track was taken as the linear average of that measured 
in each stereo view. The major source of error in mo- 
mentum measurement was due to the short length of 
track available before the particle left the thin sensi- 
tive region. 

Ionization estimates were made of all tracks in each 
event, using minimum beam tracks for comparison. 
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Fic. 3. Azimuthal angle (¢) distribution of events with center- 
of-mass scattering angle 6*, such that 0.9 < cos6* < 1. In diagram (c) 
the data are taken collectively, while in (a) and (b) the data with 
incoming pion momentum less than 500 Mev/c and greater than 
500 Mev/c, respectively, are presented. 


Each stereo pair was rough scanned twice, once by 
area scanning and once along the beam. 

Approximately 39 000 pictures were taken with ~ 20 
pions per picture. There were 178 elastic and 18 in- 
elastic **—p interactions found within the fiducial 
region. 


IV. ELASTIC EVENTS 
A. Analysis 


Elastic pion-proton scatterings are distinguished from 
other types of events on the basis of (1) coplanarity: 
an event was considered to be coplanar if ¢, was 
within ~2° of ¢,+180°; (2) satisfaction of the elastic 
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scattering kinematics, including ionization compati- 
bility. 

Five quantities were measured for each elastic event; 
the incoming pion momentum P;, the two outgoing 
momenta P, and P,, the pion polar angle 6,, and the 
proton recoil angle 6,. These five quantities over- 
determine the event, i.e., from any two of these the 
other three may be computed. The best fit quantities 


P;, 6, were obtained by minimizing R?, where 


P;—Pi\? (6,—-9%\?_ (Px(Pi,6,)—Pr\? 
roti eta 
oP Tp Cpr x 


0,(P.,6,)—0, : P,(P.,6,)—P, . 
setae sony 
Ober TPp 


via a graphical method,’ as prescribed by the method 
of maximum likelihood. This procedure is the equivalent 
of making a weighted least-squares fit to the data. 
There were 178 events identified as elastic r+—p 
scatterings. The number of events as a function of in- 
coming pion energy is shown in Fig. 2. Because of the 
large spread in incoming pion energy, the data were 


TABLE II. Coefficients of (a) do/dQ=X?(A +B cos@+C cos*#) and 
(b) do/dQ=X*(A +B cos#+C cos*+D cos). 





A B Cc D 








335 Mev* 2.75 


(a) 0.196 


1.087 +0.091 
0.915 


420 Mev (a) 0.265 +0.055 


(b) 0.221 


(a) 0.258 +0.035 
(b) 0.171 


1.341 +0.165 
1.480 


525 Mev 1.080 +0.057 1.21 +0.105 
0.684 1.48 








® See reference 14. 

divided into two parts, 90 events with incoming 2+ 
energy between 275 Mev and 420 Mev and 88 events 
with incoming pion energy between 420 Mev and 850 
Mev. Because of the asymmetric energy distribution, 
the mean energy of the low-energy group is 335 Mev 
and that of the high-energy group is 525 Mev. The 
energy distribution of the data taken collectively is 
reasonably symmetric and has a mean of 420 Mev. 


B. Corrections for Scanning Bias 


The pion beam energy spectrum when multiplied by 
the total cross section’ should give the energy distri- 
bution of the events. This has been compared to the 
observed event energy spectrum (Fig. 2). The expected 
and observed energy spectra are in good agreement, 
indicating that within the statistical accuracy, there is 
no energy-dependent scanning bias. 

The distribution of the azimuthal angle @ for events 
with c.m. scattering angles 02> 25° is isotropic, indicating 

® For details see the thesis of M. Blevins, Duke University, 1957 


(unpublished). 
1S. Lindenbaum and L. Yuan, Phys. Rev. 100, 306 (1955). 
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24) C.M, PION ANGULAR DISTRIBUTION 
T+335 MEV 
(90 EVENTS ) 
OBSERVED 


NUMBER OF EVENTS 


QUADRATIC FIT 





1.0 
cos 6,,* 
Fic. 4. The elastic scattering angular distribution in the c.m. 


system for events whose mean energy is 335 Mev. The Coulomb 
correction C and the azimuthal correction ¢ are indicated. 


no angle-dependent scanning bias for large-angle events. 
Figure 3 shows the @ distribution for 6<25°; the 
anisotropy indicates a bias against small-angle events 
whose planes are perpendicular to the plane of the 
chamber. The requisite corrections for each grouping 
of the data are compiled in Table I. 


C. Angular Distribution and Phase Shift 


The center-of-mass differential cross section is of the 
form do/dQ=X?(A+B cos#+C cos*@) if only s and p 
waves contribute to the scattering amplitude. A least- 
squares fit of the form y=a+6 cos6+c cos*@ was made 
to each of the observed angular distributions, by 
minimizing M?, where® 





M=> 


i=1 


20 (* — y(a,b,c, =) 


CO; 


and a; is the standard deviation of y; in the 7th interval. 
Since we did not attempt to measure the total cross 


C.M. PION ANGULAR DISTRIBUTION 
T=525 MEV 
(88 EVENTS ) 


OBSERVED 
CUBIC 


QUADRATIC 








NUMBER OF EVENTS 





cos 6, * 


Fic. 5. The elastic scattering angular distribution in the c.m. 
system for events whose mean energy is 525 Mev. The Coulomb 
correction C and the azimuthal correction ¢ are indicated. 
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c 
C.M. PION ANGULAR DISTRIBUTION 


T= 420 MEV 
(178 EVENTS ) OBSERVED 
CUBIC FIT 


QUADRATIC FIT- 


NUMBER OF EVENTS 


QUADRATIC 
L QUADRATIC zs 





5 ae 
* 


cos 6, 


Fic. 6. The elastic scattering angular distribution in the c.m. 
system for the data taken collectively. The mean energy is 420 
Mev. The Coulomb correction C and the azimuthal correction ¢ 
are indicated. 


section, the fits were normalized to the total cross 
section as measured by counter methods."® 

The shape coefficients A, B, and C so obtained were 
used to determine a preliminary set of phase shifts by 
the Ashkin method.'! Using this preliminary set of 
phase shifts, the Coulomb interference term'!*:!® was 
computed for each of the three groupings of the data 
and the correction factors are tabulated in Table I. 
The correction factor in the interval 0.9< cos@< 1.0 is 
sufficiently small to justify the procedure of single 
iteration. The Coulomb correction is negligible for 
cos#<0.9. 

After fully correcting the preliminary angular distri- 
butions, a second quadratic fit was made and the 
resulting final values of the shape coefficients are 
tabulated in Table IT.'* The final angular distributions 
are shown in Figs. 4, 5, and 6. These represent, respec- 
tively, the 90 events with a mean energy of 335 Mev, 
the 88 events with a mean energy of 525 Mev, and 


TABLE III. Phase shifts, in open. 





5, p phase shifts 
(Mev) 53 =5;’ bu b33 531’ 533’ 
3358 —28.0 —28.8 
420 J —32.5+1.1 
525 ¥ —27.3+6.0 





151.2 
161.1 +0.3 
161.2 42.2 


151.8+2.5 
155.3+2.5 


—13.8+9.0 
—15.5+10.6 





s, p, and d phase shifts 
831’ 533’ dx4 554 


+2.1+7.0 
+2.1> 





—6.3 +6.5 
—9,3> 


151.8 
155.3 


420 —16.2+8.1 
525 —14.7+13.0 








* See reference 14. 
» The errors calculated for these phase shifts are so large (~20°) that 
the assumption of small d phase shifts is violated. 


J. Ashkin and S. Vosko, Phys. Rev. 91, 1248 (1953). 

2. van Hove, Phys. Rev. 88, 1358 (19 53). 

18 F. Solmitz, Phys. Rev. 94, 1799 (1954). 

4 The fitting method used gave a negative differential cross 
section for the 335-Mev data. By imposing the condition that 
B°*—4AC=0, a tangent fit is obtained. The shape coefficients 
A, B, and C of the tangent fit give a unique set of phase shifts 
33=6;', 531 =53)’, and 533 = 533’, iis there is no Fermi-Yang 
ambiguity. 
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finally the data taken collectively with a mean energy 
of 420 Mev. 

The values of A, B, and C in Table II were used to 
construct Ashkin plots from which the phase shifts 
were determined. The phase shifts and their errors? are 
tabulated in Table III. It should be emphasized that 
only the 335- and 525-Mev solutions are independent. 
The phase shifts for the data taken collectively are 
included since they can be determined with greater 
statistical accuracy. 

The Ashkin plot for the collective angular distribution 
is shown in Fig. 7. It is clear that there can be no 
ambiguity in the value of 63, but 531, 33, and 531’, 533’ are 
equally valid solutions.! One set of phase shifts, either 
the primed or the unprimed set, corresponds to the 
Yang solution, and the other set corresponds to the 
Fermi solution.'® Because of large errors, it is not 


ASHKIN PLOT FOR 
COLLECTIVE DATA 


53: 5',=-26.6° 
33,=~32.5° 53) = 13.85° 


B332161.1° — 533=151.8° 


Fic. 7. The Ashkin graphical solution for the phase shifts 
representing the 420-Mev data. 


possible to determine unambiguously which solution is 
continuous with the phase shifts at lower energies. 
From the Ashkin plot it is clear that, if the Fermi solu- 
tion is not very different from the Yang solution, 
53:—533 is close to 180°. Since the contribution of spin- 
flip scattering to the differential cross section is pro- 
portional to sin(63,— 433), the spin-flip scattering is very 
small in this energy region. 

If along with s and p waves, a d-wave interference 
term is considered, the differential cross section is of 
the form 


da/dQ=?(A+B cos#+C cos’0+D cos*#). 
A fit of this form was made to the collective angular 


distribution (420 Mev) and to the 525-Mev group. 
The quantity M was calculated for the quadratic 


18H. A. Bethe and F. de Hoffmann, Mesons and Fields (Inter- 
science Publishers, Inc., New York, 1955), Vol. II, p. 72. 
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fits and the cubic fits and is tabulated in Table IV. 
Columns 2 and 3 show the expected average M values, 
M, i.e., the number of experimental points less the 
number of free parameters, and the experimental value, 
M, calculated from Eq. (2) in the Appendix. In column 4 
we have computed either 


f G(M)dM / f G(M)dM 
M 7; 
M M 

f canam / f G(M)dM, 
0 0 


for the cases M>M, or M<M, respectively, where 
G(M) is the probability function given by Eq. (2) in 
the appendix. These integrals are the probabilities for a 
directional deviation as large as or greater than the 
experimentally observed deviation. This procedure is 
necessary to allow for the skewness of the probability 
curves G(M) as shown in Fig. 12. 

The expected value of M is 18 for the quadratic fits 
and 17 for the cubic fits (see the Appendix). The 


Taste IV. Expected average M values, M, for quadratic and 
cubic fits, compared with experimental values. The reduced 
probabilities (see text) are also listed. 


Reduced 
probability 
48.9 
31.8 


84.8 
43.5 


Lab. kinetic energy (Mev) 


422 (quadratic fit) 
(cubic fit) 

520 (quadratic fit) 

(cubic fit) 


M (exper) 
14.1 
11.7 
16.9 
12.7 


probabilities for the quadratic fits are somewhat greater 
than those of the cubic fits, suggesting that an s, p 
analysis is at least as meaningful as an analysis in 
terms of s, p phase shifts and d-wave interference terms. 

Mukhin eé al.” have obtained s, p, and d phase shifts 
for several energies up to 310 Mev and have stated that 
inclusion of d waves improves the fit to their angular 
distribution at 307 Mev. The basis of their conclusion 
is the apparently large discrepancy between their 
experimental M of 11.3 and the expected average 
value, M=5 at this energy. 

In Table V, we have tabulated their M values given 
for an s- and p-wave analysis alone, just as in Table IV. 
It is clear, from an examination of the relevant proba- 
bilities in column 4, that the fluctuation at 307 Mev is 
of the same order of severity as the fluctuation at either 
310 Mev or 176 Mev. The fact that the experimental M 
exceeds M does not necessarily imply the inadequacy 
of the number of free parameters. This is as likely a 
statistical fluctuation as for M to be smaller than M. 
It is certainly unreasonable not to expect statistical 
deviations as large as those observed by the Russian 
workers. 

It may be seen from the Appendix that the M value 
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TABLE V. Expected average VM values (M), experimental M 
values, and reduced probabilities for s- and p-wave analysis 
alone. 
Reduced 
probability 


9.6 
51.0 
82.1 
40.9 
10.4 

6.2 


Lab. kinetic 
energy (Mev) M (exper) 
176 
200 
240 
270 
307 
310 


— 
— ee Ud Ue 
we sy | 


Maw > &O 
mw 


is not a measure of the accuracy of an experiment. 
This is because the M value is the sum of the squares of 
the deviation from the theoretical curve in units of the 
standard deviations of the individual measurements, i.e., 
is scaled to the experimental accuracy. The accuracy of 
the experiment is, however, reflected in the errors com- 
puted for the calculated phase shifts shown in Table III. 
It is clear that the d-wave phase shifts are not well 
determined. 

On the assumption that 633 is relatively insensitive to 
the inclusion of d-wave interference terms in the differ- 
ential cross section, the d phase shifts 634 and 6;4 have 
been found by the method described in reference 9. The 
d phase shifts are tabulated in Table III along with 
the compatible set of s and p phase shifts. The d phase 
shifts are seen to be quite small and do not seem to be 
required to fit the data within the limit of accuracy of 
this experiment. 

Chew and Low'® have proposed the equation 
(n*/w) cotd;;=$¢f/?(1—w/w*) for the energy dependence 
of 633. The notation is that of Chew.'’ A plot of 
(n*/w) cotés3 vs w with f?=0.08 is shown in Fig. 8. For 





o ANDERSON, FERMI, 
MARTIN & NAGLE 

x MARGULIES 

& PRESENT EXPERIMENT, 
FERMI SOLUTION 
PRESENT SOLUTION, 
YANG SOLUTION 


K.E. in lob (MEV) 
00 200 300 400 500 
-30 : am 
| 2 3 4 
w= Energy in c.m. system in units of 


myc? (excluding proton rest energy). 








Fic. 8. The energy dependence of (n?/w) coté33. The solid line 
is the theoretical curve of Chew and Low. 
16 G. Chew and F. Low, Phys. Rev. 101, 1570 (1956). 
17 G, Chew, in Proceedings of the Fifth Annual Rochester Confer- 
ence on High-Energy Physics (Interscience Publishers, Inc., New 
York, 1955). 
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REAL PART OF THE FORWARD SCATTERING AMP, 


-1.8 
0 100 200 300 400 500 600 700 800 900 
LABORATORY KINETIC ENERGY (MEV) 

Fic. 9. The real part of the forward coherent scattering ampli- 
tude for +*—>p scattering versus laboratory kinetic energy. The 
solid curve is calculated from the dispersion relations. The 
numbers 1, 2, 3, 4, and 5 indicate, respectively, the data of 
J. Orear, Phys. Rev. 91, 155 (1953); H. Anderson et al., Phys. 
Rev. 96, 1417 (1954); H. Anderson and M. Glicksman, Phys. 
Rev. 100, 268 (1955); A. Mukhin e¢ al., in Proceedings of the 
CERN Symposium on High-Energy Accelerators and Pion Physics 
Geneva, 1956 (European Organization of Nuclear Research, 
Geneva, 1956), pp. 204-223; and R. Margulies (private com- 


munication). The number 6 indicates data of present experi- 
ment based on s, p analysis, and d represents data based on s, p, d 


analysis. 


comparison, the points obtained from previous experi- 
ments are plotted in Fig. 8 along with the values 
obtained in this experiment. Deviation from the theo- 
retical curve starts at ~250 Mev and increases with 
increasing energy. This is not overly surprising, since 
at ~500 Mev there is appreciable inelastic scattering, 
indicating that two-meson processes contribute sig- 
nificantly, i.e., the one-meson approximation of Chew- 
Low is less applicable at higher energies. 

Orear'® has suggested the energy dependence of 6; 
and 63; to be 6;=—0.11n, 6;:=0. Within the accuracy 
of the experiment both the primed and unprimed solu- 
tions are in agreement with the above values, particu- 
larly upon the inclusion of d waves. 


D. Comparison with the Dispersion Relations 


Sternheimer” has computed the real part of the 
forward coherent scattering amplitude from the dis- 
persion relations of Goldberger ef a/.,* using the total 
x+—p and x-—} cross sections extrapolated to high 
energies. Figure 9 shows the x*+— p Sternheimer plot for 
laboratory energies up to 900 Mev. 

The real part of the forward coherent scattering 
amplitude can be computed from measured quantities 
by means of the relation 


Ref.(0°) = + {[do(0°)/d2).1— [do (0°) /d2 Jet 
—[Imf.(0°) }*}, 


“18 J, Orear, Phys. Rev. 96, 176 (1956). 
1 R. Sternheimer, Phys. Rev. 101, 384 (1956). 


(1) 
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where [do(0°)/dQ).1=the elastic cross section at 0°, 
and [da(0°)/d2].s=the spin-flip cross section at 0°. 
The imaginary part of the forward coherent scattering 
amplitude can be obtained from the total cross section, 
or, by means of the optical theorem, Imf.(0)=o7/42X. 
The spin-flip amplitude, at all energies, must have a 
Y,*'«sin@ angular dependence. It is therefore identi- 
cally zero at @=0°. The elastic cross section at 0°, for 
each energy interval, is given directly by A*7(A+B+C), 
where the shape coefficients A, B, and C are tabulated 
in Table II. The experimental values of Ref.(0°) ob- 
tained from (1), along with results from other experi- 
ments at lower energies,'~* are shown in Fig. 9. Com- 
parison with the theoretical curve shows that agree- 
ment is well within the accuracy of the measurements at 
all energies. Note that the experimental error shown in 
Fig. 9 for the 335-Mev data is much larger than the 
statistical error. The tangent fit procedure’ which 
places an additional constraint on the 335-Mev data is 
responsible for the large uncertainty. Experiment shows 
that at higher energies, [da (0°)/dQ),.>Im/,(0°). Then 
Ref.(0°) varies approximately as the square root of 
the forward elastic cross section and is thus not sensitive 
to small changes in the shape coefficients. Therefore the 
fit is equally good for either the s, p or the s, p, d 
analyses. 


V. INELASTIC EVENTS 


Inelastic events were identified by their failure to fit 
the elastic scattering kinematics. An event was classified 
by calculating the neutral mass, having determined the 
masses of the charged tracks from their momenta and 
ionizing power. 

No inelastic event was found which could not be 
interpreted as single pion production; i.e., either p+0 
or n++. Figure 2 shows the distribution of laboratory 
kinetic energy of the incoming pions for both elastic 
and inelastic events. Although the threshold for single 
pion production is 170 Mev, it is seen from Fig. 2 that 
the elastic to inelastic scattering ratio is zero up to 
300 Mev. In the energy interval 300-575 Mev, the 
ratio is 0.06+0.02 and increases to 0.42+0.18 in the 
energy interval 576-750 Mev. 

Of the total of 18 inelastic events found, seven were 
identified as p+0, seven as n++, one as either p+0 
or n+-++ ; the remaining three were unmeasurable. Only 
17 of these events are plotted in Fig. 2; the incoming 
momentum of the other event could not be determined. 

Several models of inelastic pion scattering have been 
proposed: (1) the Fermi statistical model,” in which 
the reaction products achieve statistical equilibrium 
after collision and the final states are therefore dis- 
tributed according to their statistical weights; (2) the 
isobar model,*! in which a (3,3) isobar is formed, which 
lives long enough to decay outside the range of nuclear 

*” E. Fermi, Phys. Rev. 92, 452 (1953). 


( 21S, Lindenbaum and R. Sternheimer, Phys. Rev. 105, 1874 
1957). 
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forces, thereby distributing the final states according to 
the probabilities for formation and decay of the isobar; 
(3) a model suggested by Kazes*” in which the inelastic 
production is calculated using the static, single-meson 
formalism of Chew and Low. 

Models (1), (2), and (3) predict charge state ratios 
p+0/n+-+ of 3, 13/2, and 3, respectively, to be com- 
pared with the experimental result of 7/7. 

Figure 10 shows the center-of-mass momenta of the 
nucleons from both p+0 and u+-+ events plotted 
against cos#y*, where @y* is the nucleon scattering 
angle in the center-of-mass system. Figure 11 is a 
similar plot for pions from both p+0 and n++ events. 
The nucleons exhibit a preference for 6vy*>90°. This 
suggests that single pion production might be due to 
an interaction of the incident pion with the virtual pion 
surrounding the nucleon, and consequent stripping of 
this pion from the nucleon, with littke momentum 
transfer to the nucleon.” For the sake of comparison, 
the phase-space momentum spectra of the statistical 
theory are also shown in Figs. 10 and 11. 


VI. SUMMARY 


Both s, p and s, p, d analyses have been carried out 
to obtain phase shifts for three energy intervals centered 
about 335, 420, and 525 Mev. The d-phase shifts, 
534 and 65, are small and do not seem to be required to 
fit the data. The Fermi and Yang solutions are ex- 
tremely close and statistics are insufficient to dis- 
tinguish between them by a continuity argument. The 
phase shifts 63; and 6; are consistent with Orear’s 
assignment of 6;,=0 and 6;=—0.11n. The energy de- 
pendence of 63; is in considerable disagreement with 
that predicted by Chew and Low. Since the Chew-Low 
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Fic. 10. The distribution of nucleon momenta versus scattering 
angle in the c.m. system. @ denotes protons from p+0 events. 
* denotes neutrons from »+-+- events. The dashed curve is the 
statistical-model momentum distribution. 


2. Kazes, Phys. Rev. 107, 1131 (1957). 
%F, Dyson, Phys. Rev. 99, 1037 (1955); A. Mitra, Phys. Rev. 
99, 957 (1955). 
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Fic. 11. The distribution of pion momenta versus center-of- 
mass scattering angle. © denotes 7° from p+0 events. + denotes 
x* from p+0 events. @ denotes x* from n+-+ events. The dashed 
curve is the statistical-model momentum distribution. 


plot includes recoil effects, the disagreement presumably 
indicates a breakdown of the one-meson approximation. 

The contribution of spin-flip scattering to the total 
cross section is small since 53;—433~ 180°. 

The real part of the forward coherent scattering 
amplitudes computed from the experimental forward 
elastic cross section is in good agreement with the 
Ref.(0°) calculated by Sternheimer from the dispersion 
relations. 

The ratio of inelastic to elastic scattering is effectively 
zero up to 300 Mev and rises to the order of 40% in 
the energy interval 575-750 Mev. 

The p+0/n+-+ charge state ratio is found to be 7/7. 
The result is consistent with the ratios predicted by 
the statistical model and the model proposed by Kazes. 
It is not consistent with the isobar model. However, on 
the basis of the limited statistics involved, no strong 
conclusions on this point should be drawn. There is 
poor agreement between the experimental pion mo- 
mentum distribution and the predicted spectrum of the 
statistical model. 

The nucleon inelastic scattering angular distribution 
is peaked in the backward direction. This preference 
for small momentum transfer to the nucleon suggests 
that pion production might be due to a process of 
stripping of the pion from the physical nucleon. 
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APPENDIX. DERIVATION OF THE PROBABILITY 
DISTRIBUTION OF THE M VALUE 


If one is given that the curve y(x) represents the 
value of a physical quantity y at x, e.g., y may be the 
differential cross section where x is the angle of scatter- 
ing, then the M value for an experiment having n 
datum points is defined as 


a /y(xi)—vi\? 
wo (CY 
i=1 Ci 


where x; is the value of x at the midpoint of the ith 
experimental interval, y; is the corresponding experi- 
mentally measured value of y at x;, and o; is the standard 
deviation of the measurement assumed to have a 
Gaussian distribution and to be independent of the 
measured value. We define a Cartesian hyperspace of n 
dimensions where a coordinate y,’ of this space is 
defined as y;/o;. Then 


M=> [y'(x)—yP=P, (3) 


where ¢ is the length of a vector in this hyperspace from 
the point (y’(x1), y’ (x2)---y'(%n)) to (91, yo! + yn’). 

We note that the simultaneous probability of ob- 
serving y; in dy, yo in dye, ---y, in dy, for given values 
of y'(x1)y' (x2), ---y¥' (xn) is given by 


+9 (an), Va Mn’ dyn’, dye’ ++ -dyy’ 
=c, exp(—r?/2)dy;'dyo'---dy,’, (4) 


p(y’ (x), 


where ¢; is a normalization constant. 

If we transform (4) to spherical hypercoordinates, 
and integrate out the angular variables, from (4) we 
can write H(r)dr, which is the probability that r lies 
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in dr, as 
H(r)dr=cyr"— exp(—r?/2)dr, (5) 


where the factor r"~! comes from the Jacobian of the 
volume element transformation, and c: is a new normal- 
ization constant. 

Since from (3), M=r?, (5) can be transformed so 
that G(M)dM, the probability that M lies in dM, is 
given by 

M(-/2 
G(M)dM = ——¢eM/2gM, (6) 
2"/20' (4/2) 


where I'(m/2) is the gamma function of argument »/2. 
” 
304 


255 








Fic. 12. The probability distribution G(.W) plotted as a function 
of the number of free parameters n. 


From (6), we compute the average value of M to be 
M=n, and also find that the variance is ((M—M)*),, 
=2n, and further that the most probable value of M 
is n—2. Figure 12 shows G(M) plotted as a function of 
a= 1, 2,3, 4, 5, 6, 17,.and 18. 
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(p,pn) Reactions at Proton Energies from 0.3 to 3.0 Bev*+ 


SAMUEL S. MarKowiTz{ AND F. S. RowLANpD,§ Departments of Chemistry, 
Princeton University, Princeton, New Jersey, and Brookhaven National Laboratory, U pton, New York 


AND 


G. FRIEDLANDER, Department of Chemistry, Brookhaven National Laboratory, Upton, New York 
(Received July 21, 1958) 


Cross sections for (p,pm) reactions on N™, FF, Fe¥, Ni58, Cu®, 
Cu®, Zn“, Mo™, and Ta!*! have been measured at proton energies 
of 0.4 and 3.0 Bev. For F¥, Cu®, Mo™, and Ta!* cross-section 
measurements at several other energies between 0.3 and 3.0 Bev 
are reported also. Within 30%, all these (p~,pm) cross sections 
appear to be energy-independent in this range. At a given energy 
the cross sections show greater variations from nucleus to nucleus 
than can be explained on a purely statistical picture of knock-on 
processes. Among the lightest nuclei (C, N“, O'*, Fe"), these 
variations can be correlated with the energy of the lowest lying 
level of the product nucleus which is stable with respect to particle 
emission. Among heavier nuclei this correlation disappears, and 
it is suggested that shell structure effects may be responsible for 
the fact that the (p,pm) cross sections of Cu®, Cu®, and Zn®™ are 
about 45% higher than those of Fe* and Ni®*. Apart from these 
individual variations which a statistical theory could not be 


expected to reproduce, it is found that the recent Monte Carlo 
calculations of intranuclear cascades by Metropolis et al. do not 
even predict the right magnitude and energy dependence for the 
cross sections. The calculated cross sections are too small by 
factors of 2 to 3 at 0.4 Bev and show a decrease with increasing 
energy. Possible reasons for these discrepancies are sought in 
details of the nuclear model used in the calculations. Various 
mechanisms which may contribute to (p,pm) reactions are 
discussed. It is concluded that deuteron emission cannot contribute 
significantly at the energies considered. Processes involving 
evaporation of one of the nucleons are likely to decrease in 
importance with increasing energy, whereas the contribution of 
meson reactions, such as (p,pmr°), (p,2pr7), etc., probably 
increases with energy. The observed energy independence of the 
cross sections may result from accidental cancellation of such 
opposing trends. 





INTRODUCTION 


REVIOUS studies of the interactions of high-energy 

protons with complex nuclei have shown! that 
the average energy transfers to the struck nuclei in 
such interactions increase markedly as the bombarding 
energy is increased from a few hundred to a few 
thousand Mev. It has been suggested?’ that this 
increase in energy deposition may result primarily 
from scattering collisions and reabsorption of pions 
created in the intranuclear cascade, and recent Monte 
Carlo calculations of intranuclear cascades‘ support 
this interpretation. In spite of this general increase in 
the energy deposition spectrum, the cross sections of 
certain simple reactions show surprisingly little energy 
dependence in this region.'*:** Among these reactions 


* This article is based upon a dissertation submitted by Samuel 
S. Markowitz in partial fulfillment of the requirements for the 
ish) of Doctor of Philosophy at Princeton University (January, 
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the (p,pm) reactions are of particular interest because 
their cross sections are relatively high (usually several 
percent of the total inelastic cross section of the target 
nucleus) and because they have been interpreted’: as 
proceeding largely by the direct knock-on ejection of a 
neutron, at least at incident energies of 300-400 Mev. 

It seemed worthwhile to investigate in more detail 
the energy dependence of (p,pm) cross sections above 
the pion production threshold to see what effect, if any, 
pion processes inside the nucleus have on these cross 
sections and whether the simple knock-on mechanism 
can still be used for their interpretation at these 
energies. 

Target nuclides for this study were initially chosen to 
represent a wide range of nuclear sizes and included 
N*, F, Cu®, Mo! and Ta!*!. In the course of the 
work it became of interest to investigate whether, at a 
given bombarding energy, the (f,pm) cross section 
varies smoothly with target mass number, as one might 
expect for a knock-on mechanism if shell or other 
nuclear structure effects can be neglected. Accordingly, 
the (p~,pm) cross sections of a number of nuclides in a 
narrow mass region were measured also; these target 
nuclides were Fe, Ni'*, Cu®, Cu®, and Zn®, and all 
these except for Cu® were used in the form of enriched 
isotopes." One of the chief criteria for the selection of 
targets was, of course, that the half-lives and decay 
properties of the product nuclides should be suitable. 
It should be noted that the measured Mo™ and 
Ta'* cross sections are not directly comparable with 


1 E. Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 

"The enriched isotopes were obtained from the Isotope 
Research and Production Division of the Oak Ridge National 
Laboratory. 
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the other data, because the former represents the sum 
of the (~,2p) and (p,pm) cross sections [the (p,2p) 
product, Nb®, decays with a 2.5-min half-life to Mo” ], 
and the latter is the cross section for the production 
of Ta!®™ (¢;,=8.1 hr) only; the yield of the stable or 
very long-lived Ta'*® ground state could not be 
measured. 


EXPERIMENTAL 
A. Target Irradiation 


Most of the irradiations were carried out in the 
circulating beam of the Brookhaven Cosmotron, with 
protons of energies between 0.4 and 3.0 Bev. A few 
bombardments were performed with 0.28- and 0.38-Bev 
protons at the Nevis synchrocyclotron at Columbia 
University. The targets, whose total thickness varied 
between 30 and 90 mg/cm*, were irradiated for periods 
of 5 to 60 minutes. In the Cosmotron, the targets were 
protected from low-energy protons by an aluminum 
block which was withdrawn near the end of the accelera- 
tion cycle, as previously described.? 

All cross sections were measured relative to the 
cross section for the Al?’(p,3pn)Na™ monitor reaction, 
which was taken to be 10.7+0.6 mb over the entire 
energy range covered in this paper. This value is 
based on the absolute measurements of the C”(p,pn)C" 
cross section between 0.34 and 3.0 Bev®-?- and the 
measured ratios of the C?(p,pn)C", and AP"(p,3pn)Na™ 
cross sections.*:* It is also consistent with the absolute 
determinations of the Al?’(p,3pn)Na™ cross section at 
energies up to 0.66 Bev.:*—"® The cross sections of 
these monitor reactions are discussed in detail in 
reference 8. 

The target foils and the 21-mg/cm? aluminum monitor 
foil where lined up in a target holder and always 
irradiated with the aluminum foil “upstream” with 
respect to the beam direction, i.e., the aluminum was 
struck first by the protons. A 3.4-mg/cm? foil of 
polyethylene was placed between the aluminum and 
target foils to serve as a “‘catcher” which would prevent 
contamination of either foil by recoil nuclei from the 
other. 

Recoil loss of (p,pn) products from the targets was 
checked by an experiment in which a stack of five 
2.7-mg/cm? “Teflon” foils was bombarded with 3.0-Bev 
protons. Comparison of the F'* activities induced by 
F(p,pn) reaction in the upstream, middle, and 
downstream foils showed that the recoil losses of F* 
were (3+1)% in the forward direction and <1% 
in the backward direction. Most of the targets were 


2 Crandall, Millburn, Pyle, and Birnbaum, Phys. Rev. 101, 
329 (1956). 

( 1% Rosenfeld, Swanson, and Warshaw, Phys. Rev. 103, 413 
1956). 

44 J. D. Prokoshkin and A. A. Tiapkin, J. Exptl. Theoret. Phys. 
U.S.S.R. 32, 177 (1957) [translation: Soviet Phys. JETP 5, 
148 (1957) ]. 

18 Hicks, Stevenson, and Nervik, Phys. Rev. 102, 1390 (1956). 

16 L. Marquez, Phys. Rev. 86, 405 (1952). 
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both thicker and of higher Z than these Teflon targets; 
errors from recoil loss have therefore been assumed to 
be negligible. 

The contribution of secondary particles to the 
observed yields of (p,pn) products and to the formation 
of Na*‘in the aluminum monitor foil was made negligible 
by use of targets so thin that the probability for 
escape of secondaries produced in the target was very 
large. Bombardments of copper in which the target 
thicknesses were varied by a factor of 2 gave cross 
sections for the formation of Cu™, which were equal 
within experimental error; this observation indicated 
that contribution of secondaries to Cu™ production 
was negligible. More careful measurements® of the 
secondary contribution to C" formation in thick plastic 
targets corroborate this conclusion. 

Table I summarizes the composition of the targets 
used in the irradiations. All of the target materials 
were of sufficiently high purity that only negligible 
quantities of the observed (p,pn) products could have 
been formed by reactions with other elements present. 
The enriched isotopes were electroplated onto 0,0005- 
inch gold foil by standard procedures.'-" Gold was 
used because it is insoluble in the acids used to dissolve 
the electroplated elements. Radioactivities induced in 
the gold were thus not added to the solution. Considera- 
tions of the formation cross sections and ranges of 
possible reaction products from gold showed that they 
could not contribute measurably to the observed 
(p,pn) formation cross sections, particularly since in 
the bombardments the target material was always 
oriented upstream from the gold. 


B. Chemical Purifications 


After completion of each irradiation and with the 
targets still fixed in the target holder, equal areas of 
target and monitor foils were removed by use of a 
metal punch. The aluminum monitor was mounted for 
activity measurements, and the target material was, in 


TABLE I, Target composition. 








Target thickness 
(mg/cm*) 


Chemical state of 
target material 


Be;N2 powder” 40 

(CF 2), foil y te 
Fe (plated on Au) 3-4 
Ni (plated on Au) 

Cu (plated on Au) 

Cu metal foil 

Zn (plated on Au) 

Mo metal foil 

Ta metal foil 


Target isotope 
and abundance* 


N* (nat.) 
F® (nat.) 
Fe (96.7%) 
Ni®* (98.4%) 
Cu® (99.1%) 
Cu® (nat.) 
Zn™ (93.1%) 
Mo™ (nat.) 
Ta! (nat.) 








* (nat.) indicates targets of natural isotopic composition. 
bIn BesN2 bombardments a 7-mg/cm?* aluminum envelope was used 
both as container and beam monitor. 


17R, W. Dunn, University of California Radiation Laboratory 
Report UCRL-932, 1950 (unpublished). 

18 F, Exner, J. Am. Chem. Soc. 25, 896 (1903). 

J. Kleinberg (editor), Atomic Energy Commission Report 
LA-1566, 1954 (unpublished). 
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general, subjected to appropriate chemical purifications 
to insure good decontamination from other radioactive 
elements. Previously described procedures'’**! were 
usually used, but modified in some cases to facilitate 
rapid isolation of products with short half-lives. The 
following paragraphs give a brief outline of the chemical 
steps employed. 


1. Nitrogen and fluorine-—No chemical purification 
was necessary because the activities of the (p,pm) 
products could be differentiated from other activities 
produced on the basis of half-life alone. 

2. Iron.—Electroplated iron was dissolved away from 
the gold backing with HC! and purification was done 
by solvent extraction with isopropyl ether from 8M 
HCl, washing of the ether layer with 8M HCl, back- 
extraction into H,O and precipitation of Fe2O0;-«H,O 
with NH,OH. 

3. Nickel.—Nickel dimethylglyoxime was _precip- 
itated from a nitric acid solution of the electroplated 
nickel, after the addition of cobalt “holdback”’ carrier, 
sodium citrate, and enough NH,OH to make the 
solution basic. It was recycled through HC! solution, 
and reprecipitation of nickel dimethylglyoxime, which 
was then dissolved in HNO . After evaporation to 
dryness the NiO residue was redissolved in HCl, and 
NiS was precipitated and mounted. 

4. Copper——The copper foils of natural isotopic 
composition were dissolved in HCI plus a few drops of 
30% H,20»; electroplated enriched copper was dissolved 
away from the gold backing with HNO;. Copper 
sulfide was precipitated and redissolved. After a 
scavening precipitation of Fe(OH);, the solution was 
acidified, CuCNS was precipitated, redissolved, and 
metallic Cu was precipitated by the addition of NH,OH 
and heating with sodium hydrosulfite. The CNS- 
step was eliminated when 10-min Cu® was being 
measured. 

5. Zinc.—Zinc was dissolved away from the gold 
backing with HCl, the solution adjusted to 2-3M in 
HCI and passed through a Dowex-A2 anion exchange 
column. The adsorbed zinc was eluted with NH,OH 
and precipitated from hot neutral solution as ZnNH4PO, 
-H,O for mounting. 

6. Molybdenum.—The Mo was dissolved in H.SO, 
—HNO;, heated to form molybdic acid, redissolved 
with NH,OH, and acidified to 6M*with HCl. Any 
reduced states were oxidized with bromine water, 
Fe* carrier was added, and two ethy] ether extractions 
were performed. The combined organic layers were 
washed with 6M HCl, and evaporated over H:0 to 
remove the ether. The solution was freed of iron by 
precipitation of Fe,O3-xH,O with NH,OH, made 0.5 
in HCl, and saturated with oxalic acid. Molybdenum 


*M. Lindner, University of California Radiation Laboratory 
Report UCRL-4377, 1954 (unpublished). 

*1W. W. Meinke, U. S. Atomic Energy Commission Report 
AECD-3084, 1951 (unpublished). 
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alpha benzoin oxime was then precipitated, dissolved 
in HNO;+HCIO,, and heated to fuming. MoO;-«H,O 
was precipitated with ice-cold red fuming nitric acid. 
Alternatively, the HNO;—HCIO, solution was made 
ammonical for the precipitation of Fe,O;-xH.O (a 
scavenging step), and PbMo0O, precipitated from the 
acidified filtrate. Although both procedures gave 
radiochemically pure 67-hr Mo”, more consistent 
chemical yields and smaller self-absorption corrections 
were obtained for MoO ;-xH,0. 

7. Tantalum.—The tantalum foils were dissolved in 
HF plus HNOs, cerium carrier was added, precipitating 
cerium fluoride. Zirconium and tungsten carriers were 
added, and BaZrF, was precipitated with a saturated 
solution of barium nitrate. Concentrated H,SO, was 
used to precipitate excess barium, and the tantalum 
was then extracted from 18V H,SO,—0.5N HF 
solution with di-isopropyl ketone.” The ketone layer 
was washed with 18N H.SO,-2N HF solution, and the 
Ta back-extracted with dilute boric acid solution. 
After addition of tungsten holdback carrier, tantalum 
hydroxide was precipitated with NH,OH, and converted 
to tantalic acid with ice-cold red fuming nitric acid. 
This was ignited to Ta2O;, ground under acetone, and 
mounted. 


C. Radioactivity Measurements 


The aluminum monitors as well as the samples 
resulting from the chemical separations (or, in the 
cases of Be;N2 and “Teflon” targets, the unprocessed 
target materials) were mounted on 0.03-inch thick 
aluminum cards and covered with rubber hydrochloride 
films 1.2 mg/cm? thick. Radioactivity measurements 
were then carried out with end-window gas-flow beta 
proportional counters. The counting gas was a mixture 
of 90% argon and 10% methane. The counting effi- 
ciencies for the various nuclides were determined by 
methods described below. 

The decay of the various radioactive nuclides was 
followed for many half-lives, and then the samples 
were dissolved and the chemical yields determined by 
standard spectrophotometric or polarographic tech- 
niques. By decay-curve analysis and application of 
corrections for length of bombardment, chemical 
yield, and counting efficiency, the disintegration rate 
of each radioactive species for an infinitely long 
bombardment could be determined. These saturation 
disintegration rates were converted to reaction cross 
sections by means of the proton beam intensity obtained 
from the yield of Na*™ in the aluminum monitor foil. 

Since, in the present work, one of the aims was to 
compare cross sections for the formation of different 
nuclides, the detection efficiencies for the various (p,pm) 
products studied were determined with considerable 


#P. C. Stevenson and H. G. Hicks, Anal. Chem. 25, 1517 
(1953). 
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Fic. 1. Over-all detection coefficient on end-window proportional 
counter, as a function of sample thickness, for Cu“, Zn, Mo, 
and Ta!®", The samples were in the forms of copper metal, 
ZnNH,4PO,-H,0, MoO;, and Ta2Os, respectively. The crosses 
represent the absolute measurements. All other points are meas- 
ured relative to these. In the case of Zn®™, the open circles, full 
circles, and squares represent three different sets of relative 
measurements. The Ta'®™ samples were all measured through 
43 mg/cm? of aluminum, and the over-all detection coefficient 
plotted here is for those radiations which are transmitted through 
43 mg/cm? of Al, but not through 400 mg/cm? of Al. 


care. All of these products are 8+ or B~ emitters, and 
their decay properties” are listed in Table IT. 

The measured samples had varying thicknesses in 
the range from 2 to 20 mg/cm’, although for a given 
product all samples were of similar thickness. Self- 
absorption and self-scattering effects were determined 
in separate experiments with cyclotron- or reactor- 
produced samples of Cu“, Zn®, Mo”, and Ta'®™, A 
series of samples of constant specific activity, but of 
different weights per unit area were prepared with 
each of these nuclides, and these were mounted and 
measured in the same manner as the samples resulting 
from the (p,pn) experiments. The self-absorption curves 
so obtained are shown in Fig. 1. It should be noted 
that it was not necessary to extrapolate these curves 
to zero samples thickness, but only to span the range 
of thicknesses used in the cross-section experiments. 
The over-all detection coefficient, defined as (counts 
per minute observed)/(disintegrations per minute), 
was then determined for each nuclide with a sample of 
a particular thickness by the methods described below. 
Since the shapes of the self-absorption curves of 
Cu* (8+ 0.66 Mev, 8 0.57 Mev) and Zn® (8+ 2.23 Mev) 
are not grossly different, and since the detection 
coefficient determinations were done on samples of 
thicknesses similar to those of the (~,pm) products, the 
self-absorption corrections for N“, Cu®, and Fe** were 
taken to be the same as for Zn®™, those for Ni>” the same 
as for Cu™. For a given nuclide, the thicknesses of the 
various samples used in the cross section-measurements 
were sufficiently similar to each other that the detection 
coefficient for any sample never differed by more than 


% Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 
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11% from (and was usually much closer to) that of the 
standard sample. Thus the error introduced by errors 
in the self-absorption corrections made is certainly no 
more than a few percent. The F'* samples required no 
self-absorption correction because they were all of 
the thickness used in the absolute detection coefficient 
measurement. 

The over-all detection coefficients of the 8* emitters 
F8, Nid?7, Cu®, Cu, and Zn® in the end-window 
counters were determined by annihilation radiation 
measurements. A sample of each of these nuclides, 
prepared by suitable cyclotron or reactor activation 
and radiochemically purified, was sandwiched between 
two copper sheets thick enough to absorb all the 
positrons, and the annihilation radiation emitted was 
measured with a Nal scintillation counter connected 
to a 100-channel pulse height analyzer. By comparison 
with a calibrated Na” standard measured in the same 
manner, the positron decay rate of the sample was 
determined. This, together with the $+ branching 
ratio (see Table II), gives the total disintegration rate 
of the sample. The same sample was also measured 
with an end-window proportional counter, in exactly 
the same arrangement used in the (p,pm) experiments; 
the over-all detection coefficient for this arrangement 
was thus determined, without any need for separate 
measurements of back-scattering, air absorption, and 
window absorption effects. 

The Na” standard sample used was prepared from a 
solution whose positron emission rate had been cali- 
brated by the National Bureau of Standards. The 
disintegration rate of this sample was determined by 
Bt-(1.28 Mev y)** and (0.51 Mev y)-(1.28 Mev y) 
coincidence measurements also, and the results agreed 
within 1% with the NBS calibration, when the 10% 
electron capture branch of Na” was taken into 
account. To check whether the scintillation spectrometer 


TABLE II. Decay properties of the observed (p,pm) products. 








qT} 
% Decay 
6+ EC @ 


N 10.1 min (10 min) 100 
Fis 112 min 112 +1 min 97 
Fes 9.3+0.4 min 98 
Ni*? 35.9 +-0.4 hr 50 
Cu® (10 min) 98 
Cu 12.8 +0.1 hr 19 
Zn® 38.6+0.8 min 

Mo” 6 r 67.0+0.5 hr 

Tai 8.2 hr 8.30.2 hr 


from 
Product Strominger 


nuclide et al.* observed> 











* See reference 23. 

b The half-lives listed in parentheses in this column are assigned values 
used in the analysis of the decay curves. The errors given are the standard 
deviations of the means of the half-life determinations from the various 
bombardments. The number of observations varied between four for Fe 
and twenty for Cu” and Mo, 

¢ The electron capture branching ratios of Fe and Cu® are theoretical 
estimates taken from Nuclear Level Schemes, A =40-A =92, complied by 
Way, King, McGinnis, and van Lieshout, Atomic Energy Commission 
Oh TID-5300 (U. S. Government Printing Office, Washington, D. C., 
1955). 


% The results of the 8*—~y measurements were kindly made 
available by Dr. M. L. Perlman and Dr. J. B. Cumming. 
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detection efficiency varied with the maximum ft energy 
because of differences in the annihilation volume in the 
copper absorber, the Zn™/Na” ratios were measured in 
several different geometries. No significant differences 
were found and it was thus concluded that, at the 
source-to-crystal distances used, the solid angle sub- 
tended by the crystal with respect to the annihilation 
volume was essentially independent of 6* energy. 

The positron detection efficiencies for N™ and Fe* 
were not directly determined. That of Fe®* (Fmax=2.5 
Mev) was taken to be the same as that of Zn™ (Emax 
= 2.36 Mev), that of N™ (Amax=1.2 Mev) the same as 
that of Cu® (Emax=1.2 Mev) which, because of its 
longer half-life, was more convenient than N"® for this 
efficiency determination. 

The absolute disintegration rate of a Mo” sample 
prepared by the Mo**(,y) reaction was determined by 
three different methods and the activity of the same 
sample was measured on the end-window counter, thus 
giving the over-all detection coefficient in that counter. 
One method consisted in a measurement of the 140-kev 
gamma ray of the Tc” daughter in equilibrium with 
Mo” by means of a well-type 4-7 scintillation counter 
connected to a single-channel pulse-height analyzer. 
According to the published decay schemes* of Mo” 
and Tc®™, 89% of the Mo” disintegrations are accom- 
panied by emission of 140-kev quanta (not coincident 
with other y rays); the detection efficiency of the 4-r 
scintillation counter for 140-kev quanta was 97%. 
In a separate measurement with the same scintillation 
counter, but without pulse height analysis, the total 
gamma-ray rate of the sample was measured; the total 
disintegration rate was computed by division of this 
rate by 1.03—the number of noncoincident gamma 
quanta per Mo” decay.” In a third determination, the 
activity of a 50-ug aliquot of the sample was measured 
in a 4-3 beta counter. The three measurements agreed 
with each other within a 5% spread. 

A Ta'®™ sample for calibration measurements was 
prepared by Ta!*'(n,2m) reaction; its disintegration 
rate was determined by 4m scintillation counting of 
the K x-rays emitted following its decay. From the 
published decay scheme,” the L/K capture ratio,®® and 
the fluorescence yield”* it was concluded that 68% of 
the Ta'*°™ decays are accompanied by K x-ray emission. 
The detection efficiency of the 4-7 scintillation counter 
for 56-kev x-rays was taken as 94%, the losses being 
due to absorption in the covering of the crystal. 

An additional complication in the end-window 
counter measurements of Ta'®™ produced by high- 
energy (p,pm) reaction was the presence of 8.0-hr Ta!”® 
in the same samples, formed via a (p,p5m) reaction. 
This isotope decays by electron capture, with the 
emission of x-rays, conversion electrons (up to ~0.2 
Mev) and y rays, whereas 21% of Ta'®™ decays 


25M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
*6 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
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TABLE III. Isotopic cross sections for (p,pn) reactions 
at high energies (millibarns). 


t Proton energy (Bev) 
e 0.28 0.38 0.4 0.6 0.8 1.0 1.2 1.3 1.4 1.6 1.9 2.2 2.6 2.9 


Targe 





5.6 
6.6 


25 21 23 24 24 27 


23 


Cus 


Cus 


Zn 
Mo! 65 67 71 


Taiaib 62 36 25 
53 33 


* Includes contribution from Mo'™(p,2) reaction. — 
b Does not include cross section for production of Ta!® ground state. 


proceed by $8 emission (Emax=0.71, 0.61 Mev). 
Discrimination against Ta!’® was thus achieved by 
use of a 43-mg/cm? aluminum absorber to cut out the 
conversion electrons and reduce the L x-ray contribu- 
tion. The small fraction (~4%) of the counts in the 
end-window counter due to K x-rays and y rays was 
deicrmined for each (p,pn)-produced sample by 
absorption of the 8- component in ~400 mg/cm? of 
aluminum. The measurement of the over-all detection 
coefficient with the Ta'*°™ calibration sample was, of 
course, also carried out under the 43-mg/cm? absorber. 


RESULTS 


The individual (p,pm) cross sections are shown in 
Table III, and the excitation functions for F¥, Cu®, 
Mo™, and Ta'*! are given graphically in Figs. 2 and 3. 
The root-mean-squares errors resulting from uncertain- 
ties in counting efficiencies, chemical yields, decay 
curve resolutions, and branching ratios are estimated to 
be +10% except in the cases of N™ and Ta'®, where 
they are thought to be +20% and +25%, respectively. 
These errors do not include the uncertainty of +6% in 
the 10.7-mb cross section® for the Al’"(p,3pn)Na™4 
reaction, an uncertainty which of course does not 
affect comparisons of cross sections at any given energy. 

From the shapes of the excitation functions it can 
be seen that there is little change in the (p,pm) cross 
sections in the range 0.3 to 3.0 Bev. The cross sections 
for the (p,pn) reactions on F® and Cu® (Fig. 2) and 
also on C” (from references 3, 8, 9, 12-14) decrease 
slightly from 0.3 to f Bev and then remain fairly 
constant from 1 to 3 Bev. The cross sections for N“, 
Fe, Ni®’, Cu®, and Zn®™ are nearly the same at 0.4 Bev 
as at 3.0 Bev, the only energies for which they have 
been measured in the present study. The shapes of the 
excitation functions for production of Mo” and Ta!®™ 
are similar to those for the (p,pm) reactions on C®, F”, 
and Cu®, although, as mentioned in the Introduction, 
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Fic. 2. Excitation functions for the reactions F'(p,pn)F'* 
and Cu®(p,pn)Cu*. © This paper—Cosmotron data. @ This 
paper—Nevis cyclotron data. A. Marquez, reference 16. (] C. H. 
Coleman and H. A. Tewes, Phys. Rev. 99, 288 (1955). v Vino- 
gradov et al., Proceedings of the Conference of the Academy of 
Sciences of the U.S.S.R. on the Peaceful Uses of Atomic Energy, 
Moscow, July 1-5, 1955 (Akademiia Nauk, S.S.S.R., Moscow, 
1955), session of Division of Chemical Sciences, p. 132 [English 
translation by Consultants Bureau, New York: U. S. Atomic 
Energy Commission Report Tr-2435 (1956), Part 2, p. 85]. 
x Batzel, Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 


the Mo” yield includes the ,2 reaction on Mo™ and 
the Ta'®™ yield represents only part of the Ta'®'(p,pn) 
cross section. The cross sections for (~,pm) reactions 
reported here thus are nearly energy-independent in 
the Bev region over a wide range of nuclear sizes. 
Caretto and Friedlander,’ however, have measured a 
decrease of a factor of about 2.8 in the Ce™(p,pn)Ce™ 
cross section from 0.4 Bev (86 mb) to 1.0 Bev (31 mb), 
followed by a nearly constant value from 1 to 3 Bev. 
Burcham, Symonds, and Young?’ reported a dip of 

















E, (in Bev) 


Fic. 3. Excitation functions for the reactions [Mo™(p,pn)Mo™ 
plus Mo™(,26)Mo”] and Ta!*!(p,pn)Ta'®™™. The open circles 
and triangles represent Cosmotron data, the full circles and 
triangles are data obtained with the Nevis cyclotron. The crosses 
are measurements in which Mo was in the form of PbMoO,, 
rather than MoO3. 

27 Burcham, Symonds, and Young, Proc. Phys. Soc. (London) 
A68, 1001 (1955). 
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about 30% in the C"(p,pn) cross section near 650 Mev, 
followed by a maximum near 800 Mev. Symonds, 
Warren, and Young’ report a peak at about 750 Mev 
in the F'°(p,pn) cross section, which is not found in 
the present work, perhaps because our bombarding 
energies were not closely enough spaced. The same 
authors quote values of 9 to 12 mb for the N“(p,pn) 
cross section between 0.4 and 1.0 Bev, considerably 
higher than the 6+1 mb value at 0.4 Bev found here. 


DISCUSSION 


There are three general conclusions that can be 
drawn from these experiments relative to (p,pm) 
reactions at high energies: 


(1) All (p,pm) cross sections measured are essentially 
constant in the energy region 1.0 to 3.0 Bev, and 
most do not decrease very much from 0.3-—1.0 Bev. 

(2) Cross sections for light nuclides differ consider- 
ably from one another in the Bev energy region. In 
addition to the 51 mb value for N“ and the 25+3 mb 
value for F® reported here over the entire energy range, 
(p,pm) cross sections have also been published for 
C” (2641 mb at 2 to 3 Bev),® and for O'® (37 mb at 
1.0 Bev). 

(3) The cross sections in the narrow mass region 
54<A<65 appear to fall into two groups, those for 
Cu®, Cu®, and Zn™ being about 45% higher than those 
for Fe and Ni**. 


Possible Mechanisms 


The radiochemically observed products of “(p,pn)” 
reactions could be formed by a variety of processes. 


(a) A pure knock-on process for a (p,pn) reaction 
involves the collision of the incident proton with a 
neutron, followed by the escape of both collision 
partners without additional interactions. Further, the 
neutron must not be bound so tightly that its removal 
leaves the nucleus sufficiently excited to evaporate an 
additional nucleon. 

(b) Alternatively, the incident proton may make an 
elastic collision with a nucleon in such a way that one 
collision partner leaves with almost the full amount of 
kinetic energy available. The other partner distributes 
its energy in the nucleus in subsequent collisions, and 
eventually one additional nucleon evaporates. For this 
type of process (knock-on followed by evaporation) to 
be probable, the initial collision has to deposit about 
10 to 20 Mev in the nucleus. 

(c) At energies above the pion production threshold, 
additional mechanisms become possible, such as the 
reactions (p,2px-), (p,pnx), (p,pnrta—), etc. with all 
partners escaping. Again, all the escaping particles may 
originate in the initial collision, or one of the nucleons 
could be evaporated, following the deposition of a small 
amount of excitation. 

(d) The emission of a deuteron, rather than a proton 





(p,pn) 


and a neutron, would lead to the same product. (,d) 
reactions proceeding by a pickup process are well 
known at lower energies. 


It is most unlikely that the last process can contribute 
significantly in the energy region of interest. The 
direct (p,d) pickup reaction falls off very rapidly with 
increasing energy, probably** as E~®, and has been 
shown” to be unimportant even at 300 Mev. Deuterons 
emitted from nuclei bombarded with 300-Mev nucleons 
were found™® to have angular distributions consistent 
with an indirect pickup process® in which an initial 
scattering collision is followed by a pickup reaction for 
one of the collision partners. The wide-angle scattering 
events which account for the bulk of the observed 
deuterons must be accompanied by the emission of at 
least one additional nucleon and thus do not lead to 
“(p,pn)” products. 


Comparison with Monte Carlo Cascade Calculations 


Attempts to date to compute cross sections for high- 
energy nuclear reactions have generally considered the 
nucleus as a degenerate Fermi gas. The approach 
has been to apply Monte Carlo methods to follow the 
course of the intranuclear cascade that develops as 
the result of an initial nucleon-nucleon collision. Recent 
calculations of this type by Metropolis et al.‘> predict 
quite well the over-all yield distribution of spallation 
products of copper produced at several proton energies 
and give generally satisfactory agreement with the 
observed number distributions, energy spectra, and 
angular distributions of emitted particles found in 
various experiments with incident protons and pions. 

Comparison of these calculations with the present 
experimental data indicates poor agreement with 
respect to both the magnitude and energy dependence 
of the (p,pm) cross sections. 

For this comparison, any cascade product of the 
type Z4—' with excitation energy less than 10 Mev was 
considered a ‘“(p,pn)” product from target Z4. In 
addition, cascade products Z4 and (Z+1)4 with 
excitation energy between 10 and 22 Mev were con- 
sidered as potential contributors to the “(p,pn)” 
products by evaporation of a neutron or proton, 
respectively, Neutrons and protons were assigned equal 
probability for evaporation. Since the number of 
evaporation events was always smaller than the direct 
cascade events, more accurate relative probabilities for 
neutron and proton evaporation would have little 
effect on the total of “(p,pn)” events. Similarly, 
different excitation energy cutoff values (e.g., 8 and 
20 Mev) do not affect this comparison significantly. 
On the basis of this analysis, the calculations of 
Metropolis e¢ al. lead to the (p,pm) cross sections shown 


*8 J. Heidman, Phys. Rev. 80, 171 (1950). 
*® W. Hess and B. Moyer, Phys. Rev. 101, 337 (1956). 
* B. H. Bransden, Proc. Phys. Soc. (London) A65, 738 (1952). 
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TABLE IV. (p,pm) Cross sections (in mb) predicted by the 
Monte Carlo calculations of Metropolis e¢ al.* 


Proton energy 
690 Mev 940 Mev 


Target 1840 Mev 


cc aa 
Cu 
Rum 
Cel” 
Bi 
[238 


460 Mev 
20+3 
24+5 
26+6 
19+6 
18+6 
29+8 











* Each error quoted in this table is based on the square root of the 
number N of observed cascades interpreted as (p,p”) events. This procedure 
was followed for the sake of simplicity although arguments can be given for 
using, in the case of a small number of events, the square root of N +1. 
The conclusions would not be significantly changed if the latter practice 
were followed. 


in Table IV. Although the statistical accuracy of these 
data is poor, it is sufficient to show that the calculated 
cross sections are substantially lower than the observed 
values in the same mass region, and that the calculations 
predict a decrease in (p,pm) cross sections with increas- 
ing bombarding energy, a prediction which is not in 
accord with the present observations. 

It has been suggested**-? that the underestimate of 
the (p,pn) cross section by the Monte Carlo calculation 
results from the assumption of a constant nuclear 
density up to a sharp boundary. The (,pm) reactions 
largely result from single nucleon-nucleon encounters 
with the escape of both collision partners, and such 
events are most probable near the nuclear surface. 
Therefore, a more realistic nuclear model with a diffuse 
edge might be expected to lead to higher predicted 
(p,pn) cross sections. It is not clear, however, that such 
a modification of the model would raise the predicted 
values sufficiently, nor that it would remove the energy 
dependence of the cross sections in the present 
calculations. 

On the basis of the present model or the modification 
suggested above, an energy-independent cross section 
is likely to arise only through some compensation of 
effects. The calculations of Metropolis eé al. indicate 
that knock-on followed by evaporation (mechanism 0) 
contributes about one tenth to one third of the cal- 
culated cross section at 0.46 Bev, but has essentially 
disappeared at 1.84 Bev. On the other hand, “(p,pn)” 
reactions involving pions (mechanism c) are negligible 
at 0.46 Bev, but contribute about half the calculated 
events at 1.84 Bev. Again, the computed contributions 
of these various mechanisms would change with the 
introduction of a diffuse nuclear boundary, but the 
trends with energy should remain qualitatively the 
same. 


Variation of (p,pn) Cross Sections with A 


A model based on a degenerate Fermi gas of nucleons 
should lead to a smooth variation of cross section with 
the size of the target nucleus. The observed cross 
sections show a greater fluctuation for different nuclides 
than such a model can predict. 
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TaBLE V. Correlation of light-element (~,pm) cross section at 
0.4 Bev with separation energy of most loosely bound particle. 








Cross section 
of (p,pn) 
reaction 
(in mb) at 
0.4 Bev 


Lowest 
separation 
energy in (p,pn) 
Target product* 
nuclide (Mev) 


a 1.95 
fF» 4.41 
or 7.35 
Cc 7.55 


Separation reaction 


Ne» CO+- 6 
Ft — N“+- Het 25 
04 — N¥+H1 31> 
Ci! — Be'+-Het 33¢ 











* Obtained from the mass data of A. H. Wapstra, Physica 21, 367 (1955). 
> From reference 9. 
¢ Interpolated from references 12 and 13; see also references 8 and 9. 


Among the observed (p,pm) cross sections, that for 
N* is strikingly low. Cross sections for the production 
of N® have previously been found to be abnormally low 
in high-energy proton bombardments of aluminum,®*! 
fluorine,’ and oxygen.’ Following a suggestion by 
D. H. Wilkinson, these low values have been 
ascribed® to the fact that all of the excited states of N™ 
are unstable with respect to proton emission. The 
observed cross section for the N“(p,pn)N™ reaction 
must then correspond to the formation of N® in its 
ground state. 

In view of the N™ results it seemed of interest to 
examine any possible correlation between the other 
(p,pm) cross sections and the separation energies of 
the most loosely bound particles (protons, neutrons, or 
alpha particles) in the product nuclei. Among the light 
elements there appears to be such a correlation, as 
shown in Table V, whereas there is no correlation 
between cross section and mass number. The same 
observation has recently been made by Symonds et al.® 

For the (p,pm) reactions investigated in the region 
54<¢ A<65, there is no simple correlation between 
cross sections and separation energies of nucleons and 
alpha particles in the (~,pm) products such as seems to 
exist among the light elements. In fact, the minimum 
separation energies for Fe* and Ni*’ are higher than 
for Cu”, Cu®, and Zn® whereas the (p,m) cross sections 
for Fe and Ni®* are the lowest measured in this region. 
There also is no apparent relation between neutron 
binding energy in the target nucleus and (p,pm) cross 
section, and this is hardly surprising for a high-energy 
process. The five nuclides investigated in this mass 
region all have even numbers of neutrons, so that one 
cannot learn anything from the present data about the 
relative ease of removing a paired or an unpaired 
neutron. 

The only promising approach to finding some corre- 
lation between the (p,pm) cross sections and some other 
nuclear properties appears to lie in the direction of 


31 Chackett, Chackett, Reasbeck, Symonds, and Warren, 
Proc. Phys. Soc. (London) A69, 43 (1956). 
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shell structure effects. Both Fe and Ni®® are magic 
number nuclei (with 28 neutrons and 28 protons, 
respectively) and as such may have abnormally small 
nuclear radii. Such a radius shrinkage (of 1 to 9%) 
has been suggested on the basis of alpha-decay data by 
Perlman, Ghiorso, and Seaborg® at the magic numbers 
82 and 126. Such a purely geometric effect, however, is 
almost certainly not large enough to explain the 
magnitude (~45%) of the observed depression of the 
(p,pn) cross section at Fe and Ni®®, 

More subtle shell structure effects on (p,pm) cross 
sections may be expected if neutrons in different angular 
momentum states have different radial distributions, 
those with higher angular momenta having relatively 
greater probabilities of being near the nuclear surface. 
Perhaps the fact that Cu®, Cu®, and Zn™ have (p,pn) 
cross sections of 65 to 70 mb has something to do 
with the fy neutrons present in all these nuclei, whereas 
Ni®* (with a cross section of 40-45 mb) presumably 
has its most loosely bound neutrons in pj, levels. The 
possibility of a more quantitative correlation between 
the magnitude of the (,pm) cross section and nuclear 
level structure has been pointed out by Grover.® 
He considers as available for (p,pm) reactions only 
those neutrons which are in levels sufficiently high so 
that removal of a neutron does not leave enough 
excitation energy in the nucleus for evaporation of an 
additional particle; on this basis he can account for 
the relative magnitudes of all (p,pm) cross sections 
above 0.4 Bev measured to date. Similar considerations 
have been given by Benioff. 
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In a scintillation-counter experiment the interaction of antiprotons with protons in the energy region 
133 to 333 Mev has been studied. Antiprotons, produced internally in the Bevatron, channeled externally 
by a system of magnetic quadrupoles and bending magnets, and identified by time of flight, entered a target 
containing liquid hydrogen. This target was completely surrounded by a system of scintillation counters 
which detected both scattered antiprotons and annihilation secondaries. An electrostatic-magnetic velocity 
spectrometer was used in the external magnetic channel to increase the ratio of antiprotons to pions. The 
p—p total, elastic, inelastic, and charge-exchange cross sections, and the angular distribution of elastic 
scattering were measured at each energy. The inelastic cross section is approximately one-half the total 
cross section at these energies. The results are discussed in connection with current theories. 


INTRODUCTION 


CCURATE measurements of antiproton-proton 
cross sections are of considerable importance in 
the development of a theory of nuclear forces. Diffi- 
culties encountered in obtaining antiproton beams of 
high intensity and purity have limited the scope of 
experiments with these particles. In previous experi- 
ments the total p-p cross section has been measured 
for energies in the range 190 to 700 Mev,! the inelastic 
scattering cross section has been measured at 450 Mev,? 
and the elastic scattering has been measured at lower 
energies.’ 4 
The purpose of the experiment presented here was to 
measure simultaneously and with improved precision 
the p-p total, elastic, inelastic, and charge-exchange 
cross sections as a function of energy. An intermediate- 
energy region was selected for study because of current 
theoretical interest. Because the yield of antiprotons is 
low at low energies, the hydrogen target was made as 
thick as possible consistent with the requirement that 
the antiprotons scattered at large angles have sufficient 
energy to escape the target. With the single experi- 
mental arrangement used, the maximum energy was 
determined by the strength of the magnets in the beam 
channel. 
ANTIPROTON BEAM 


The antiproton beam developed for this experiment 
was similar to that used in earlier counter experiments,! 
but had the following important additional advantages. 


1. Use of a larger-aperture quadrupole system, to- 
gether with the increase of Bevatron beam intensity 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t+ Commonwealth Fellow. On leave of absence from Atomic 
Energy Research Establishment, Harwell, England. 

1 Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 107, 248 
(1957). 

2 Chamberlain, Keller, Mermod, Segré, Steiner, and Ypsilantis, 
Phys. Rev. 108, 1553 (1957). 

§ Agnew, Elioff, Fowler, Gilly, Lander, Oswald, Powell, Segré, 
Steiner, White, Wiegand, and Ypsilantis, UCRL-8231, March, 
1958 (unpublished). 

4 Goldhaber, Kalogeropoulos, and Silberberg, Phys. Rev. 110, 
1474 (1958). 


during the past 18 months, gave nearly an order-of- 
magnitude increase in the flux of the external negative 
beam containing the antiprotons. 

2. An electrostatic-magnetic velocity spectrometer 
reduced the background of fast particles in the beam 
without reducing the antiproton intensity. 

3. The provision of several internal targets made it 
unnecessary to relocate the external magnetic system 
for each momentum. 

4. The normal shift in channel momentum as the 
Bevatron field increased during the 50-msec beam pulse 
was offset by a pulsed correcting magnet. 

5. To avoid loss of particles near the edges of the 
momentum interval, the momentum dispersion effected 
by the Bevatron field was subsequently canceled by a 
large bending magnet. 


Figure 1 shows the over-all arrangement of the anti- 
proton channel. Separate internal targets were used for 
each of the four momenta; only one is shown in the 
figure. Targets were of beryllium measuring } by 3 inch 
by 6 inches long. Each target was so located that nega- 
tive particles of the desired momentum were selected 
in the forward direction; in this way the antiproton 
yield was at a maximum and the apparent source size 
was a minimum. After a steering correction was applied 
with deflecting magnet C,, an 8-in.-aperture quadrupole 
set Q; focused the beam onto a 2X8-in. horizontal 
collimating slit at the entrance to the quadrupole 

ERYLLIUM 


TARGET IN 


BEVATRON uous 
i) HYDROGEN 


TARGET 


CONCRETE 
Te 
wau 


VELOCITY 
SPECTROMETER 


Fic. 1, Experimental arrangement. Compensator C» corrects for 
changes in the Bevatron field. C,, C2, and H are deflecting magnets. 
Quadrupole sets Q; and Q2 have 8-in. aperture. Q;—Q¢ have 4in. 
aperture. Counters A through F are 4X4X}-in. plastic scintilla- 
tors used for time-of-flight measurement. 
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Fic. 2. Optical properties of the magnetic system (schematic). 
The solid and dashed lines in the plan view represent particles of 
low and high momenta, respectively, after dispersion by the 
Bevatron field. The effects of chromatic aberration have been 
neglected. The elevation view shows how fast particles in the beam 
(striking slit) were separated from antiprotons (undeflected) by 
the velocity spectrometer. 


set Qe. The velocity spectrometer was set to give no 
deflection to the antiprotons, which then passed through 
the slit. Fast particles in the beam were deflected verti- 
cally 1 to 3 in., depending on the momentum. Most of 
these fast particles struck the edge of the slit and were 
absorbed or degraded sufficiently so that they were 
removed from the beam by the deflecting magnet H. 
The momentum width of the beam, about +5%, was 
determined by the horizontal width of the collimating 
slit and the dispersion produced by the Bevatron field. 
Q» acted as a field lens, redirecting particles of different 
momenta toward the center of the deflecting magnet H, 
where the large deflection of 45° served both to deter- 
mine accurately the average momentum selected and to 
direct particles of different momenta along the axis of 
the following iterated 4-in.-aperture quadrupole system 
(Q:—Qe)- 

On the basis of previous experience the length of the 
4-in. system was made sufficient for identification of 
antiprotons by time of flight at the highest energy to be 
studied. Improved time resolution in new photomulti- 
plier tubes made this length more than adequate. 
Magnet C> deflected the beam 6° in order to eliminate 
positive protons produced as secondaries in the channel. 

Figure 2 shows schematically how particles of differ- 
ent momenta behave in the beam channel. The transi- 
tion (without appreciable beam loss) from the 8-in. to 
the 4-in. system was aided by several factors. Excursions 
in the vertical direction after the focus at the slit were 
kept small by the focusing in Q2 and in the deflecting 
magnet. Canceling the momentum dispersion at de- 
flecting magnet H minimized the horizontal aperture 
required beyond that point. The 4-in. lenses were 
spaced relatively closely to permit the transmission of 
particles with rather large angular divergences. This 
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large angular acceptance also served to contain the 
Coulomb scattering introduced by the time-of-flight 
counters, especially at low momenta. 

Some loss of antiprotons occurred at the slit because 
of Coulomb scattering in the 0.060-in. stainless steel 
vacuum wall of the Bevatron. Losses due to this effect 
were estimated to have reduced the antiproton in- 
tensity by at least a factor of two at the lowest mo- 
mentum studied (600 Mev/c). Helium bags extending 
from the exit of the Bevatron to the spectrometer and 
from the spectrometer to the exit of Q; displaced the 
air in order to minimize scattering in the region ahead 
of the time-of-flight counters. 

A thin-foil technique similar to that described pre- 
viously! was used to direct the circulating proton beam 
of the Bevatron onto the internal target. In this way a 
beam pulse largely free of radio-frequency bunching as 
well as synchrotron and magnetic field ripple was 
obtained. 

The length of the beam pulse was about 50 msec, 
and during this time the Bevatron field changed enough 
to introduce a significant variation in the momentum of 
particles going toward the external beam channel. To 
offset this effect the beam was directed through a special 
compensator Co just ahead of C; (Fig. 1). This con- 
sisted of pole tips mounted on the return yoke of the 
Bevatron magnet in such a way as to direct stray 
return flux from the Bevatron across the beam trajec- 
tory. This field varied more rapidly than, and in the 
direction opposite to, that in the Bevatron gap. In this 
way the variation of the average momentum of par- 
ticles directed down our channel was reduced from 3% 
to less than 1% during the 50-msec period. 

Table I gives the yields of antiprotons and fast par- 
ticles (r mesons) measured at the end of the magnetic 
channel. No corrections have been made for Coulomb 
scattering or decay in flight. 


VELOCITY SPECTROMETER 


The velocity spectrometer is of the parallel-plate 
type in which crossed electric and magnetic fields are 
used to select, by null deflection, charged particles of a 
given velocity. The device consists of two electrodes, 
8 in. in width and 19 ft in length, within a vacuum 
enclosure, 1.5X1.5X20 ft, around which are wound 


TABLE I. Beam characteristics. The momentum band width is 
+5%. Yields per proton incident on the beryllium target were 
measured at the exit of the magnetic channel and correspond to 
operation with the spectrometer off. Operation of the spectrom- 
eter at 300 kv rejects fast particles by the factor shown. 








Angle of 
emergence Solid a 
from angle p/P 
target (10-8 (107% 
(degrees) 


Spectrometer 
rejection 
actor 
(+20%) 


Average 
momentum 
(Mev/c) 
(+3%) 


600 ‘ 6 5 30 
700 ; 12 4 10 
800 d 22 s 4 7 
900 : 48 4 


b/s 
(10-6 


/P 
(10-6 
sterad) +20%) +40%) +50%) 














ANTIPROTON-PROTON CROSS SECTIONS 


magnetizing coils. The particle beam enters and leaves 
the enclosure through thin, 0.012-in., aluminum windows 
8 in. in diameter. The electrodes are of 0.002-in. stain- 
less steel stretched across a frame of 2-in.-o.d. stainless 
steel tubing. They are separated by a gap of 6} in. at 
the entrance end, tapering to 2 in. at the exit in order 
to accommodate with little loss of aperture a converging 
beam from an 8-in. quadrupole lens while producing the 
maximum separation for a given voltage. In normal 
operation a gap voltage of 300 kv was maintained with 
the plates oppositely charged with respect to ground; 
corresponding magnetic fields were of the order of 100 
gauss. With more careful electrode fabrication and a 
better vacuum system the voltage gradient can prob- 
ably be increased considerably. 

In operation a particle of velocity fo is selected by 
adjustment of the magnetic field B so as to give Bo= E/B 
with average electric field £. Particles of velocity 8» are 
passed with no net deflection, while others are displaced 
at the output of the spectrometer by a distance 


(1) 


V —— — 


el?Ef 1 ] 
= t 
"  2pclBo B 


and have an angular deflection 


elEf1 1 
§=— |—— | (2) 
pelBo B 


where @ is the velocity of the deflected particle of mo- 
mentum p and charge e, and / is the effective length of 
the spectrometer. 

Figure 3 shows how the fluxes of detected anti- 
protons and fast particles in the beam varied as a 
function of magnetic field in the spectrometer for a 
fixed electric field. The vertical width of the target was 
made small, so that its magnified image contributed 
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Fic. 3. Relative transmission by the spectrometer at 700 
Mev/c of antiprotons and of fast particles. The spectrometer was 
operated with a gap voltage of 300 kv. Each curve is separately 
normalized to unity. The observed widths are largely accounted 
for by Coulomb scattering in the vacuum wall of the Bevatron. 
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Fic. 4. Liquid hydrogen target and surrounding counters. The 
target flask of 0.010-in. stainless steel was surrounded by a 0.003- 
in. copper heat shield and a 0.040-in. aluminum vacuum wall in 
the forward direction (gasket details are not shown); a, ¢, and S; 
through S; were plastic scintillation counters. The dashed rec- 


tangle shows position of an absorber of lead or aluminum when 


used in an experiment to measure annihilation detection efficiency. 


little to the beam width at the slit. Much of the ob- 
served width of the beam is accounted for by Coulomb 
scattering in the stainless steel vacuum wall of the 
Bevatron. In spite of this scattering, the separation 
factor achieved in this experiment was much greater at 
lower momenta, as shown in Table I. This is expected 
for two reasons. First, as Eqs. (1) and (2) show, the 
separation is a sensitive function of momentum. Second, 
the muon contamination of the separated beam is less 
at low momenta because of the greater spread in 
laboratory angle of emission in r decay. 


HYDROGEN TARGET 


A specially constructed thin-walled liquid hydrogen 
target was used in the cross-section measurements (see 
Fig. 4). The hydrogen flask was of stainless steel 0.010 
in. thick. In the evacuated space surrounding the flask 
was a thin (0.003-in.) copper heat shield at liquid 
nitrogen temperature. The outer vacuum wall, at room 
temperature, was made thin over a large solid angle in 
the forward direction, so that antiprotons scattered at 
angles up to 60° in the laboratory could escape. Finally, 
the target was constructed in such a way that scintilla- 
tion counters could surround the whole structure. This 
was necessary because annihilation and _ scattering 
events could be distinguished reliably only by means of 
a detector having large solid angle. 


DETECTION OF INTERACTIONS 


Figure 4 shows the hydrogen target surrounded by 
plastic scintillation counters. These counters were 
divided into three groups. The forward counter ¢ 
measured transmitted antiprotons and corresponded to 
the good-geometry detector of the standard attenuation 
experiment. Ten s counters, S; through Ss, a left and 
a right half for each of five zones, detected scattered 
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Fic. 5. Block diagram of basic electronics. A through F are 
time-of-flight scintillation counters; a, ¢, and S,—S; are scintilla- 
tion counters that detected the interactions of antiprotons in 
hydrogen. C; through Cy are coincidence circuits; D,; through D, 
are discriminators. M is a multichannel circuit in which individual 
counter pulses were mixed for display on an oscilloscope. 














antiprotons as well as annihilation secondaries. Finally, 
the a counters, which detected mainly annihilation 
secondaries emitted in the backward direction, covered 
the sides and entrance face of the hydrogen target. 
A 34-in.-thick layer of lead (not shown in Fig. 4) was 
placed between the hydrogen target and the a counters. 
This thickness was estimated to be the optimum for 
conversion of y rays from 7° mesons formed in annihila- 
tion without appreciable attenuation of the charged x 
mesons. With the exception of the entrance a counter, 
which was 1 inch thick, all the counters were of }-inch 
terphenyl-loaded polystyrene sheet. 


ELECTRONICS 


A block diagram of the basic electronics is shown in 
Fig. 5. Six }-in.-thick plastic scintillation counters of 
area 4X4 in. were used to identify antiprotons by time 
of flight over the 30-ft distance from the exit of Q3 to 
the exit of Qs. The associated electronic circuits were 
similar to those used previously.! There were two im- 
portant differences. First, the photomultipliers were 
type RCA C7251 instead of RCA 6810. The newer tubes 
with spherical cathode surfaces were found to give 
appreciably better time resolution. These tubes have a 
more uniform transit time from the surface of the 
photocathode. Therefore, a larger-diameter light pipe 
was used to give increased photon-collection efficiency. 
Second, a time-of-flight anticoincidence was added. 
That is, an additional signal from counter A, the first 
time-of-flight counter, was timed for fast particles 
(81) and introduced in anticoincidence into one of the 
intermediate coincidence circuits. This is particularly 
effective in the suppression of accidental coincidences. 
It can be used to reject fast particles whenever the 
time-of-flight difference between slow and fast particles 
is longer than the pulse length produced by a slow 
particle in the first counter. Figure 6 shows delay curves 
measured for 700-Mev/c particles with and without the 
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anticoincidence in operation. The peaks show clear 
separation of K~ mesons and antiprotons. At each 
energy, contamination of the antiproton beam is esti- 
mated to be less than 1% and has been neglected in all 
cross-section calculations. 

For each antiproton detected a fast gate (210-8 
sec) was produced; this was mixed with each of the 
signals from the counters surrounding the hydrogen 
target. The gated signals were inserted at intervals 
along two transmission lines, added with opposite 
polarity, displayed on a Tektronix-517 oscilloscope, and 
photographed. The oscilloscope sweep was triggered 
each time an antiproton entered the hydrogen target. 
Any one or more of the seventeen pulses shown 
schematically in Fig. 7(a) appear on the oscilloscope 
trace. The first pulse is the gate itself. The next three 
pulses are from a three-channel chronotron which gives 
an accurate measurement of the antiproton time of 
flight. Next are the a and ¢ pulses followed by pulses 
from each of the ten scattering counters. Finally the s 
pulse appears if there is a pulse in any of the scattering 
counters. Figure 7(b) shows several traces taken from 
the 35-mm film that recorded the data. Parallel out- 
puts from the gating circuit furnished pulses so that 
counts in /, a, and s as well as the coincidences as, at, st 
could be recorded on scalers. In this way the per- 
formance of the electronics could be monitored con- 
tinuously. 
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Fic. 6. Delay curve for time-of-flight counters. Curves with 
and without a time-of-flight anticoincidence pulse show rejection 
of background due to fast particles. The ordinate is normalized 
to the number of fast particles in the beam measured without the 
anticoincidence counter pulse. The abscissa is the cable delay 
between counters A and F, 





ANTIPROTON-PROTON CROSS SECTIONS 


ANALYSIS OF DATA 


At each energy, a number of runs was made with and 
without liquid hydrogen in the target. The p-p cross 
sections were obtained by a difference method. Since 
only 10 to 25% of the antiprotons interacted in the 
hydrogen and the target material, most antiprotons 
were detected simply as a transmission, a count in ¢ 
only. Other events were tentatively classified as follows. 
A count in only one s counter was a scattering; a count 
in only two s counters was either elastic or inelastic 
scattering depending upon whether or not the included 
angle between the two counters was consistent with the 
kinematics of an elastic scattering event in which both 
scattered and recoil particles were detectable. A count 
in @ or in more than two s counters was an inelastic 
event. Finally, an event in which none of the counters 
surrounding the hydrogen target counted was classified 
as a charge exchange. 


CORRECTIONS, RESULTS, AND UNCERTAINTIES 


Figures 8 through 10 show the experimental results 
along with cross sections obtained from related experi- 
ments. Table II summarizes our results and indicates 
some of the corrections required. The forward-scatter- 
ing correction Ago was obtained from the ‘optical 
theorem’”® in terms of the measured total cross sec- 
tion o7, 

Ago= AQ (ko r/4r)*. (3) 


Here AQ is the solid angle subtended at the hydrogen 
target by the ¢ counter and & is the antiproton wave 
number. 

When a scattered particle emerged in the large-angle 
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Fic. 7. (a) Drawing of oscilloscope trace showing all possible 
pulses. Pulses a, ¢, S:—Ss5, and s are explained in text; 6 is the 
antiproton gate; and C,, C2, and C; are pulses from a three-channel 
chronotron which gives an accurate time-of-flight measurement. 
(b) Oscilloscope record showing 30 sec of ‘‘typical’’ operation 
(800 Mev/c). Five of the traces show an antiproton transmitted 
by the hydrogen target (no interaction). The fifth trace from the 
top shows an annihilation into at least six secondaries, while the 
last trace shows a charge exchange (no count in a, #, or s). 

5H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, Illinois 1950), Vol. 2, p. 76. 
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Fic. 8. Energy dependence of total, elastic, and charge-exchange 
p—p cross sections. Results of this experiment are indicated by 
open circles. The solid circles are total cross sections from 
reference 1; the solid triangle (from reference 4) and the solid 
square (from reference 3) are for elastic scattering cross sections. 
(For the last point we have made a 7-mb forward-scattering 
correction.) For convenient reference, ~-p and p-n total cross 
sections in the same energy range are shown. The indicated 
uncertainties are discussed in the text, and are both statistical 
and instrumental in origin. 


region covered by the a counters it had low energy and 
was absorbed in the target and surrounding material. 
If this backward scattered particle was the antiproton, 
its annihilation was detected, and these events were 
indistinguishable from normal annihilations. For this 
reason, there was a maximum angle (see Table II) 
beyond which antiproton scatterings could not be 
measured in this experiment. 

In about 10% of all scattering events both scattered 
particles were detected. Because we cannot tell which 
particle was the antiproton, we have arbitrarily assigned 
half an event to each of the angular zones in which a 
count occurred. As predicted from considerations of 
counter geometry, 80% of all scattering events de- 
tected in S;, and smaller amounts for the other counters, 
were of this type. Therefore, we do not know in detail 
the angular distribution above and just below 90° 
(c.m.). 

In correcting for large-angle scattering we have 
assumed that at each energy the angular distribution is 
of the same shape as that obtained from the phase 
shifts at 140 Mev calculated by Ball and Chew.®? 

There is a possibility that some annihilation events 


6 J. S. Ball and G. F. Chew, Phys. Rev. 109, 1395 (1958). 
7 Jose R. Fulco, Phys. Rev. 110, 784 (1958). 
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Fic. 9. Angular distributions of the elastic scattering at four energies. The point at @=0 was obtained from the measured total cross 
section with the help of the “optical theorem.” It is a minimum value, as is predicted for a purely absorptive interaction. The solid 
curves are obtained with the help of the optical model for a classical “black sphere” interaction. Indicated uncertainties are statistical 


only. The dashed curve labeled FULCO is from reference 7. 


were classified as elastic scattering or charge exchange. 
In estimating that such cases were infrequent, we have 
considered the characteristics of the annihilation process 
measured here and elsewhere,** together with the high 
detection efficiency of our counter system for both 
charged particles and y rays. Another estimate of the 
contamination of the charge-exchange events by anni- 
hilations was obtained from the results of a separate 
experiment. With incident’ antiprotons of momentum 


8 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, 
Heckman, Perkins, Sandweiss, Segré, Smith, Stork, van 
Rossum, Amaldi, Buroni, Castagnoli, Franzinetti, and Manfredini, 
Phys. Rev. 105, 1037 (1957). 

® Brabant, Cork, Horwitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 102, 1622 (1956). 


600 Mev/c, a thick target of lead (and later of alumi- 
num) was placed behind the empty hydrogen target 
(see Fig. 4). With this arrangement all incident anti- 
protons annihilated within the space enclosed by 
counters, and the annihilation-detection efficiency was 
observed to be high, 97% for lead (98.5% for alu- 
minum). 

For the charge-exchange events the angular distri- 
bution is not known. Antineutrons produced at large 
angles have relatively low energy and are absorbed with 
fairly high probability in the heavy material surround- 
ing the hydrogen target. The charge-exchange cross 
sections presented in Fig. 8 and in Table II have been 
corrected, with the assumption that the antineutrons 





ANTIPROTON-PROTON CROSS 


TABLE II. Antiproton-proton cross sections. 


Maximum 
cutoff 
angle 
(degrees, 


Minimum 
cutoff 
angle 
(degrees, 
c.m.) 
14 
14 
14 
14 


Observed 
elastic 
cross 
section 
(mb) 


Total 
cross 
section 
(mb) 


Kinetic 
energy 
(Mev) 


133413 
197+16 
265+17 
333417 


59_578 
53_;*8 
39_,* 
38_,*8 





are scattered predominantly forward (into the s 
counters). If the angular distribution is nearly sym- 
metric in the center-of-mass system, as is prediced by 
the calculations of Fulco,’? then these cross sections 
should be increased by about one-fourth. 

The following outline contains a summary of experi- 
mental uncertainties and of the corrections applied 
in arriving at the experimental values for each cross 
section. Because most of the corrections and uncer- 
tainties were only slightly energy-dependent, average 
values are given. 


(1) All cross sections: 
(a) acount in a in accidental coincidence with anti- 
proton: 13+1%; 
(b) uncertainty in number of hydrogen atoms per 
square centimeter: +2%. 
(2) Total cross section: 
(a) statistical uncertainty: +4%; 
(b) forward scattering into ¢ counter: 5+1%. 
(3) Elastic scattering cross section: 
(a) statistical uncertainty: +8%; 
(b) measured counter inefficiency : 0_o 
(c) scattering through gaps between s counters: 
4+2%; 
scattered antiprotons that annihilated in de- 
tectors and surrounding materials: 8+4%; 
forward scattering into ¢ counter: 12+2%; 
annihilation of backward scattered antipro- 
tons: 644%; 
annihilations that simulated scattering events: 
06%; 
plural scattering : 5+ 1%. A correction was also 
applied to the angular distribution. 
(4) Charge-exchange cross section: 
(a) statistical uncertainty: +17%; 
(b) elastic scattering through gaps between s 
counters : 20+ 10%; 
(c) undetected annihilations : 0_25+°%; 
(d) annihilation of antineutrons in detectors and 
surrounding material : 644%. 
Inelastic cross section: 
(a) reflects the corrections and uncertainties of the 
other cross-section measurements. 


+107 . 
/O> 


(d) 


(e) 
(f) 
(g) 


(h 


DISCUSSION 


In Figs. 8 and 10 the j-p total, elastic, and inelastic 
cross sections show similar dependence upon energy. 


SECTIONS 


Charge- 
exchange 
cross 
section 
(mb) 


10_3* 
11_4*? 
83%? 
72% 


Corrected 
elastic 
cross 
section 
(mb) 


Inelastic 
cross 
section 
(mb) 
84_19t 
77_0t!? 
66_9* 10 

58_;*8 


Forward Backward 
scattering scattering 
correction correction 
(mb) (mb) 
72_117° 
64 wh 


50_7*6 


The total cross section agrees with previous results.! 
The values of the total cross section, Fig. 8, have an 
inverse velocity dependence over the energy range 
measured. The inelastic cross section is one-half and 
the charge exchange is about 7% of the total. The 
angular distribution at each energy, as is shown in 
Fig. 9, is peaked strongly forward, suggesting diffraction 
scattering from a strongly absorptive interaction. 
Recently several models have been proposed to 
account for the observed antinucleon-nucleon inelastic 
and elastic cross sections. The semiphenomenological 
model by Ball and Chew’ is applicable in the range of 
energies studied here. The essential feature of this 
model is the use of the Yukawa formalism and a poten- 
tial that correctly describes the experimental nucleon- 
nucleon interaction at these energies. The annihilation 
interaction is attributed to a short-range absorbing core, 
and the W.K.B. approximation is used to calculate the 
phase shifts and to estimate the probability of absorp- 
tion for each partial wave. In this way both annihilation 
and scattering cross sections are obtained. From the 
calculated phase shifts, Fulco has obtained the angular 
distribution for the p-p elastic scattering and charge- 
exchange interactions at 140 Mev.’ The predictions are 
in good agreement with our measurements [ Figs. 9(a) 


and 10}. 
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Fic. 10. Energy dependence of total and inelastic p-p cross 
sections. For each of the four energies represented in Fig. 8 the 
total cross-section data were subdivided into three energies with 
the help of the chronotron information. The uncertainties indi- 
cated for the total cross-section points (open circles) are statistical 
only. The inelastic cross section is indicated by open squares. 
Uncertainties are discussed in the text. The solid square is an 
annihilation cross section from reference 2. The solid curves, from 
reference 6, represent theoretical energy dependences of the 
inelastic cross section for two potentials which give correctly the 
p-p and p-n cross sections in this energy range. 
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The phenomenological model of Koba and Takeda” 
also divides the region of antinucleon-nucleon inter- 
action into two parts, an absorbing core and a surround- 
ing meson cloud. The most appealing feature of this 
model is that it seems to account for the high multi- 
plicity of pions and low multiplicity of K mesons ob- 
served in antinucleon-nucleon annihilation. In analogy 
with the continuum theory applied by Feshbach and 
Weisskopf to the absorption of neutrons," antinucleon- 
nucleon absorption and scattering cross sections are 
obtained for an interaction which is completely ab- 
sorbing inside a volume of radius ro. The absorption 
cross section is given approximately by the relation 
Sa=7(ro+A)*, where A is the center-of-mass wave- 
length of the antiproton. The energy dependence of og 
shown in Fig. 10 is in good agreement for ro= (0.90 
+0.05)X 10-" cm. Koba and Takeda have pointed out 
that the rather large “‘core”’ radius required to explain 
the observed annihilation cross section is approximately 
equal to the nucleon “size” as determined by high- 
energy electron-proton scattering.” Measurements with 
high-energy protons and pions give a similar “‘size.’””*-"4 
For the annihilation process this size is not obviously 
applicable, although Tamm?* has given reasons for 
expecting that the effects of an extended “core” should 
be observed in antinucleon-nucleon annihilation. Ball 
and Chew find that in this intermediate energy range 
the magnitude of the annihilation cross section is in- 
sensitive to the assumed radius at which complete 
absorption occurs. In their model the probability of 
annihilation is determined almost entirely by the meson 
forces. It is expected that a greater knowledge of the 
nature of the nucleon core can be obtained from meas- 
urements of the annihilation cross section at high 
energies. 

The experimental results are suggestive of the classi- 
cal “black sphere” interaction, for which the absorption 
and elastic cross sections are each half the total. The 
solid curves of Fig. 9 were obtained from optical- 
model considerations. This angular distribution of 

1 Z. Koba and G. Takeda, Progr. Theoret. Phys. Japan 19, 
269 (1958). 

11H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 
54 E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
Rarita, Phys. Rev. 104, 221 (1956); Cork, Wenzel, and 
Causey, Phys. Rev. 107, 859 (1957). 

4 Cronin, Cool, and Abashian, Phys. Rev. 107, 1121 (1957); 
Walker, Hushfar, and Shephard, Phys. Rev. 104, 526 (1956); 
Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956); Maenchen, 
Powell, Saphir, and Wright, Phys. Rev. 99, 1619 (1955). 

157. E. Tamm,§J. Exptl. Theoret. Phys. U.S.S.R. 32, Suppl. 1, 
178 (1957) [translation : Soviet Physics JETP 5, 154 (1957) ]. 
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elastic scattering is given by 


2kR sin (6/2) 


(4) 


dQ 


da JiQRR sin(6/2))7? 
~eR| 4 


where the effective radius R is determined from the 
total cross section by 2rR?=ar. 

We attach no special significance to the good fit of 
these curves to the experimental angular distributions, 
except to note that almost any model that predicts the 
measured annihilation and elastic-scattering cross sec- 
tions may be expected to give fair agreement with the 
observed angular distribution. The forward scattering 
calculated by Fulco is about 10% above the minimum 
given by the “optical theorem” for a purely absorptive 
interaction. The large-angle elastic scattering where 
our measurements were least precise is relatively sensi- 
tive to the amount of potential scattering in the inter- 
action. This can be seen from a comparison of the solid 
and dashed curves of Fig. 9(a). Similarly, the charge- 
exchange scattering is expected to be relatively sensitive 
to details of the model used to describe the interaction. 

The Ball-Chew model predicts an irregularity in the 
energy dependence of the p-p absorption cross section 
at each energy for which the top of the potential barrier 
is reached by a partial wave. Since our measurements 
are more accurate for the total than for the absorption 
cross section, we have looked particularly for irregu- 
larities in the behavior of the total cross section as a 
function of energy. Using the information given by the 
chronotron, we have divided the data at each energy 
into three subgroups of different energies. Figure 10 
shows the total cross sections measured in this way at 
each of twelve energies. 
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Yields of K+ and K~ Mesons Produced by 1.7- to 3-Bev Protons* 


J. Hornpostet, E. O. SALANT, AND G. T. ZoRN 
Brookhaven National Laboratory, Upton, New York 
(Received July 28, 1958) 


Nuclear emulsions were used to measure yields of K* and K~ mesons produced in Be (and Pb) nuclei by 
Cosmotron protons of various energies, ranging from 1.7 Bev to 2.95 Bev. The experimental equipment 
accepted particles emitted in the forward direction with momenta of about 300 Mev/c. At 2.95 Bev, the 
K* yield from Be corresponds to a differential cross section per nucleus of (4.0+0.5) X 10~" cm?(Mev/c)™ 
sterad~; the K~ cross section is 26 times smaller. The A* cross section of Pb is larger than that of Be by a 
factor approximately equal to the ratio of the geometric cross sections of these nuclei. With decreasing proton 
energy, the K~ yield falls more rapidly than the K* yield. The energy dependence of the yields was compared 
with curves which were computed, on the assumption of constant matrix elements, from the phase-space 
factors of production reactions required by the principle of conservation of strangeness. For K~, the results 
of these calculations agree with the experimental data; for K*, the yield falls more rapidly with decreasing 
primary energy than expected from the computations. 


(A) INTRODUCTION 


IELDS of K* and K~ mesons have been measured. 

The mesons were produced by bombarding, at the 
Cosmotron, Be (and Pb) targets with protons of 
selected energies between 1.7 and 3 Bev. Following a 
description of the experiment, the results will be com- 
pared with predictions based on the principle of 
conservation of strangeness in strong interactions. 

As is well known, conservation of strangeness requires 
that a K~ particle be created always as one of a pair of 
K mesons, i.e., associated with either K+ or A°, whereas 
K* particles may be (and usually are) created in 
association with a hyperon Y, either A° or 2. For 
nucleon-nucleon collisions, the two simplest production 
reactions (NV symbolizes a target nucleon and: NV’ a 
product nucleon) are 


P+N pt N'+ K++ K-, (1) 
p+N > N'+Y+K+. (2) 


The threshold for the K-pair production reaction (1) 
is higher than the threshold for the hyperon reaction 
(2): for V stationary, it is 2.50 Bev for (1), and for (2) 
it is 1.58 Bev if Y is A°, 1.80 Bev if Y is =. Ina Be (and 
in a Pb) nucleus, where a meson is still considered to be 
produced in a proton-nucleon collision, the thresholds 
are all lowered by the target-nucleon momenta; how- 
ever, the feature that the K~ threshold is higher than 
the A+ threshold persists.' 

This difference in thresholds leads to the expectation 
that K+ particles will be observed at primary energies 
for which K~ particles will be scarcely, if at all, de- 
tectable. This effect is shown by the observations. 

In order to interpret the experimental results, it was 
necessary first to consider [Sec. (D)] the effects of 
secondary processes occurring in the target nucleus, 
namely the indirect K production by secondary pions 

* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 For example, if the fiction that no target-nucleon momenta 
exceed 220 Mev/c were adopted, the K~, the K*+-A®, and the 
K++2 thresholds would be 1.8, 1.1, and 1.3 Bev, respectively. 


and the scattering of K mesons in the nucleus. Next, 
the dependence of yields on primary energy to be ex- 
pected in nucleon-nucleon collisions was computed, 
from reaction (1) for K~, from reaction (2) for K+. The 
calculations were made with the simplifying assumption 
that this dependence is given by the phase-space 
factors of the reactions, in other words, that the pro- 
duction matrices do not vary appreciably over the 
relevant range of primary energy. The calculations are 
outlined and compared with experiment in Sec. (E); 
they predict that (as experimentally observed) the yields 
should vary with energy more steeply for K~ than for 
Kt. 
(B) EXPERIMENTAL TECHNIQUE 


In a first series of experiments, K~-meson production 
was investigated in an arrangement, previously de- 
scribed,” in which the internal proton beam of the 
Cosmotron struck a beryllium target and ~ and K- 
mesons, emerging at angles between 1° and 7° relative 
to the proton beam, were momentum-analyzed by the 
Cosmotron’s magnetic field. Emulsion stacks were 
exposed to the negative-particle beam at primary 
proton energies of 1.9, 2.2, 2.5, and 2.95 Bev. In this 
arrangement, the beam momenta pots, listed in Column 
2 of Table I, were necessarily proportional to the 
momenta of the primary protons. The corresponding 


TABLE I. K-meson momenta. 





(1) (2) (3) (4) (5) 
K~ meson momenta K+ meson momenta 
Internal beam External beam 
Observed At production Observed At production* 


Pprod Pobs Pprod 
Mev/c Mev/c Mev/c 





Proton 

energy Pobs 
Bev Mev/c 
2.95 332 370 300 370 
2.50 289 340 289 360 
2.20 266 320 266 345 
1.90 290 
1.70 320 











® For Be target. 


2 J. Hornbostel and E. O. Salant, Phys. Rev. 102, 502 (1956). 
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Fic. 1. Experimental arrangement for exposures with the 
external proton beam. 


average K~ momenta at production, Pproa, listed in 
Column 3, were obtained from po». by allowing for the 
average amount of energy lost (by ionization) by the 
K~ particles in the target. 

K- mesons were searched for by track scanning.?* 
The scanning efficiency was 80% at all energies. 

Each exposure was monitored by measuring the 
Na* activity induced in an aluminum foil that had 
covered the upstream face of the target, and also by 
reading the circulating-beam monitor of the Cosmo- 
tron. The two methods of monitoring gave values for 
the intensity of an exposure differing only by a factor 
of about 1.5, which remained constant, within the 
experimental inaccuracy of 10%, throughout a series 
of exposures at the various proton energies. Since, in 
the present experiment, the principal interest is in the 
ratio of particle yields for different primary energies, 
this constancy is relevant. The departure of the factor 
from unity is unimportant (and may be due to in- 
accurate calibration). 

This first series of experiments showed the following 
difficulty. From the geometry of the experimental 
arrangement and from the known strength of the 
magnetic field of the Cosmotron, the average value of 
the K- momentum, the spread in momenta, and the 
corresponding expected K~-range interval can be de- 
duced. The observed range distribution differed from 
the predicted one by extending to ranges about 20% 
higher than the expected maximum, a discrepancy we 
are unable to explain. Since the unknown cause of this 
effect might conceivably have given a spurious yield- 
energy curve, the observations had to be checked by 
another set of experiments. 


3 J. Hornbostel and G. T. Zorn, Phys. Rev. 109, 165 (1958). 
4C. E. Swartz, Rev. Sci. Instr. 24, 851 (1953). 
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For this reason, and also in order to study the yield 
of K+ mesons, a different arrangement was used to 
expose additional stacks. In this arrangement, sche- 
matically shown in Fig. 1 (blocks shielding the emul- 
sions are omitted from the figure), a target was bom- 
barded by the external proton beam and magnetic 
analysis was achieved by an external magnet.’ The 
magnetic system focused the beam in the horizontal 
plane and slightly defocused it vertically. To make 
the results obtained with the internal and external 
beams comparable, the K-particle momenta f.». were 
selected to be the same as before, except at 2.95 Bev, 
where limitations of the equipment made it necessary 
to choose a somewhat lower momentum (see Table I, 
Column 4). For the main series of exposures, a beryllium 
target 4 inches long in the beam direction and 2 inches 
X2 inches in area was used. In addition, two K* ex- 
posures were taken with a lead target of the same area 
and 1 inch long. Because of different target geometry, 
the momenta at production, listed in Column 5 of 
Table I, differ slightly from the values of Pproa in 
Column 3. The spread in values of pop. was about +3%. 
The listed values of pproa are averages of a much wider 
band of momenta, because to different parts of the 
target correspond momenta Pproa Which depart con- 
siderably from the average, by as much as about 20% 
for the upstream and downstream surfaces of the target. 

Exposures were monitored by measuring the C" 
activity induced in polyethylene foils which had 
covered the upstream face of the target. (In the energy 
interval here considered, the cross section for producing 
C" from C” is independent of proton energy within 
10%.° 

In these exposures, a high background made track- 
scanning for K mesons impractical; these particles 
were, therefore, found by searching the area in which 
the K mesons were expected to stop. The tracks of 
stopping K mesons were followed back to the leading 
edge of the emulsion; K particles which did not enter 
the stack in the beam direction were subsequently 
disregarded. 

Use of this scanning procedure makes several cor- 
rections necessary. Mesons interacting in flight in the 
emulsion, as well as K~ mesons coming to rest without 
forming a star (K,) are missed. The latter constitute 
0.15 of all K~ endings.* The number of interacting 
mesons was computed from the known*’ K+ and K- 
mean free paths. Furthermore, K particles of unusually 
long or short ranges are not found. However, the 
observed range distributions showed low populations 
near the limits of the scanned range intervals; from the 


5 The arrangement was similar to the one employed by Baumel, 
Harris, Orear, and Taylor, Phys. Rev. 108, 1322 (1957). 

® Cumming, Friedlander, and Swartz, Phys. Rev. 111, 1386 
(1958). 

7 Baldo-Ceolin, Cresti, Dallaporta, Grilli, Guerriero, Merlin, 
Salandin, and Zago, Nuovo cimento 5, 402 (1957); Bhowmik, 
Evans, Nilsson, Prowse, Anderson, Keefe, Kernan, and Losty, 
Nuovo cimento 6, 440 (1957). 





YILELBS OF .E* 
observed distribution, it is estimated that about 10% 
of the K particles may have terminated outside the 
scanned interval. The efficiency of finding K~ mesons 
ending in a star was 70%, that of finding A* mesons 
terminating in a decay at rest was 80%. 

In the experiments with the external beam there was 
no indication of the presence of an appreciable number 
of particles having abnormally long (or short) ranges. 


(C) EXPERIMENTAL RESULTS 


From the numbers of K mesons found, from the 
measured numbers of protons incident on the target, 
and from the beam area scanned, K-meson yields per 
cm? and per proton were computed. Yields found in 
different stacks exposed under the same conditions 
agreed within the statistical errors. The same was true 
for pion yields which were derived from the number 
(per unit beam area) of minimum-ionizing tracks. 
Accordingly, the methods used to monitor the expo- 
sures appear to be reliable. 

With the mean life of K mesons of 1.2*10-* sec,$ 
the yields were corrected for decay in flight from target 
to stack. Yields measured in the external-beam arrange- 
ment were also corrected for K-meson losses from inter- 
actions in flight in the emulsions. The corrected yields 
were computed for the four series of exposures, ‘K~ 
internal, K~ external, K* external with Be target, and 
K+ external with Pb target. The yields, normalized to 
unity at 2.95 Bev, are plotted as a function of primary 
energy in Fig. 2(a). Errors, which include those of the 
2.95-Bev normalizing points, represent 84% confidence 
limits. At 2.95 Bev, 56 K~- were found in stacks in- 
ternally exposed. Externally, 26 K~ mesons, 58 At 
mesons from the Be target, and 58 K+ from the Pb 
target were found. For comparison, relative pion yields 
are shown in Fig. 2(b). At 2.95 Bev the decay-corrected 
ratio of r+ to K+ yields is 600,!° that of x~ to K~ yields 
is 10 000. (At lower energies, the r:K ratios are larger; 
they can be found from the figure.) 

It will be observed that the K~ yield decreases more 
rapidly with decreasing proton energy than the Kt 
yield. 

The figure shows that the relative yields of K~ 
mesons at 2.5 Bev as well as those of negative pions at 
2.5 and 2.2 Bev are the same for the internal as for the 
external arrangement. (Actually, the external and 
internal yields are not strictly comparable because of 
the difference in observed momenta at 2.95 Bev and of 
production momenta at 2.5 Bev; see Table I. However, 
it is estimated that the correction for these slight differ- 
ences amounts only to about 10%, which is negligible 
in comparison to the statistical uncertainty.) Ac- 


8F, S. Crawford, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Sec. VIII, p. 29. 

9V. H. Regener, Phys. Rev. 84, 161 (1951). 

10 This ratio is twice as high as the one reported for a Li target 
by Baumel ef al. (reference 5). 
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Fic. 2. Observed relative K-meson yield as a function of proton 
energy. Numbers of events found are noted near the experimental 
points. Curves represent results of phase-space calculations. 


cordingly, it seemed justifiable to retain the results 
obtained with the internal arrangement at 2.2 and 1.9 
Bev. 

To convert the observed yields to differential ‘pro- 
duction cross sections, corrections were first applied for 
the scanning inefficiencies discussed in Sec. (B). Next, 
the conversion factor relating the yield at the stacks 
(per cm? and per proton) to the number of particles 
emitted at the target per sterad-Mev/c and per proton 
was computed for the external arrangement. The calcu- 
lations made use of the geometry of the trajectories 
which had been carefully measured by the wire method. 
Comparison of the 2.5-Bev and 2.95-Bev yields observed 
internally and externally served to deduce the con- 
version factor for the internal arrangement. Further 
corrections were applied for the absorption of K- 
mesons in the target and for the difference between the 
width Apors of an interval of beam momentum and the 
width Approa of the corresponding momentum interval 
at production. Interactions of K+ mesons in the target 
were ignored both because their mean free path is 
rather long,’ and because only scattering processes 
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PRIMARY PROTON ENERGY IN Bev 
Fic. 3. Differential cross sections per nucleus for producing K 
mesons in the forward direction, plotted vs proton energy. Curves 


were fitted to the points by eye. Corresponding K-meson momenta 
at production are given in Table I. 


occur; consequently, loss of particles from the beam is 
partly compensated (or possibly even overcompensated) 
by gain of particles scattered into the beam. 

The resulting cross sections per target nucleus are 
plotted in Fig. 3. Errors shown are statistical. In 
addition, there is a systematic uncertainty of about 
30%, resulting from the errors in the conversion factor 
and in the various corrections; this uncertainty does 
not affect ratios of cross sections. The K~ points at 
2.95 Bev and at 2.5 Bev are derived from the external 
yields. The 2.2-Bev point represents the weighted 
average between the external and internal yields; that 
at 1.9 Bev corresponds to one event found in the internal 
series of exposures. 

At 2.95 Bev, the differential cross section of Be for 
the production of 370-Mev/c K+ mesons, in the forward 
direction, is 26 times that for the production of K~ 
mesons. [Because of the effects of collisions of the K 
mesons in the target nuclei, this ratio may differ from 
the production ratio in proton-nucleon collisions; see 
Sec. (D).] For K+ mesons, the ratio of the production 
cross sections in Pb and in Be is 6.9 at 2.95 Bev and 
6.1 at 2.2 Bev. Within the errors, these values agree with 
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the ratio 8.1 of the geometric cross sections, an agree- 
ment that may, however, be fortuitous [see Sec. (D)]. 
The differential cross section of (405+47)X 10-* cm? 
(sterad Mev/c)— (the errors here and below are sta- 
tistical) for producing K*+ mesons of momentum 
Pproa= 370 Mev/c at 2.95 Bev from a Be target may be 
compared with a cross section measured in an arrange- 
ment similar to ours by Baumel ef al. (see reference 5). 
For producing, at 3 Bev, K* mesons of p.ps= 280 Mev/c 
in a Li target, these authors give a value @o/dTdQ 
= (350+70) X 10-* cm? (sterad Mev)~', where T is the 
kinetic energy corresponding to pops. Assuming that the 
cross section is proportional to the two-thirds power of 
the atomic weight, and converting, for the comparison, 
to @a/dPproad®, one obtains a Be cross section of 
(330+65) x 10-* cm? (sterad Mev/c)~. It is seen that 
the values found in the two experiments agree within 
the errors. 


(D) EFFECTS OF SECONDARY COLLISIONS 


Before comparing the experimental results with 
theoretical predictions based on reactions (1) and (2), 
it is necessary to consider the effects of secondary 
collisions occurring in a target nucleus. In particular, 
we will discuss the production of K mesons by secondary 
pions and the scattering of a K meson within the nucleus 
in which it is produced. First, we will estimate the 
fraction of the observed K+ mesons which are made 
indirectly by pions produced and interacting in the 
target nucleus, rather than directly in the primary 
proton-nucleon collisions. For K+ mesons, knowledge 
of the pion spectra (derived from the isobar model"! 
which, for the pion energies required here, predicts 
spectra that agree with experimental data) and of 
cross sections for K*+-meson production in pion-proton 
collisions” makes it possible to estimate this effect. It 
is found (for details see appendix) that for our experi- 
mental conditions the fraction of observed K* mesons 
which are made by pions increases with decreasing 
primary energy, from ~0.06 at 2.95 Bev to ~0.08 at 
2.2 Bev and to ~0.37_0.15*° at 1.7 Bev. (The error 
corresponds to the error in the observed yield.) 

It is seen that the indirect process contributes to the 
yield negligibly (compared to the experimental errors) 
at the two higher energies, but considerably at 1.7 Bev. 
Indeed, considering the error of the experimental point, 
it would be possible to ascribe two-thirds of the yield 
at 1.7 Bev to the indirect process. 

A corresponding estimate of the indirect A~ pro- 
duction cannot be made, both because the cross section 


u§, J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957). 

2D). A. Glaser, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Sec. V, p. 24; Brown, Glaser, 
and Perl, Phys. Rev. 108, 1036 (1957); Eisler, Plano, Prodell, 
Samios, Schwartz, Steinberger, Bassi, Borelli, Puppi, Tanaka, 
Waloschek, Zoboli, Conversi, Franzini, Manelli, Santangelo, and 
Silvestrini, Nevis Report No. 70, June, 1958 (unpublished). 
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for K~ production in pion-nucleon collisions has not 
been measured, and because the high-energy tail of 
the pion spectrum, which is the only part involved in 
K~ production, cannot confidently be derived either 
from the isobar model or from experimental data. Nor 
is sufficient information available to estimate the 
importance of the conversion of K°® into K~ mesons by 
the process in which K° particles result from the decay 
of the K,° component of K° and then undergo charge- 
exchange scattering in the target material. 

The other secondary effect to be discussed is the 
following. A meson created in a nucleus like Be (or Pb) 
may be scattered, with a change of momentum, before 
emerging from the nucleus. It is necessary to estimate 
the effects of such scattering upon the energy-depend- 
ence of yield measurements. 

Because of this scattering, the measured differential 
yields Y,,. of K mesons within a band of momenta Pproa 
(for magnitudes see Table I) are not necessarily simply 
proportional to the corresponding differential yields 
from nucleon-nucleon collisions. The beam consists of 
two sets of particles—(a) the direct or unscattered 
mesons, created with momenta Pproa (and not removed 
from the beam by scattering), and (b) mesons created 
with momenta p different from Pproa, and moderated to 
Pproa by the scattering within the nucleus. We shall 
denote the contributions of the direct and moderated 
mesons by Ya and Y ,,, respectively. 


The contribution Y, is proportional to the differential 
cross section (@¢/dPproadQ) nucleon for creating, in a 
nucleon-nucleon collision, K mesons with momenta 
Pproa, and to the probability g for such mesons to escape 
from the nucleus. Since, in our experiment, Pproa had 
nearly the same value at all proton energies, Tyroton, g 
is almost independent of Tyroton, and, therefore, the 


energy dependence of Yq, is essentially that of 
(d°a AP proadQ) nucleon: 

The contribution to the yield from mesons created 
at some one value p (P#Pproa) is proportional to their 
production cross section (d¢/dpdQ)nueieon, to the proba- 
bility that they be scattered, and to the probability 
that the scattering moderate p to Pproa; the component 
Y,, is obtained as an integral over all values p> Pproa. 
To estimate the energy dependence of Y,,, the scattering 
processes were analyzed. 


In carrying out the estimates, scattering was assumed to be 
isotropic in the center-of-mass system. The probability for K 
mesons created with momentum Pproa to escape without scattering 
was calculated from the measured scattering cross sections.?"" To 
calculate the scattering probability of mesons created with 
momenta p (corresponding typically to kinetic energies of ~300- 
400 Mev), the K-nucleon scattering cross section was assumed to 
be geometric for K~,%™ and for A* it was taken to rise with 
energy to values about 4} geometric.!® The required K-meson 


( 8 _ Biswas, Ceccarelli, and Crussard, Nuovo cimento 6, 571 
1957). 
( “4 me Lambertson, Piccioni, and Wenzel, Phys. Rev. 106, 167 
1957). 
16 B, Sechi Zorn and G. T. Zorn, Phys. Rev. 108, 1098 (1957), 
and unpublished results; Lannutti, Goldhaber, Goldhaber, Chupp, 
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spectra and their angular dependence were taken from Block 
et al.¥* and from Sternheimer.” 

The estimates were based on a simple geometric model. The 
probability g was derived from the scattering mean free path in 
nuclear matter. Integrals expressing the probabilities of moder- 
ation into an interval of pproa were evaluated for the two special 
cases that the mesons are scattered once or twice. Mesons scat- 
tered three or more times were included with the doubly-scattered 
particles. For a Be nucleus, the error resulting from this simplifi- 
cation is unimportant in the present context, as no more than 
~0.03 of the K* mesons and ~0.3 of the K~ mesons are scattered 
more than twice. In the integrands of the above-mentioned 
integrals, the dominant term is 7 (d?¢/dpdQ) aucteon, Where T is 
the kinetic energy corresponding to ». The factor T~ favors 
contributions to Y, from parts of the production spectrum not 
too far above Pprod. 


The analysis of the scattering showed that the energy 
dependence of Y,, lies between the energy dependence 
of a differential and that of a total cross section for 
producing K mesons.'® It follows that the energy 
dependence of Y.x.= Va+Y» must also be between the 
energy dependencies of differential and of total yields. 

The scattering analysis also gave crude estimates of 
the proportions of direct and moderated mesons and 
indicated that, for K~ in Be (and Kt in Pb), the 
moderated mesons predominate (Y,,>Ya). For K* in 
Be, it turned out that direct mesons are the more 
abundant, so that an observed yield curve should be 
not too different from a differential yield curve. (The 
facts that K*+ and K~ mesons have different scattering 
cross sections and that K~ but not K+ mesons may be 
absorbed in the target nucleus are two reasons why the 
observed K+:K- production ratio quoted in Sec. C 
cannot be directly equated to the production ratio in 
proton-nucleon collisions. Another reason comes from 
the consideration that Fermi motion of the target 
nucleons, referred to in the next section, affects K* and 
K~ yields differently.) 

It is difficult to judge how closely the yield curve for 
K* in Be should resemble the differential curve, nor 
are we able to specify precisely the shape of the yield 
curve for K~ in Be. But for no realistic shape of K 
spectra or reasonable values of K-scattering mean free 
path is the conclusion contradicted that a yield curve 
Yovs 2S T proton Should be between the differential and 
total yield curves. 


(E) COMPARISON WITH THEORY 


In the introduction it was pointed out that the 
threshold for K~ production according to reaction (1) 
is higher than that for A*+ production according to 
reaction (2). However, thresholds are ill-defined ex- 
perimentally and, in the present case of production 
from target nucleons moving in a nucleus, also theo- 
“os Marchi, Quareni, and Wataghin, Phys. Rev. 109, 2121 

1958). 

16 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955). 

17 R. M. Sternheimer, Brookhaven National Laboratory internal 
report RS-42, 1954 (unpublished). 

18 All yields are considered to be normalized ; normalization was 
carried out at 3 Bev, see Sec. C (Fig. 2) and Sec. E. 
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retically.” To check the implications of reactions (1) 
and (2), it is, therefore, necessary to compute theoretical 
yield curves; it follows from the discussion in Sec. D 
that both differential and total yield curves are needed. 

A calculation of an absolute production cross section 
would, of course, involve both the production matrix 
M anda phase-space factor F. The matrix M, not being 
known, was assumed constant in the primary energy 
range in question, and so the yield from each reaction 
was taken to be proportional to F.*° The factor F is the 
ratio of an integral over the phase-space volume of the 
process considered to the sum of integrals over the 
phase-space volumes of all competing processes. Each 
of these integrals extends over the distribution of 
target-nucleon momenta py. 

In the case of the differential yield, the numerator 
of F is of the form D/' JGSdpy, where D is a factor 
accounting for the variation with primary energy of 
the width of the interval Approa accepted by the de- 
tector, J is the Jacobean, G is the distribution function 
for py, and S is the phase-space volume for the reaction 
under consideration. Both D and J change relatively 
little over the relevant primary energy range, whereas 
G and S are the terms that dominate the energy de- 
pendence of the numerator of F. The function S dis- 
tinguishes between the two reactions as well as between 
the expressions for total and differential yields. For all 
integrals, the function G is, of course, the same, and 
the factor D has the same value at any one primary 
energy; J does not enter into the calculation of total 
yields. The phase-space volumes S were computed by 
means of the data and equations of Fialho.”" According 
to Brueckner e/ al.,” the distribution function G can be 
set proportional to exp(— py?/po°), where the constant 
po is determined by pc?/2mMnucieon= 14 Mev. (For the 
values of py for which the integrand has a maximum— 
these values, of course, are not the same for K+ and 
K-—, the center-of-mass energy 7” available to the 
reaction products varies, in the case of total K~ pro- 
duction, from 180 Mev at 1.9 Bev to 410 Mev at 2.95 
Bev; for the differential K~ production, the variation 
is from 140 to 340 Mev. For K*, the energies 7” are 
about 25% higher. For the same values of py, the 
lab-system momenta listed in Column 5 of Table I 
corresponds to center-of-mass K~ momenta Pproa’ of 
50, 80, 110, and 150 Mev/c at 1.9, 2.2, 2.5, and 2.95 
Bev, respectively; for K*, the corresponding momenta 
are 110, 130, 150, and 170 Mev/c. Of course, these 
center-of-mass momenta have meaning only for the 
fraction of observed K mesons that escape from the 
target nucleus without being scattered.) 


1% The ultimate threshold corresponding to the case that the 
entire target nucleus takes up the recoil has no practical sig- 
nificance. 

2” F. Fermi, Elementary Particles (Yale University Press, New 
Haven, 1951), Sec. 25. 

2G, E. A. Fialho, Phys. Rev. 105, 328 (1957). 

” Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 
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The denominator of F involves integrals over the 
phase-space volumes of all proton-nucleon processes. 
The chief contributions come from proton-nucleon 
elastic scattering and pion production, single and 
multiple. Since pion production seems best described 
by an isobaric-nucleon model," the relevant phase-space 
volumes were computed according to that model. The 
denominator of F increases by only a factor 2 through 
the energy range 1.7-3 Bev, an increase that is small 
compared to the change in F [see the curves of Fig. 
2(a) }. 

All F values at 2.95 Bev were normalized to unity. 
The resulting curves are shown in Fig. 2(a) ; the portions 
below 1.9 Bev are extrapolated. It is seen that the K~- 
curves, reaction (1), fall more steeply than the Kt 
curves, reaction (2). 

The feature that, for each reaction, the integral 
curve drops faster than the differential curve is easily 
understood. The distinguishing phase-space volume S 
varies approximately as a power » (>0) of the above- 
defined center-of-mass energy 7”. The power n is larger 
(by $ in the nonrelativistic approximation) for the 
integral than for the differential yield. 

For K* (and a Be target), the measured yields are 
seen to be close to the integral curves of reaction (2). 
Correction for indirect production of A+ mesons by 
pions [see Sec. (D) | affects the 2.2-Bev point negligibly. 
At 1.7 Bev, the relative yield from direct production 
alone is 0.012_o.0**, a point somewhat below the 
integral curve. However, according to the estimates of 
scattering effects given in Sec. (D), the experimental 
yields should instead be close to the differential curve 
and diminish less rapidly with proton energy than 
observed. The marked displacement of the 1.7-Bev 
point from the differential curve—which is increased 
by the correction for indirect production—is apparently 
beyond experimental error. Thus, it seems that the 
phase-space factor for reaction (2) does not account 
adequately for the observed energy dependence. Indeed, 
in order to obtain consistency between the observed 
yield curve and the energy dependence of the phase- 
space factor alone, it would be necessary to assume that 
the beam contains only minor contribution of unscat- 
tered mesons and that the energy dependence of VY» 
resembles quite closely that of the total production 
cross sections. Both these assumptions are hard to 
reconcile with the results of our estimates. 

The displacement from the differential curve could 
be due to a dependence of the production matrix 
elements M on K momenta, or on the energy 7”. If 
we refer to the remarks regarding the difference in the 
dependence of S on 7” for differential and total yields, 
respectively, we see that a variation of |M|* as 7’! 
would give a differential yield curve which is similar to 
the integral phase-space curve. Experimental errors 
and uncertainties in evaluation of scattering and of 
indirect production (see appendix) make it impossible 
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to determine closely the power of 7’ on which | M|? 
should depend. It can only be said that the discrepancy 
would be removed if | M|? were roughly proportional 
to 72. Should the true experimental yield be close to 
the lower limit of the range allowed by the error, or 
should the indirect production at 1.7 Bev have been 
underestimated, then proportionality to a somewhat 
higher power of 7” would be required. 

For K-, it is seen that, within the wide experimental 
errors, the measured values are fitted by either the 
differential or the integral curve. The observed variation 
of yield with primary proton energy is, then, consistent 
with the variation expected from reaction (1). Of course, 
this consistency is no proof that the observed K- 
mesons are made principally in nucleon-nucleon col- 
lisions [reaction (1) ] since, as noted earlier, production 
by secondary pions cannot be excluded. 

If K~ particles are created mostly in nucleon-nucleon 
collisions, then the fit of the experimental points to the 
F curves shows that constant matrix elements can be 
retained. Even allowing for the errors, the experimental 
points would be inconsistent with a theoretical curve 
appreciably steeper than the total F curve—the factor 
introduced into the cross section by any matrix elements 
could not increase more rapidly than about the first 
power of 7”. 


APPENDIX. INDIRECT PRODUCTION 
OF K* MESONS BY PIONS 


We consider the process in which a pion, produced 
in a collision of a primary proton with a nucleon ,, 
interacts in the same nucleus with a nucleon WN» and 
creates a K+ meson in the reaction 


r+N.— Kt+Y, 


(Al) 


where ¥ is either 2 or A°. The analysis will be restricted 
to the special case, realized in our experiment, that the 
K+ meson is emitted in the direction of motion of the 
primary proton. The A*+-emission angle (relative to the 
direction of motion of the pion) is then equal to the 
emission angle @ (relative to the proton direction) of 
the pion. 

We shall set c=1 and denote kinetic energies by 7, 
total energies by Z, momenta by #, and velocities by 
8, and indicate by subscripts the particles to which 
these quantities refer. For consistency of notation, the 
subscript “prod” used in the text will here be replaced by 
the subscript A. Primed quantities are referred to the 
c.m. system, unprimed quantities to the lab system. 
The Fermi motion of V2 will be included in the analysis ; 
however, we shall ignore components of the nucleon 
momentum normal to p,. Accordingly, the symbol py 
will stand for the nucleon-momentum component 
parallel to p,. (Of course, py may assume negative 
values.) The effects of the binding of NV» will be ignored. 

For K+ mesons produced in reaction (A1), pion 
energies, K-meson energies, and the angle @ are related 
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by the equation 


A+EvEx— pypx cosd+ (px cosd— py) (Ex— ps) 


PK cosé— Ex+En— pn 


’ 


(A2) 


where A=43(my’—mx’—m?—my"). (Above K*-pro- 
duction threshold, E,—~.&E,.) 

The differential cross section for indirect K 
duction may be written as 


pro- 


+00 


KS. =f G(py)Hdpy, 
dprdQrx 20 


@ork 


(A3) 


where G is the Gaussian distribution function referred 
to in Sec. (E) ; H will be defined presently. In calculating 
the indirect production, it is necessary to include 
separately the special cases of reaction (A1) which are 
characterized by the charge of r and V2 and the charge 
and type (A or Y) of Y: one must also consider the two 
charge states of V;, because the charge of N, affects 
the abundance of pions of a given charge. Consequently, 
H is a sum of terms, H=)>_; /;, where the one subscript 
j is used to specify the charges of the particles Vy, Ne, 
a, and charge and type of Y. 

The functions J; are differential cross sections for K 
production by pions colliding with nucleons 2 of 
momentum py, for the case that the nature of the 
particles is as given by 7. (For convenience, the sub- 
script 7 will henceforth be omitted.) Such a cross section 
is expressed by 


Hy do, 5T, dOx 
1=2r f (—) —d (cos). (A4) 
=] dT dQ, nucleus opr dQx 


Of course, the integrand is to be evaluated for values 
of T, given by Eq. (A2). The derivative 677/6px is 
obtained by differentiating Eq. (A2). The nuclear cross 
section for production of pions (of a given charge) was 
computed from 


@o, a0 do, 
Grp alee 
dT dQ, nucleus Coot Con dT dQ, N 


where oo(=190 mb”) is the total proton-nucleus cross 
section, opp and op, are the total pp and pm cross 
sections (¢pp+opn-~80 mb*™), and (d’c,/dT,dQ,)y is 
the differential pion production cross section in a 
collision of a primary proton with the nucleon .V, (n 
or p). (The neutron excess in the target nucleus was 
ignored.) The term dQx/dQx is the probability that a 
pion collide in the nucleus with a nucleon V2 and cause 





% Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 98, 1369 
(1955); Chen, Leavitt, and Shapiro, Phys. Rev. 99, 857 (1955). 
* Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956). 





1318 HORNBOSTEL, 
emission of a K+ into the solid angle dQx. We assume 
isotropy of K production in the c.m. system. This 
assumption seems justified because evaluation of Eq. 
{A2) shows that 7, is very close to threshold for the 
values cos@ (near unity) here of importance. (For 
larger values of 6, the integrand vanishes, because there 
are few or no high-energy pions made at large emission 
angles.) We may then write 
dQ,’ 
_ (A6) 


si ’ 
dQe Am ogy torn dQK 


dQ K f OK 


where f is the probability that the pion collide in the 
nucleus, ox is the integral pion-nucleon cross section 
for K production in the process considered, and co,» 
and o,, are the total mp and mm cross sections 
(rp +¢rn—~70 mb*). For the pions here considered, 
that is, for pions created by primary protons in a Be 
nucleus and moving essentially in the forward di- 
rection with a kinetic energy of about 800-900 Mev, 
it was estimated that f~0.5. 

The product (67,/6px)(dQx’/dQx) may be written as 


67, dQ’ 


Bxpxl(E,+En)*— (prt pn)’ }} 
“adelaide aca (A7) 


bpK dQx ¥ px'LE. ps (pr cosé— py) — Ext+ Ey] 


Close to threshold (see above) we may set 


ox=bpx’, (A8) 
with } a constant. With this substitution, the integrand 
in (A4) does not explicitly depend on px’. 

The pion-production cross sections were derived from 
the data given by Lindenbaum and Sternheimer" who 
based their calculations on the isobar model. We 
assumed isotropic isobar production at all primary 
energies. Lindenbaum and Sternheimer give spectra in 
arbitrary units of cross section ; we converted to absolute 
cross section by normalization to the integral inelastic 
pp cross section (~25 mb”). 

The constant 6 in Eq. (A8) was found from measured 
cross sections for K production by pions”; it was 
assumed that in the energy interval here considered 


26 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 
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the energy dependence of the cross section is given by 
the phase-space factor [compare Sec. (E) ].2!2627 

The integrals in (A4) were numerically evaluated 
for several values of py at three primary energies for 
which pion spectra have been computed by Lindenbaum 
and Sternheimer," namely at 1.5, 2.3, and 3.0 Bev. 
For comparison with our experimental yields, indirect 
production cross sections at 1.7, 2.2, and 2.95 Bev were 
obtained by interpolation. These cross sections, in units 
of 10-* cm? (sterad Mev/c)~', are respectively, 5, 13, 
and 25. 

These results would have to be modified, if the 
assumption of isotropic isobar emission were invalid. 
However, at 2.3 Bev, pion spectra calculated with this 
assumption agree closely with experimental results." 
At 3 Bev, the fraction of the observed yield due to the 
indirect process is small, and it is unlikely that ani- 
sotropy would increase the indirect production (at 3 
Bev) sufficiently to make this effect important. The 
value of 5X 10-* cm? (sterad Mev/c)~! calculated for 
1.7 Bev may well be unreliable. If this cross section were 
an overestimate, then the conclusions of Sec. (E) would 
remain unaltered. If it is seriously underestimated, then 
one would have to conclude that at this energy the 
fraction of the observed yield attributable to direct Kt 
production is small. 
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26R. Serber, Proceedings of the Seventh Annual Rochester Con- 
ference on High-Energy Nuclear Physics, 1957 (Interscience 
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Cross sections are reported for the formation of Be’ in interactions of C, Al, Cu, Ag, and Au with protons 
of energies between 1 and 3 Bev. They are compared with previous data at 0.34-Bev proton energy. The 
carbon cross section is strikingly constant at 11 to 14 mb from 0.1 to 3.0 Bev. The other cross sections rise 
with increasing proton energy and are all in the neighborhood of 10 mb at 3 Bev. Beryllium-7 may be con- 
sidered as a spallation residue from carbon, and the same mechanism probably accounts for at least a large 
part of its formation from Al. However, Monte Carlo calculations show that this mechanism predicts much 
too low cross sections from the higher Z targets. Other mechanisms must be invoked, the most promising 
being the evaporation of Be’ nuclei discussed in the following paper. 


INTRODUCTION 


HE production of lithium and beryllium nuclei in 

high-energy nuclear reactions has been investi- 
gated by various methods at energies up to cosmic-ray 
energies.~® The rapid decay of Li’ to Be’ which then 
decays immediately into two @ particles requires the 
use of nuclear emulsion or coincidence counting tech- 
niques for the determination of Li* formation cross 
sections. Formation of Be’, which has a 53-day half- 
life, may be studied by usual radiochemical techniques. 
Marquez and Perlman! have determined the formation 
cross sections of Be’? from a number of targets bom- 
barded with 335-Mev protons. They conclude on the 
basis of these results and of indirect evidence for forma- 
tion of Li* nuclei with energies >40 Mev, that these 
light nuclei must be considered as ejected fragments 
rather than spallation residues when formed in the 
irradiation of targets such as copper, silver, and gold 
with 335-Mev protons. 

In the investigation of copper§ and aluminum® 
spallation reactions induced by 2.2-Bev protons, it was 
again noted that the formation cross sections for Be’ 
were higher than would be expected if Be’ were a 
spallation residue. In copper interactions with 2.2-Bev 
protons, for example, the yield of Be’ is higher than 
that of any other nuclide investigated in the range 
10<A<40. Furthermore, the cross sections for Be’ 
formation from aluminum and copper were found to 
be higher at 2.2 Bev than at 335-Mev by factors of 
about 8 and 20, respectively. The present investigation 
was undertaken to additional data on Be? 
formation in irradiations of various elements with pro- 
tons of kinetic energies between 1 and 3 Bev, and thus 
perhaps to shed some light on possible mechanisms for 
the production of light fragments in these interactions. 


obtain 


* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
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TARGETS AND IRRADIATIONS 


Pure foils of polystyrene (166 mg/cm?), aluminum 
(21 mg/cm’), copper (46 mg/cm?), silver (138 mg/cm’), 
and gold (166 mg/cm?) were irradiated with 1.0 to 
3.0-Bev protons in the circulating beam of the Cosmo- 
tron. Targets were prepared as shown in Fig. 1. Recoil 
loss of Be’? and cross contamination of one target foil 
with Be’? produced in another were minimized by the 
thickness of the target foils, the use of guard foils, and 
the arrangement of the foils with respect to the proton 
beam. Details of the irradiation procedure have been 
described previously.® Irradiations of two to five hours’ 
duration at beam intensities between 10° and 10" 
protons/sec yielded Be’ samples with sufficiently 
high counting rates for positive identification and 
measurement. 

Absoluté cross sections were based on a value of 
10.7+0.6 mb for the Al*’(p,3pn)Na™ monitor reaction 
between 0.4 and 3.0 Bev.’ Since Na* can also be made 
in high yield by the (#,a@) reaction on aluminum, 
secondary neutron production in thick targets leads to 
erroneously high Na™ yields in the aluminum monitors. 
In the actual target stacks used, this secondary effect 
was shown to raise the Na™ yields by about 20% at 
any energy between 1 and 3 Bev, and the observed 
Na™ cross sections were corrected accordingly. The 
measurements of this secondary effect were based on 
the use of another monitoring reaction which is not 
sensitive to low-energy secondaries. This is the pro- 
duction of 4.1-hour Tb from gold which has a thresh- 
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old of 600 Mev.® About 2 hours after irradiation, the 
Tb @ activity can be measured in unseparated gold 
targets without interference from other activities and 
thus provides a convenient relative monitor for pri- 
mary high-energy protons. A measurement of the 
ratio of Na*™ activity in aluminum to Tb activity in 
gold in a target similar to that shown in Fig. 1, but 
with an additional 0.0005-in. gold foil on the upstream 
side of the stack served to measure the secondary con- 
tribution to the Na*™ production, when this ratio was 
compared with a similar ratio determined in a target 
consisting only of a 0.0005-in. gold foil and a 0.003-in. 
aluminum foil. 


SEPARATION AND MEASUREMENTS 


No chemical separation of beryllium was necessary 
from the polystyrene foils since only Be’ activity was 
discernible in the foils after the decay of the 20-min 
C" activity. 

The only interfering activity in the aluminum targets 
was Na*. A procedure was developed to measure the 
intensity of the 480-kev gamma ray of Be’ in the 
presence of the 510-kev annihilation y rays of Na®* by 
y-tay spectroscopy. The relative intensities of the 
0.51-Mev and 1.28-Mev y rays of Na* were measured 
with a Na* standard. On the basis of the 1.28-Mev peak 
observed in the y spectrum of the aluminum target foil, 
it was then possible to subtract the contribution of Na” 
annihilation radiation from the combined 480-510-kev 
peak of the complex spectrum to yield the 480-kev 
photopeak of Be’. When a chemically pure beryllium 
fraction was desired, beryllium and aluminum were 
separated from sodium by precipitation of beryllium 
and aluminum hydroxides with ammonia. The bulk of 
the aluminum was than precipitated as AlCl;-6H,O by 
the addition of ether and HCI (gas). Beryllium was then 
purified by the extraction of basic beryllium acetate 
with chloroform. 

To separate beryllium from copper, silver, and gold 
targets the targets were dissolved in the appropriate 
acid and Be(OH)>. was precipitated a number of times 
with ammonia. The final precipitate was dissolved in 
concentrated hydrochloric acid and the solution was 
passed through a Dowex A-1 ion exchange column. A 
ferric hydroxide scavenging precipitation with NaOH, 
followed by an acetylacetone extraction of the beryllium 
ethylene diammine tetraacetic acid complex at pH 4-5 
completed the separation. All chemically separated 
beryllium samples were finally converted to BeO which 
was weighed to determine the chemical yield of the 
purification steps. The BeO was used for the activity 
measurements. 

The only readily detectable radiation of Be’ is a 
0.48-Mev gamma ray emitted in 11% of all Be’ dis- 


®R. B. Duffield and G. Friedlander, data reported in Brook- 
haven National Laboratory Report BNL-303, July 1, 1954 
(unpublished), p. 27. 


FRIEDLANDER, AND HUDIS 


integrations.’ Thus absence of 8 radiation and decay of 
the y rays with a 53-day half-life were used as criteria 
for the radiochemical purity of the samples. Scintillation 
counters employing NaI(TI) crystals were used to 
detect the y radiation. When sufficient Be’ activity was 
present, a gamma-ray spectrometer was used to check 
the purity of the y radiation. Even when the initial 
counting rate was too low for the detection of possible 
contaminating y rays at other energies, the scintillation 
counter was used in conjunction with a dual discrimina- 
tor set to count only pulses in the region of the 0.48- 
Mev photopeak. This method not only discriminated 
against possible contaminants, but also appreciably 
increased the ratio of counting rate to background over 
that achieved without pulse-height analysis. The de- 
tection efficiencies of the scintillation counters for 0.48- 
Mev ¥ rays were measured by means of a Na”™ source 
of known disintegration rate. The small difference in 
photopeak efficiencies for 0.51-Mev and 0.48-Mev y 
rays was neglected. 


RESULTS AND DISCUSSION 


The counting rates of the beryllium samples, cor- 
rected for decay, chemical yield, counter efficiency, and 
the 11% abundance of the 0.48-Mev gamma ray, were 
converted to Be’ disintegration rates at end of bombard- 
ment. These disintegration rates, together with the 
Na™ disintegration rates in the aluminum monitors, 
yielded the formation cross sections of Be’. The results 
are listed in Table I, together with the data of Marquez 
and Perlman! at 0.34 Bev. The cross sections deter- 
mined in the present work are estimated to be accurate 
to +25%. In the few instances where duplicate deter- 
minations were made, the agreement obtained tends to 
corroborate this estimate. 

The data of Table I show several striking features. 
The cross section for Be’ formation from carbon is re- 
markably constant over the entire energy range. 
Dickson and Randle” have investigated this process at 
lower energies and found that it has a threshold at 32 
Mev and that its cross section levels off at about 14 mb 


TABLE I. Formation cross sections (in mb) of Be’. 








Proton energy (Bev) 
Target 0.344 j 1.4 1.8 2.2 3.0 


11.1 
11.7> 
11.9 
12.1 
5.9 8.4 


11.5 10.8 
12.6, 9.1» 
9.2, 13.0, 13.0° 
11.3 








* Data of Marquez and Perlman, reference 1. 

b Previously reported in reference 6, but recalculated with the revised 
values (reference 7) of the Al(~,3pm) monitor cross section. 

¢ Previously reported in reference 5, but recalculated with the revised 


value (reference 7) of the Al(~,3pm) monitor cross section, 


® Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 
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in the energy range from 100 to 140 Mev. This re- 
action which can probably be interpreted largely as a 
C"(p,3p3n) or a C"(p,apn) process with Be’ as a 
residue, thus furnishes another example of the rela- 
tively simple light-element reactions with cross sections 
which are almost energy independent in the range from 
a few hundred to a few thousand Mev. Other such 
proton-induced reactions reported earlier are the forma- 
tion of C" from carbon,’ of F'* from fluorine,” of F'* 
from aluminum,® and of Na* from aluminum.®’ It 
appears that this energy independence is a rather gen- 
eral phenomenon which to date has not been adequately 
explained in terms of any model. 

Turning attention to the target elements other than 
carbon, one sees that in all these cases the cross sec- 
tions for Be’ formation increase with increasing proton 
energy. However, the magnitude of this increase is 
very different for the different target elements. Whereas, 
at 0.34-Bev bombarding energy, the cross section was 
found to drop rapidly with increasing Z of the target 
(by a factor of 10° from Al to Au), at 3 Bev all the cross 
sections are nearly equal to each other, and equal to the 
carbon cross section. 

As discussed before,® the formation of Be’ from 
aluminum is likely to result, at least in part, from 
processes in which Be’ is the residue of cascade and 
evaporation steps. Such a spallation reaction would 
require, on the average, the deposition of about 200 to 
300 Mev of excitation energy in the aluminum nucleus, 
or rather in the end product of the fast cascade, and 
such deposition energies are quite probable at Bev 
bombarding energies, as indicated by recent Monte 
Carlo calculations.“ The results of these calculations, 
for the interaction of Al*’ with 1.84-Bev protons, when 
taken together with an estimate of 17 Mev for the 
average de-excitation per mass number in the evapora- 
tion process, lead to a cross section of 12 mb for the 
production of nuclei of A=7. It is not unreasonable to 


" R. Wolfgang and G. Friedlander, Phys. Rev. 96, 190 (1954); 
98, 1871 (1955). 

2 Markowitz, Rowland, and Friedlander, this issue [Phys. 
Rev. 112, 1295 (1958) ]. 
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assign about half of this cross section or 6 mb to Be’. 
A similar analysis for 0.46-Bev protons incident on 
Al’? leads to a predicted cross section of <0.3 mb for 
formation of Be’ as a spallation residue. In view of the 
very approximate nature of the calculations one can 
conclude only that this mechanism probably con- 
tributes significantly to the formation of Be’ from 
aluminum, but it is not clear whether it can account 
for the entire cross section. 

In the cases of copper, silver, and gold it is quite 
clear that a spallation mechanism with Be’ as residual 
nucleus cannot account for the observed cross sections. 
This can again be seen by comparison of the experi- 
mental data with the Monte Carlo cascade calcula- 
tions."* The calculated mass-yield curve for the products 
resulting from interactions of copper with 2-Bev pro- 
tons agrees reasonably well with experimental data for 
products of A> 20, but is at least an order of magnitude 
too low at mass 7. At lower bombarding energies, and 
from heavier target nuclei, Be’ is of course even less 
likely to result as a spallation residue. 

Other mechanisms must thus be invoked for the 
formation of Be’ from heavy nuclei, as was already sug- 
gested by Marquez and Perlman.! One possibility is the 
fragmentation mechanism proposed* to account for 
the production of other light nuclei from heavy-element 
targets. Another possible mechanism, suggested by 
J. M. Miller, is the direct evaporation of Be’ nuclei, 
in competition with evaporation of neutrons, protons, 
helium nuclei, etc., from excited nuclei. Evaporation 
calculations which are reported in the following paper’® 
have shown that this mechanism can, indeed, account 
for the approximate magnitudes of the cross sections as 
well as for the shapes of the excitation functions for 
Be’ production from copper, silver, and gold in the 
energy range studied. 

The cooperation of the Cosmotron operating staff is 
gratefully acknowledged. 
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The probability for the emission of Be’ nuclei in an evaporation process has been calculated. These calcu- 
lations support the hypothesis that the Be’ produced in high-energy proton irradiation of copper, silver, and 
gold as described in the previous paper, is formed directly by an evaporation process. 





INTRODUCTION 


N the preceding paper! experimentally determined 
cross-sections for the production of Be’ in copper, 
silver, and gold targets irradiated with 1; 2.2; and 3- 
Bev protons were presented. In addition, Marquez and 
and Perlman? have published data for the production of 
Be’ from the same target elements with 335-Mev 
protons. Since it was very difficult to explain the Be’ in 
the amounts observed as a spallation residue or fission 
product, the possibility of an evaporation mechanism, 
i.e., of Be’ emission competing with emission of neu- 
trons, protons, alpha particles, etc., from highly excited 
nuclei was investigated. 

The over-all reaction between high-energy incident 
particles and complex nuclei has generally been de- 
scribed, following a suggestion by Serber,’ as occurring 
in two stages: 

(a) Knock-on cascade—in which, due to the short 
de Broglie wavelength of the incoming particle, inter- 
actions are assumed to occur between individual nu- 
cleons. The knock-on cascade results in the emission of 
relatively high-energy elementary particles and in a 
residual nucleus which is left in an excited state. 

(b) Evaporation process—in which the residual nu- 
cleus resulting from the cascade de-excites by the 
evaporation of neutrons, protons alpha particles, etc., 
according to the usual compound nucleus picture. 

A number of authors** have studied the evaporation 
process based on the statistical model of the nucleus 
and start from Weisskopf’s’ basic equation 


P;(T)dT=~;0T (p;/p,)aT, (1) 


where P;(T)dT is the probability per unit time that 
particle 7 will be emitted with kinetic energy between 
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T and 7+dT, y;=g;m;/rh*, with g;=number of spin 
states of particle 7, and m;=mass of particle 7, o is the 
cross section for the inverse process, and py and p, are 
the level densities of the final and initial nuclei, 
respectively. 

If an explicit model for the nucleus is assumed, for 
example that of a Fermi gas, the relative probabilities 
of emission of various particles 7, 7, k, --- from a given 
nucleus at a given excitation may be calculated, pro- 
vided an assumption is made about the form of the 
inverse cross section ¢. Usually o is taken as ¢geom 
XK (1—V;/T), where ggeom is the geometric cross section 
for interaction of particle 7 with the product nucleus, 
and V; is the Coulomb barrier for this pair of particles. 

Following essentially the notation of LeCouteur,‘ one 
can write the relative probabilities for evaporation of 
particles i and 7 from a highly excited nucleus (initial 
excitation Eo) in the approximate form 


P; wiki aj 
—=— —— exp{2[(a;R,)!— (a;R,)* J}, 
P; ¥; Rj 4; 


where R;, R; are the maximum values of the residual 
excitation energies of the product nuclei, i.e., R;= Eo 
—Q;— V;and R;= Eo—Q;— V;; Qi, Q; are the separation 
energies of particles i and 7; V;, V; are the Coulomb 
barriers for emission of i and 7; and aj, a; are the level 
density parameters for the product nuclei, according to 
the expression p=C exp[2(aé)!] for the level density 
at excitation energy E. 

Recent Monto Carlo calculations of evaporation 
cascades by Dostrovsky e al.6 on the basis of 
LeCouteur’s equations take into account at each step 
the possibilities of evaporation of neutrons, protons, 
deuterons, tritons, He’, and He‘. Because evaporation 
of larger entities is relatively rare, it was neglected in 
their computations. Its inclusion would have little 
effect on the average course of the evaporation process, 
and to obtain, from a complete Monte Carlo evapora- 
tion calculation, statistically meaningful results on the 
cross sections for emission of nuclei of lithium, beryl- 
lium, etc., would require the study of a very large 

8 Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958). 
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number of cascades and, even on a high-speed computer, 
an inordinate amount of time. Therefore a more 
approximate procedure was adopted for the present 
study. 


EVAPORATION CALCULATION 


The starting point for the present evaporation calcu- 
lation is the spectrum of excited nuclides left after the 
completion of the knock-on cascades. A Monte Carlo 
calculation of the knock-on phase of nuclear reactions in 
the energy region of interest has been published,’ and 
results are available for Cu™, Ru’, and Bi™ targets 
irradiated with 460-, 940-, and 1840-Mev protons. 
Time limitations made it impossible to follow each 
excited nuclide, left after the knock-on cascade, down 
the evaporation path. Instead, the spectrum of excited 
nuclides was represented by a small number of average 
excited nuclides and these average nuclides were used 
as starting points for the evaporation calculation. The 
averaging procedure was as follows: 


(a) Knock-on residues were grouped into 7 bins 
according to their excitation energy and the members 
of each group were assigned the energy of the midpoint 
of the interval; 100-200 Mev (E=150 Mev), 200-300 
Mev (E=250 Mev), etc. 

(b) The most probable mass (A) was found for each 
energy bin. 

(c) The values of Z for nuclides of A, A+1, and 
A—1 were tabulated and the most probable value Z 
was found. 

(d) This averaging procedure was carried out on the 
excited nuclides left after the knock-on cascades of Cu®, 
Ru™, and Bi™ irradiated with 1840-Mev protons. The 
values of A and Z corresponding to FE in the 1840-Mev 
calculations were also used for the 460- and 940-Mev 
calculations, since the values of A and Z for a given E 
change only slightly with incident energy.® 

(e) The values of A and Z obtained from the calcula- 
tions for Ru™ and Bi” targets were adjusted to corre- 
spond to Ag’ and Au’ targets. 


Results of the Monte Carlo knock-on cascades were 
thus reduced to a small group of average nuclides 
(A,Z,E); for each target. There were 5 such repre- 
sentative excited nuclides for Cu, 7 for Ag, and 7 for 
Au. Evaporation cascades, approximately 20 per 
(A,Z,E);, were performed on the Maniac I electronic 
computer with the Monte Carlo routine developed by 
Dostrovsky ef al.’ The actual course of the evaporation 
path was plotted for each group of 20 cascades. Ap- 
proximately 100-Mev energy intervals were taken along 
the evaporation path and the average values of A and 
Z (A*,Z*),; in each energy interval (E*),; were deter- 
mined. There were 15 such average nuclides (A*,Z*,E*) ; 
for copper, 29 for silver, and 32 for gold targets. In 


® Metropolis, Bivins, Storm, Miller, Friedlander, and Turkevich, 


Phys. Rev. 110, 204 (1958). 
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addition, the evaporation cascades yielded the average 
number of neutrons and protons emitted for each 
(A,Z,E); starting point. 

Before the ratio Ppe?/P, could be calculated for each 
of the (A*,Z*,E*); nuclides, Eq. (2) had to be put in 
more explicit form. According to LeCouteur, the pa- 
rameter a in Eq. (2) depends on the neutron excess of 
the nucleus and is formulated by him as 


a,'=a'(1—1.30/A), (3) 


where a, is the level density parameter of the daughter 
nucleus resulting from neutron emission, a= 4/10, A 
= mass of parent nucleus, and @= (V—Z)/A. 

Based on LeCouteur’s formulation, the corresponding 
equation for the level density parameter of a nucleus 
resulting from Be? emission is 


dpe? = a(1—3/A+1.30/A). (4) 


With the use of Eqs. (3) and (4) and the definition 
R;= Ey—Q;— V;, Eq. (2) may now be rewritten for the 
ratio of emission probabilities of Be’ and neutron: 


2a} 


Ppe? Ype’ Ree? An 
=—— —— — exp 
Ry dpe? ( 


ra Yn ‘J n)? 


On— Qse'— V Be? 6 3 
x| jmp + Rpe’, (26 —)]I, (5) 
2 AA 


where (Rpe’, n)?= (Reet +R,')/2. 

To compute values for the separation energies Q, 
Cameron’s”” mass tables were used. Coulomb barrier 
calculations were based on the usual relationship: 


ZZ" 


V=P Mev, 


roL Ay'+ Aq! ]1.6XK 10° 


where fro, the nuclear radius parameter, was taken as 
1.3X10-" cm and P, the penetrability factor for Be’, 
was taken as 0.9 from an extrapolation of the data of 
Bethe and Konopinski," and where A,, Z;, and Ao, Z2 
are mass and atomic numbers of residual nucleus and 
emitted particle, respectively. 

By use of Eq. (5) the values of Pp.7;/Pni were found 
for each nucleus (A*,Z*,E*);. Calculations were not 
carried out below 50 Mev for Cu, 100 Mev for Ag, and 
150 Mev for Au since it was shown that evaporation 
yields of Be’ below these cutoff energies are extremely 
low. 

The sum (1/imax)30i(Ppe%/Pni) taken over all the 
nuclides (A*,Z*,E*); in a given evaporation chain, i.e., 
for a given j, yields the average probability of Be’ 
emission as compared with neutron emission over one 

© A. G. W. Cameron, Atomic Energy of Canada Ltd. Report 


CRP-690, 1957 (unpublished). 
1H. A. Bethe and E. J. Konopinski, Phys. Rev. 54, 130 (1938). 
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Fic. 1, Excitation function for the production of Be? from Cu. 
The open circles are the experimentally determined cross sections 
and the solid points are the calculated cross sections. The experi- 
mental point at 335 Mev is from reference 2. 


complete evaporation cascade. If the number of neu- 
trons emitted in each of the 7 energy intervals is equal,” 
then ‘ 


N nj Pei, j 

ie Nee'j, (6) 
— ‘ Pus 
where V,;=the number of neutrons emitted in the jth 
evaporation cascade between the cutoff energy and the 
maximum energy, and N,,";= the number of Be’ nuclei 
emitted in the jth cascade between the cutoff energy 
and the maximum energy. 

If f;=the fraction of the total inelastic cross section 
resulting in the excited nuclides represented by 
(A,Z,E);, then the fraction Fg.’ of the total inelastic 
cross section resulting in Be’ emission is 


Fre'= LN eeiX fi. (7) 





T T 


a on on a 
aa ee ee 


T 


ce) 


TTT TTTTT 


CROSS SECTION (mb) 


+ 








i i A. 
Lo 20 3.0 
PROTON ENERGY (Bev) 





Fic. 2. Excitation function for the production of Be’ from Ag. 
The open circles are the experimentally determined cross sections 
and the solid points are the calculated cross sections. The experi- 
mental point at 335 Mev is from reference 2. 

2 The evaporation cascade calculations of reference 8 indicate 
that this assumption is approximately correct. 
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At each incident proton energy the appropriate values 
of f; obtained from the knock-on cascade data,’ were 
inserted into Eq. (7). 

The preceding calculation is based on the assumption 
that the Be’ particles are evaporated in their ground 
state. The possibility of Be’ formation in excited states 
has been taken into account in the following approxi- 
mate manner. There is one known excited state of Be’ 
which is stable towards particle emission. This state is 
0.43 Mev above the ground state and has J=}," 
whereas the spin of the ground state is most probably 
3.4 Thus, the term ype?/Yn in Eq. (5) has the value 14 
for Be’ in its ground state, and the value 7 for Be’ in 
its excited state. Since Be’ emission is probable only at 
high nuclear excitations, the energy difference between 
the ground state and excited state should not have a 
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Fic. 3. Excitation function for the production of Be? from Au. 
The open circles are the experimentally determined cross sections 


and the solid points are the calculated cross sections. The experi- 
mental point at 335 Mev is from reference 2. 


large effect on their relative emission probabilities. 
Therefore all values of the calculated Be’ ground-state 
cross sections were multiplied by 1.5 to obtain the 
total Be’ yield. 


RESULTS AND DISCUSSION 


In Figs. 1-3 are plotted the experimentally observed 
excitation functions for Be’ production from copper, 
silver, and gold,! and in addition, the calculated cross 
sections. The agreement is satisfactory when one con- 
siders the averaging procedures which went into the 
calculations, and seems to be best with high-Z targets. 


( 18 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
1952). 
4 Segel, Kane, and Wilkinson, Phil. Mag. 3, 204 (1958), 





Be’ NUCLEI 
While this may be due to the fact that with high-Z 
targets a larger fraction of the observed Be’ results from 
an evaporation mechanism, it should be noted that the 
calculations and assumptions employed are less reliable 
for copper than for silver or gold. It does seem evident, 
however, that at least a large fraction of the observed 
Be’ formed when any of these elements interact with 
protons between 460 and 1840 Mev may be explained 
by an evaporation mechanism. 
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Quasi-Elastic Scattering of Pions by Nuclei* 


T. K. Fowterft 
University of Wisconsin, Madison, Wisconsin 
(Received June 9, 1958) 


This paper discusses a prescription, based upon the impulse approximation, for estimating the inelastic 
contamination generally present in attempted measurements of elastic pion-nucleus differential scattering 
cross sections because of the finite energy resolution of detectors. It is also pointed out that in such quasi- 
elastic measurements the interference portion of the inelastic scattering, for which the form factor is the 
Fourier transform of the important and unknown nucleon pair correlation density, is experimentally 
separated from the direct inelastic scattering over a large range of scattering angles. 


1, INTRODUCTION 


OR lack of sufficient energy resolution, experimental 
studies of the elastic scattering! of high-energy 
pions from nuclei have generally included in what was 
designated as “‘elastic”’ some slightly inelastic scattering 
as well. It was only recently that Baker,’ using counter 
techniques with greatly improved resolution (5%), 
managed for the first time to isolate truly elastically 
scattered 80-Mev pions well enough to observe clearly 
the diffraction minima at large scattering angles to be 
expected from the optical model of elastic scattering.’ 
It is the twofold purpose of the present theoretical 
analysis of quasielastic scattering (1) to provide a 


* Supported by the Wisconsin Alumni Research Foundation. 
Numerical computations were carried out at the Numerical 
Analysis Laboratory at the University of Wisconsin, and were 
hence supported in part by a grant from the National Science 
Foundation and in part by funds of the Wisconsin Alumni 
Research Foundation allocated by the Graduate Research 
Committee. 

t Based on a thesis submitted in partial fulfillment of require- 
ments for the degree of Doctor of Philosophy at the University of 
Wisconsin. 

t Now at the Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

1 Elastic and inelastic are here defined with respect to the 
nucleus. A purely elastic collision is one in which the nucleus 
receives precisely zero excitation energy. 

2 W. F. Baker, Ph.D. thesis, Columbia University, March, 1957 
(unpublished). 

3 Diffraction minima in the elastic scattering of other high- 
energy elementary particles by nuclei had already been observed: 
electrons, Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
tose protons, K. Strauch and F. Titus, Phys. Rev. 103, 200 

1956). 


means of estimating the inelastic contamination in 
poorly resolved pion-nucleus elastic scattering data, and 
(2) to appraise the nuclear information obtainable from 
well-defined quasielastic scattering experiments in the 
hope that, with experimental improvements, pions 
might serve as radiation of sufficiently short wavelength 
to probe the details of nuclear structure. It will be 
suggested that experiments with Baker’s degree of 
resolution might already be capable of providing in- 
formation about nucleon pair correlation densities. 

Following the necessary definitions, some simple 
cross section estimates will be discussed, and then in 
later sections a more general approach will be presented. 
Though the projectile and target will be referred to as 
pion and nucleus, many of the results are applicable to 
the scattering of any fast particle from a complex 
system.* 


2. DEFINITIONS AND APPROXIMATIONS 


The term “quasielastic”’ will include elastic scattering 
together with all inelastic scatterings in which the 
nucleus is excited by no more than some specified, 
small amount, AZ. Then, the quasielastic differential 
cross section, o,(@), is a weighted sum of partial cross 
sections, o7;(@), leading from the initial nuclear state i, 
assumed for simplicity to be the ground state, to the 


‘For example, quasielastic scattering of high-energy protons 
from nuclei: K. Strauch and F. Titus, Phys. Rev. 104, 191 (1956), 
and reference 3. H. Tyrén and Th. A. J. Maris, Nuclear Phys. 
3, 52 (1957); 4, 637 (1957); 4, 662 (1957); 6, 82 (1958). 
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final nuclear state f: 


o4(9)= L Wyo;(8), 


Xs<E 


(2.1) 


where the summation extends over all states f with 
excitation X;< FE, E being the kinetic energy of the 
incident pion. 

For estimation purposes, or for simulating experi- 
ments with an ideal energy resolution less than the 
spacing between nuclear levels, the weighting function 
W; may be taken to be a step function which is unity if 
E(k;)>E-—AE, and zero otherwise, where 

E(k;)=E-—Xy (2.2) 
is the kinetic energy of a scattered pion which has 
excited the nucleus to state f. Thus, Wy might be 
thought of as a “‘window”’ in the energy spectrum which 
is open to quasielastically scattered particles. In order 
to duplicate better the counting efficiency in a realistic 
experiment, the step function will be smoothed out, as 
in Fig. 1, with a shoulder width D, the energy resolution 
of the detector. 

In terms of the T matrix, familiar from scattering 
theory,® 


~ 2 


k 
o7;(6)= dE; — 5(E,—E+X;j) (2x)4 


0 vy dE; 

X | (fk| T]i,ko)|*, (2.3) 
where a sum and average over final and initial spins is 
implied, and ko, k= initial and final momentum of pion; 
E, Ex= initial and final kinetic energy of pion ; »;= initial 
velocity of pion; #=scattering angle, the angle between 
ky and k; E;, E;= initial and final states of the nucleus; 
and X;=E;—£,, the excitation energy of state /. 
Units have been defined relative to the pion by setting 
k=c=-m,=1. 

Equation (2.3) is meant to apply to the laboratory 
system. Therefore, in setting the total energy change of 
the target equal to X,, its change in “‘internal” energy, 
in the 6 function, it has been assumed that the nucleus 
is heavy enough so that its recoil may be neglected. 
Nonrelativistically, the equation may instead be con- 
sidered to apply to the pion-nucleus center-of-mass 
system. 

The multiple scattering features of the collision can 
be made explicit by introducing into Eq. (2.3) results 
from Watson’s formal theory of multiple scattering,® 
which will be summarized here. Watson obtains an 
expression for 7 acting on the initial state of the form 


(2.4) 


A 
T| i,ko) gr he by | Vu), 
u=l 


5 See, for example, K. M. Watson and K. A. Brueckner, Atomic 
Energy Commission Report, AECU-2765, 1953 (unpublished). 

6K. M. Watson, Phys. Rev. 105, 1388 (1957). This paper will 
hereafter be referred to as I in the text. 
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where the sum ranges over all A nucleons in the target 
nucleus. The operator ¢, is proportional to the two-body 
scattering amplitude for a collision with a single, bound 
nucleon, uw. The pion energy will be assumed high 
enough (250 Mev) so that the short-collision-time, or 
impulse, approximation discussed in I can be applied 
to t,. Then 


(kt, | ko) = (| 4°] ko) expLi(kko—k) -1,], 


where /,° differs from ¢, in that now yu is not bound. 
Thus ¢,° can be obtained from experimental results of 
scattering pions from free nucleons. The exponential 
factor in Eq. (2.5) provides the phase relation between 
waves scattered from yw in various positions r,, the 
slow-moving nucleon being assumed fixed during the 
fast pion-nucleon encounter. 

The effect of collisions prior to the final collision with 
nucleon « is lumped into y,, the “effective field” 
incident upon yu, which satisfies the self-consistent 
equation 


(2.5) 


\Vu)=|t,6-)+d > Poty|y,). (2.6) 


vA“ 
Here, ¢. is the coherent field arising from the average 
interaction of the pion with the nucleus through the 
optical potential, V., the relation being 


|i,6<)= | i,ko)+d>V-| ip). 


In the form (2.6), elastic, coherent processes and 
inelastic, incoherent processes have been separated in 
y,. Iterating this equation yields a multiple scattering 
expansion of terms containing none, one, two, and more 
scatterings, each factor ¢, representing a scattering 
event which is inelastic in the broad sense that the 
projection operator Po forbids the resulting nuclear 
state to be the initial state or to have occurred following 
any prior scattering. The coherent field serves as the 
incident wave. Between scatterings, the wave again 
propagates in the presence of the average interaction, 
since the propagator d is defined to contain V,: 


d= E+in—h+E;—Hn—V., 


(2.7) 


(2.8) 


where h is the pion kinetic energy operator, Hy is the 
nuclear Hamiltonian, and 7 is a small, positive number 
which selects out-going scattered waves when the 
implied integrations over pion energy are performed. 
The restricted sum over nucleons prevents two succes- 
sive scatterings from the same nucleon. 

In calculating ¢,, the nucleus will be assumed to be a 
large medium, in which case V, is approximately a 
complex constant and, in coordinate representation, 
@- is an attenuating plane wave (see I), 


¢-=Q exp(inky:x), (2.9) 
where n=mo+in; is the complex index of refraction 
related to the optical potential by 


(n*ko?+1)§4+-V = (ke?+1)!. (2.10) 
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The imaginary part of m defines \,, the mean-free-path 
for the incoherent scattering attenuating the coherent 
field, by the relation m;=(2Aako)~!. The refractive 
index can be obtained from nearly-forward elastic 
scattering data, where the elastic scattering is likely to 
swamp any inelastic contamination. 

The constant factor Q will be adjusted to match the 
incident wave to @¢-, inside the nucleus in accordance 
with the primary extinction theorem of optics, which 


requires that the incident wave vanish inside a refract=:~: 


ing medium, leaving only the refracted wave. In 
coordinate representation, Eq. (2.7) is approximately 


Q exp(inko-x) = exp(iko-x) 
exp(iRko) 


+Z f d, 95 
“ R 


Sa (x) ? 


Xexp(inky-r,), (2.11) 
where p,=V~ is the nucleon density (V being the 
nuclear volume), R is the distance from uw to x in the 
direction of the unit vector x, and f,(x) is the two-body 
scattering amplitude proportional to (xko|¢,°|noko). 
Approximation (2.5) and the zeroth approximation to 
V. discussed in I have been employed, and, assuming 
R>k,", only the first term of an expansion (obtained 
by partial integration) in (&oR)~! has been retained. 
Let the nucleus be assumed large enough so that ¢, is 
attenuated to zero within it, position x being inside the 
boundary a distance d measured along ko, which is 
perpendicular to the surface. Then, changing to integra- 
tion variable R and again keeping only the first term in 
an expansion in (koR)~' gives finally 


Q exp (inkod) = exp (tkod) 
* {(1—[ 20 f, (Ro) /Vn(n—1) ko? JO} 


+exp(inkod)(---). (2.12) 


The incident wave, exp(ikod), is extinguished if Q is 
related to the refractive index and the forward scatter- 
ing amplitude, f,(ko), by 


Q=[Vn(n—1)ko®)/[2e Dy ful bo) ). 


The working expression for o,(@) is obtained by sub- 
stituting Eq. (2.3) into Eq. (2.1). Since the 6 function 
establishes the energy conserving relation Eyx= E—Xy, 
= E(k), the restriction on the sum over states may be 
dropped. Also, considered as a function of E; instead 
of E(k;), and relabeled W;, the weighting function can 
be introduced inside the integral. Furthermore, since 
W;, then cuts off the integration in general long before 
E,<0, the lower integration limit can be extended to 
—, Finally, 


(2.13) 


PIONS BY NUCLEI 
o,(6)=> | dE, 5(E,—E+X)) 
= 
(ee dk 
—W (2m)*| (fk | 0 tala) |? t, (2.14) 


| oy dE, : 


x 


where the sum over final nuclear states is unrestricted. 
3. ESTIMATES 


The effect of target binding on the scattering of fast 
particles has been studied extensively for the case of 
neutrons scattered from nuclei chemically bound in 
molecules by Placzek? and by Wick.* Both authors 
treated the single-collision, Born approximation. Wick’s 
approach, in which he examines the time-dependence 
of the process, will be followed here. 

Suppose for the moment, then, that multiple in- 
elastic scattering is unimportant, so that the effective 
field is just the coherent field, ¢., given approximately 
by Eq. (2.9). Applying approximation (2.5) and 
introducing the time-dependent Fourier representation 
of the 6 function into Eq. (2.14) gives 


1 k? dk 
r=E f dE, P——Wi(2m)3 
f na vr y 


Ex 


xf dt exp[it(E,—E+X,) ] 


X|¥ a,(f|exp(ix-r,) exp(—mko-r,)|i)|?, (3.1) 


where x= noko—k and a,= (Kk) ¢,°| moko) will be assumed 
approximately independent of k. Wick points out that 
the time here is in fact the collision time. As would be 
expected, it turns out that the faster the incident 
particle moves, that is, the greater £ is, the shorter is 
the duration of the collision. To cite Wick’s example, in 
situations where likely energy transfers Xy can be 
ignored compared to £, integrating first over (non- 
relativistic) EZ, leaves a time integral proportional to 


f dt t-1 exp(—iEi), 


which clearly indicates a collision time ‘~E~, the 
integrand being small for times much later than this. 
(In the extremely relativistic limit, the time is even 
shorter, the denominator being then #.) 

If the phase factor exp(iX,t) is introduced into the 
matrix element, closure over states f can be performed: 


Dy: -exp(—ix-r,)| f) exp(¢X yt) (f| exp(ix-r,)--- 
=-+-+-exp(—ix-r,) exp[tt(Hy—E,) ] 
Xexp(ix-ty)-+:. 


(3.2) 


(3.3) 
7G. Placzek, Phys. Rev. 86, 377 (1952). 
8G. C. Wick, Phys. Rev. 94, 1228 (1954). This paper will 
hereafter be referred to as II in the text. 
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The time-dependent phase factor merely transforms 
the position of u in time: 
exp[it(H y— E,) ] exp(ix-r,) 

= exp[ix: (r,+M—'p,t+4M—F,f?+---)], (3.4) 


where r,(¢) has been expanded in powers of 1, 
p.= Mdr,/dt being the momentum operator for nucleon 
uw and F,= Md*r,/d?=—V,Vy the force acting on u due 


| — f 


—o 





a 


dk - 
dE, k—W;, f dt exp[it(E,—£) ] 
dE; —2 
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to the nuclear binding potential Vy. Introducing the 
nucleon packet width D, where D“'~p, and F,D~B, 
the nucleon binding energy, the second-order term is 
seen to be smaller than the linear term by a factor 
F,Di~ BE™. Thus, for large E, the only important 
time-dependent phase correction, M~'(«-p,)t, depends 
only upon the initial (ground state) nucleon momentum 
distribution. If just this correction is retained, Eq. (3.1) 
becomes 


XD ayudy*(i| Cw exp{ilx: (tu—1,) + Lytt+5y.(2M)—t]} |i), (3.5) 


where 
L,=M~"(x-p,), (3.6) 
and 


Cyp...= exp — nko: (r,+n,4+---)] 


is the attenuation factor, its unimportant time depend- 
ence having been ignored. The factor 6,, is unity if 
=v, zero otherwise. 

The exponent 6,,(2M)—«* in Eq. (3.5), present only 
in the “direct” terms with n=», arises from the com- 
mutation of L, with ix-r, on combining exponentials. 
The direct terms, containing no interference effects, are 
classical in nature, the quantity L,+(2M)—'k® being 
just the energy gain of a nucleon receiving momentum 
transfer x according to the classical energy-momentum 
relation. The fact that (2M)~'x* occurs only in these 
classical terms will prove to be of great importance. 

The time-dependence of the matrix elements in 
Eq. (3.5) can be expressed as a phase factor whose 
exponent ranges between the values if[ 6,,(2M)7e+L, ], 
where L, is some appropriate mean value. After 
integrating over ¢ to restore the energy 6 function, the 
remaining & integration then shows £;, to lie between 
the values E—6,,(2M)"4L,. That is, the energy 
distribution of scattered pions has a spread 2L,, and 
it is peaked about £ for the interference terms and about 
E—(2M)"«? for the direct terms. 

Thus, at small scattering angles, where x approaches 
zero, the interference and direct components of the 
energy distribution overlap, while at angles large enough 
so that (2M)-x?>2L,, the direct component will have 
completely separated in energy from the interference 
part. Consequently, if the cutoff AE defining quasi- 
elastic scattering is of the order of the distribution 
half-width, L,, it happens at large scattering angles 
that, even though the direct scattering is completely 
screened out, the inelastic interference scattering comes 
through intact to contaminate the elastic component. 

Unfortunately, since L, turns out to be small, very 
good energy resolution may be necessary to separate 
elastic and inelastic interference scattering. For 
randomly oriented nuclei, the simple average of L, is 


(3.7) 


zero. The next simplest contribution, the root-mean- 
square average, does not vanish. Since the appropriate 
energy dimension is t~ E-—6,,(2M)72>L,, higher 
order averages are not likely to contribute except 
perhaps at backward scattering angles, especially for 
the interference case 4#v. Then, taking the rms 
average, one has 





L,.=[3M—2((2M)—,2) = [3M—42(K,) ]#, (3.8) 
with the notation (---)=(i/---|7). Thus, for both 
interference and direct scattering, the width of the 
energy distribution of scattered particles depends upon 
the average initial kinetic energy of the nucleon, and, 
through x, upon the scattering angle. 

For the direct terms, comparison with exact calcula- 
tions for a single, harmonically-bound nucleon initially 
in the ground state have verified to a few percent the 
conclusions that the energy distribution of pions 
scattered at a given angle peaks at Ey=(2M)~'k? and 
that the width of the distribution is 2L,. Test cases 
included pion energies 80-220 Mev, E(K,)~! from 64 to 
16, and laboratory system scattering angles 0°-90°. A 
typical case appears in Fig. 1, where f enumerates 
states of the harmonic oscillator, frequency w, starting 
from the ground state f=i=0. For this case, with 
(K,)=%w and the refractive index taken as unity, 
(2M)—x?=50 Mev and 2L,=30.4 Mev in good agree- 
ment with the curve. The harmonic binding model 
for interference terms has also been studied, in II, the 
results again substantiating the above considerations. 

It should be noted that the suppression of small 
energy transfers (25 Mev) imposed by the Pauli 
principle has been neglected. Therefore, the results for 
inelastic scattering, particularly for the interference 
part involving only small energy transfers, represent an 
upper limit. 

However, unless multiple scattering is important, the 
fact that a non-negligible portion of the inelastic 
interference scattering does survive is clearly demon- 
strated by comparing the results of scattering 80-Mev 
pions from aluminum and copper in the two cases 
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AE=0+5 Mev (Baker?) and AE= 15+5 Mev (Pevsner 
et al.* for Al; Williams et al."° for Cu). With a pessimistic 
addition of experimental errors, there remains an 
appreciable difference between these data [o.(8) in 
Table I], even at angles >70° where 5 Mev<L,< 20 
Mev< (2M)~'k?. 

There is, of course, the possibility that multiple 
inelastic scattering makes a measurably more important 
contribution in the data with larger AE and thus 
accounts for the observed difference in the two experi- 
mental results. For large £, the importance of multiple 
scattering can be examined in the short-collision-time 
approximation by introducing into the effective-field 
expansion [obtained by iterating Eq. (2.6) ] the time- 
dependent representation of the propagators: 


x 


a=-if dt 


Xexp{il(L+in— ki t+£,—Hn—V,)}, (3.9) 
which differs from the time representative of the 
energy 6 function mainly in the fact that the pole- 
selector in d has eliminated negative times correspond- 
ing to incoming scattered waves. 

As before, the factor exp[i(£;,— Hy)t] merely trans- 
forms in time nuclear coordinates in all factors to the 
right of it. If again average values of time-dependent 
factors are removed from each matrix element, what 


f 


169.7 Mev=(2M) K°- 
' 


M 


E (4,) (Mev) 


Fic. 1. Energy distribution of pions scattered at 60° from a 
single nucleon bound by a harmonic oscillator potential. The 
dotted curve is the distribution if the probability of accepting 
pions of a given energy has the weighting W,. 

® Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 

10 Williams, Baker, and Rainwater, Phys. Rev. 104, 1695 (1956). 
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TaBLe I. Experimental results interpreted in the text as the 
inelastic interference cross section, ¢-(@), in millibarns per stera- 
dian, for 80-Mev pions scattered from Al and Cu. 


Oia» (deg) Al Cu 


140+79 319+177 
47+26 21+11 
13.6+4.3 9.8+4.9 
8.19+1.23 
5.42+1.70 
6.06+1.51 
7.48+0.95 


20+4 
40+4 
60+4 
80+5 
90+5 
100+6 
110+6 


4.9+1.5 


7.142.3 


remains is nuclear dependent only through nucleon 
position operators and hence, in coordinate representa- 
tion, reduces to a space integral weighted by Wy’, the 
square of the ground-state nuclear wave function. 

With the notation (3.7) for the attenuation factors, 
and F,=exp(ika'fa), Ka being the momentum trans- 
ferred to nucleon a, and 


nig eos 


typical lower-order matrix elements contributing to 
o,(@) would be 


d®r, Wy?, (3.10) 


(| Fy'F Cu» |i)= [arate Cowl "Fy (3.11) 


(| F,'F PoP aC ural 4) 
= (| FFF aC wal t)— (| FF Cyus|t){t| FaCa|t) 
[erate dire Cyva(Pyva— PuPa) Pr F pF a (3.12) 


(i| Fe Pot F,tF, PoF aC pura|t) 


= f drsartdrstirs Caio Gavel 


—PurPaps)F’s*F,*F Fa. 


(3.13) 


In Eq. (3.11), already discussed, two singly scattered 
waves interfere; in Eq. (3.12), a singly and a doubly 
scattered wave; in Eq. (3.13), two doubly scattered 
waves. 

Evidently the two matrix elements involving multiple 
scattering vanish if, for example, pyras= PurPaps ; that is, if 
the simultaneous positions of intermediate targets a and 
6 are not correlated either with each other or with the 
positions of final targets w and v. A similar situation 
occurs in higher order terms. However, if there were no 
correlation among nucleons, in particular, none between 
pairs, the inelastic interference scattering presumed to 
accompany single collisions would also vanish. Then 
Eq. (3.11) with py=p,p, would contribute only an 
elastic interference cross section. 

It could be argued that, on account of the short range 
of nuclear forces, pair correlations might be significantly 
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more important than three-body and higher order 
correlations. Though on the average nucleons would see 
each other in pairs, a necessary (though perhaps not 
sufficient) condition for nuclear binding, the probability 
that three particular nucleons interact simultaneously 
could still be small. A simple nuclear model of A 
identifiable, spherical nucleons assumed to be correlated 
in proportion to the probability that they contact each 
other predicts the ratio of n-body correlation to (n—1)- 
body correlation to be v/V, where v and V are, respec- 
tively, the nucleon and nuclear volumes. Since there are 
A—1 more scatterings from n correlated nucleons than 
from (n—1), the m-body scattering term is reduced by a 
factor (A—1)(v/V)t,°E-. Even in the close-packed 
nuclear case, where A4o~V almost cancels the volu- 
metric gain, this factor is much less than unity so 
long as the scattering mean-free-path A, is equally 
much greater than the nucleon radius. At 100 Mev 
[orotai(#7, nucleon)~50-100 mb], 4,°A-'~0.3, or A,.~3. 
An additional reduction results from the attenuation 
of the coherently propagated wave due to incoherent 
scattering of pions suffering energy losses so large that 
it is improbable that they later recapture enough energy 
to emerge quasielastically. Since the attenuation mean 
free path is also ~3 at 100 Mev, attenuation accounts 
for another reduction factor exp(—A,/Aq)=e" per 
scattering, the total reduction factor being then ~0.1. 
Finally, there is some theoretical evidence that the 
Pauli principle inhibits clustering of nucleons with an 
effectiveness increasing with the cluster size." 

If scattering depending upon correlations of higher 
order can therefore be assumed negligible compared to 
that due to pair correlations, the question remains to 
what extent pair correlations themselves contribute to 
multiple scattering. Consider first the third-order 
terms, Eq. (3.12), estimated above to constitute at most 
a 10% correction. The double scattering event is 
certainly a pair correlation scattering because of P» and 
the restriction a~u in the y, expansion. Then, the first 
scattering from a@ alters the pion energy by <L, and is 
most important at forward angles. In short, the wave 
incident upon u has momentum ~ko, the momentum of 
incident pions, and hence x,—x,. Then, for direct terms 
with w= v, Eq. (3.12) reduces to (i| PoP aC aC, 7), which 
P» causes to vanish. Furthermore, whatever is left of 
Eq. (3.12) in the direct case is, like the single-collision 
direct terms, screened out by W, at angles away from 
0°. In cases of interference with wv, Eq. (3.12) 
depends upon three-body correlations except in that 
fraction (A—1)~! of the terms where a=v, and hence 
constitutes a correction of only (A—1)~'(10%). In the 
fourth-order terms, Eq. (3.13), estimated to be at most 
a 1% correction, pair correlations enter only in a 
fraction ~(A—1)~ of both direct and interference 
terms to give a negligible (A —1)—'(1%) correction; and 
so on for higher order scattering. It would appear, 


u H, A, Bethe, Phys. Rev, 103, 1353 (1956), 
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therefore, that, for cases of interest, multiple scattering 
of pions in nuclei might be neglected. 

For the purpose of applying the previous discussion 
of single collisions to estimating the inelastic content of 
quasieleastic data, o,(6) will be separated as follows; 


oq(6)=06(0)-+0-(6)+[op(6)—to.(6)]. (3.14) 


The direct cross section, op(@), is the sum of terms in 
Eq. (3.5) with w=v. The interference terms, with 
uv, have been separated into two parts, an inelastic 
part, o.(@), and a purely elastic part. In order to 
introduce explicitly the elastic differential cross section, 
o.(@), the direct elastic cross section, expressed as a 
quantity proportional to ¢,(@) with proportionality 
factor ¢, has been added to the elastic interference cross 
section, to give the term o,(@) in Eq. (3.14), and hence 
subtracted from op(@), leaving just the inelastic direct 
cross section in brackets. If nucleons are spatially 
identical so that the elastic form factor can be factored 
out of o,(6), then 


(3.15) 


f=> on"*(0)/>_ op" (8), 
u “uP 


where o» is the “bound” pion-nucleon cross section 
related to the scattering amplitudes obtainable from 
experimental phase-shift analyses by 


Rk’ dk 
oxt(k,0) =— —(2n)'a,0,*. 
vy dE; 


(3.16) 


In the single-collision approximation, the denominator 
of Eq. (3.15) is o,(@) except for a form factor separable 
from Eq. (3.11) upon substituting 


Pur= Pubvt (Pur Pup). (3.17) 


The first term contributes the elastic part, which is the 
square of the form factor for the entire nucleus and, if 
nucleons are spatially identical, is the same for all 
pairs. This form factor is, of course, unknown and 
is in essence the quest of nuclear elastic scattering 
experiments. 

The suggested estimate for the direct scattering 
contaminating o,(@), based upon the earlier dis- 


cussion, is 
op(8)=(2o, 77*(8) |So"Ap, 
where the attenuation introduces” 


So= (CP)3{Xe-* (14+ X) — X44 (2X)7}, 
X= yi 4 Wan 


(3.18) 


(3.19) 


R being the radius of a homogeneous, spherical nucleus. 
In Sec. 5, it will be seen that the appropriate pion- 
nucleon cross section, o;“(@), is that for a free nucleon 
in the laboratory system as if the nuclear particles 
were not bound. The factor Ap, which takes into account 
the weighting function Wy, prohibiting nuclear excita- 


2 N.C, Francis and K, M. Watson, Am. J. Phys. 21, 659 (1953). 
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tions X;> AE, may be estimated as follows. For a given 
scattering angle, plot an assumed energy distribution 
for scattered pions, say, a Gaussian shape, with width 
2L, and centered at x2(2M)—. Then, Ap is that fraction 
of the area under this curve lying in the region 
E> E,> E-AE. 

The other contaminant in Eq. (3.14) is the inelastic 
interference cross section: 


a(@)= > 


BY pr) 


on” (007A, exp(—IN)F.(%0), (3.20) 


where the form factor F.(«%o), again assumed inde- 
pendent of the particular nucleon pair under considera- 
tion, is that which is left over when the elastic form 
factor is removed from Eq. (3.11) and depends upon the 
pair correlation density : 


F. (x0) = fora, Cwloe— Pubr) 


XexpLixo:(r4—1,)], (3.21) 
where xo= noko— kok and & is a unit vector in the direc- 
tion of k. The Debye-Waller” correction, exp(—9M), 
results from keeping the simplest time-dependent 
correction, exp(iL,/), which is a nuclear “temperature” 
correction, and averaging it independently. Since the 
appropriate value of / is the collision time, ~~, and 
since 


(exp(iL,E~') )exp[ —3(L,7E~*) ], (3.22) 


the exponent 3M is 


m= 4(L,/E)?. (3.23) 


The correction A,, analogous to Ap, can similarly be 
guessed by assuming an energy distribution, in this 
instance one which falls from a maximum at £,.=E 
with a spread L,. For most scattering angles, namely 
those such that AE>L,, A-=1. 

The form factor F.(%o) is difficult to evaluate, for, 
like o,(0) itself, it depends upon detailed knowledge of 
the nuclear structure. In fact, the nucleon pair correla- 
tion density determining F’.(xo) is much less well known 
than is the single nucleon density determining the 
elastic form factor. One simplifying assumption, justifi- 
able if the nuclear radius is much larger than the range 
of correlations, is 


Puy PuPy= prPc(K), T=fy—Ty (3.24) 


where p.(r) is independent of the position of v. If, 
furthermore, p, is assumed spherically symmetric, 
Eq. (3.21) becomes 


F.(ko) =Site f rdr xo sin(xor)p-(r). (3.25) 


0 


Attenuation has been included in the y integration, 
18 Discussed by R. W. James, The Optical Principles of the 
Diffraction of X-Rays (G. Bell and Sons, Ltd., London, 1948). 
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which contributes So, but a factor exp(—m,Ko-r) has 
been dropped as unimportant for the small correlation 
distances to be expected in nuclei. 

By assuming for p,(r) a simple, few-parameter shape, 
an estimate could be given of the inelastic contribution 
to o,(@) depending upon these parameters and, through 
op and IN the average nucleon kinetic energy, (K,). 
Thus, limits might be placed on the inelastic contamina- 
tion in a given case, if also a shape is assumed for the 
single particle density determining o,(8), a best fit to the 
quasielastic data would in principle determine all 
parameters, and hence o,(@) and the correlation function 
pe(r) as well. 

The nucleon pair correlation density is of great 
interest in the study of nuclear structure. It seems 
appealing to attempt to exploit the fact pointed out 
earlier that, at angles away from 0°, quasielastic 
scattering experiments isolate the correlation scattering, 
together with o,(@), from direct scattering. At large 
enough angles, since ¢, must approximately represent 
scattering from a sphere smaller than the total nucleus 
from which elastic scattering occurs, o, survives after 
co¢~0. In fact, since ¢.(@) can now be determined from 
good-resolution experiments, such as those of Baker,’ 
it appears that corrections are available for obtaining 
a rather pure measurement of o.(@) alone over a large 
angular range. Taking the Fourier transform of the form 
factor obtainable from o,(@), as is customary in x-ray 
diffraction studies, would give p.(r) : 


® 
p-(r) = (27°) f dx xr sin(xr)F.(x). (3.26) 


0 


In a separate paper, p-(r) for Al and Cu will be obtained 
in this way from the crude measurements of o,(@) in 
Table I, and experimental requirements for better 
resolution of p, will be discussed. 

The two remaining sections of this paper concern 
more elaborate calculations principally applicable to 
improving the estimate of ¢p(@) when the experimental 
weighting function W; is well known. 


4. GENERAL FORMULATION 
If W; were removed and the integration over angles 
of k included, Eq. (2.14) would, of course, define the 
total scattering cross section, o;. Introducing the 6 func- 
tion into the matrix element through the relations 


X;| f)= (Hy—E,;) | f), 


E,|k)=h|k), 4.1) 


and performing closure over f and k would then give 
the well-known optical theorem relating o; to the 
elastic scattering amplitude: 


ox >> W,|t'6(h-E+Hn—E,)t,|p,) 
uy 


=(i|Tt6(---)T|i). (4.2) 
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Here, the 6 function simply appears as a special kind of 
propagator between a certain pair of the scatterings 
leading to the elastic wave. 

In II, Wick makes use of the optical theorem in 
calculating o;. Performing closure only over the target 
states f so that the & integration remains explicit, he 
then, in effect, expands the special propagator, that is, 
the 6 function, about a particular choice of the excita- 
tion energy Xy. 

If the weighting function W; were now reinstated in 
Eq. (2.14) and introduced into the matrix element 
along with the 6 function, then there would result an 
“optical theorem” for o,, analogous to Eq. (4.2), in 
which Wé(A—E+Hy-—E,) would appear as the special 
propagator. Consequently, Wick’s approach will now 
be applied to the calculation of o,(@) in the hope that 
the presence of a reasonably smooth weighting function 
will not greatly increase the number of terms important 
in the expansion. 

The f dependence can be removed from the 6 func- 
tion in Eq. (2.14) and the sum over final states brought 
inside the integral if a change of integration variable is 


made from E; to a new variable a defined by 
a= E,—E+X,, (4.3) 


which is just the argument of the 6 function. Then 
dE,=da, since E and X; are constants with respect to 
the integration. Equation (2.14) reduces to 


(4.4) 


o(0)= f da (2) ¥ e/(a), 


where g is the expression in curly brackets in Eq. (2.14) 
and is just o,;W, without the energy conservation 
restriction yet having been imposed on the final 
momentum. In addition to its explicit f dependence 
through the matrix elements, g may be considered to be 
a function of a. 

The function g will now be expanded about a=8. 
It is desired that, as in II, choosing 8 should be equiva- 
lent to choosing a most probable excitation energy, 
X . Since the final momentum and the nuclear excita- 
tion have a definite relationship through energy con- 
servation, choosing X, is in turn equivalent to choosing 
a most probable magnitude of the final momentum, ?. 
Therefore, given X ,, the proper point of expansion will 
be determined if p and @ are defined by 


E,—E+X,=a,=a, 
E,—E+Xs=By=8, 


where E, is the energy of a free pion with momentum 
magnitude p. Equation (4.5) relates p to X, through 
energy conservation. Equation (4.6) guarantees that 
in g(8p), which is the leading term in the expansion of 
g(a) and is just the assumed most probable value of 
g(a), p appears as the magnitude of the final pion 
momentum. That is, g(@,) will have the same form as a 


(4.5) 
(4.6) 
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function of as has g(a) as a function of k. Note that 
the direction of the final momentum has not been 
altered, so that, in g(@,), the final momentum vector is 
just 


p= pk. (4.7) 


Henceforth, p and 8 will be assumed to be defined by 
Eqs. (4.5) and (4.6), respectively. 

Actually, Wick’s method does not result in the usual 
Taylor series but rather in the following variation: 


2 1 4™ dg 
gs(a)= — J (a-0n 208) (4.8) 


m=0 m! da™ la 


which has been derived in the appendix. For the present 
choice of 8, 


a—B=X,—X,, (4.9) 


so that, as was desired, Eq. (4.8) is a power expansion in 
X, about a particular value X ». 

It was seen in the previous section that a best choice 
of X, will sometimes be a function of p itself. Even so, 
with g;(a@) in Eq. (4.4) expanded in the special form 
(4.8), the sum over states can be performed before the 
derivatives with respect to a are taken. Then, if powers 
of a—8 are introduced into the matrix elements in g(8) 
by making use of Eq. (4.1), and if the sum over nuclear 
states and the integration over a are performed, there 
results, finally, 

« (—1)"\ d"[p dp 
o,(6)= > |= Sw 
da™Lv; dE, 


m=0 m ! 


x ( 1 -<*) 0) 5 Gu) | 


da Ld 


Pp 


(4.10) 


° p=p 
with 


G,,»"= W,|t*| p)(p| (Hw— Ei— X p) "tu |Pu). 


Here g(8) has been constructed by everywhere sub- 
stituting p for & in g(a). For example, W, is Wy, with 
Ey replaced by E,. The quantity d8/da has been 
calculated. The integration over 6(a) has required that 
the derivatives be evaluated at a=0, or, equivalently, 
at p=p, defined by 


(4.11) 


E;=E-X;. (4.12) 


Either relativistic or nonrelativistic pion energy- 
momentum relations may be used in relating p and E,. 

Equation (4.10) constitutes an exact formulation of 
the problem. The remaining job consists of choosing a 
best point of expansion, X,, and then evaluating the 
elastic matrix elements to a desired order of multiple 
scattering. 


5. SINGLE INELASTIC COLLISION 


The matrix elements (4.11) will now be evaluated for 
the case |~,)&/i,¢-) for all 4. Approximation (2.5) for 
t, will be assumed. The problem reduces to the calcula- 
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tion of matrix elements 


Gyo" = Pa,a,*{i| exp(— niko-r,) 
Xexp(—ix-r,) (Hw— E,—X p)™ 


Xexp(ix-r,) exp(—miko-r,) |i), (5.1) 


where x= moky— p and a,= (p|t,°| noko). 

Except for the attenuation factors, matrix elements 
exactly like Eq. (5.1) have been calculated in IT. There, 
and in Sec. 3, it was pointed out that the G,,, fall into 
two classes according to whether or not uw and » are 
equal. In the direct case, with u=y, it was found that 
the scattered pion energy distribution is centered about 
E—(2M)~"x* so that a best point of expansion for 
direct terms is 

X p= (2M) «2. (5.2) 
Substituting Eq. (5.2) into Eq. (4.10) and setting 
u=v gives for the direct terms of o,(0): 


(-1)™ am 
m! da™ 


X[O%o*(p,O)W Smit, 


p=p 


(5.3) 


where S,=Q-*a,°G,,,” [So again being, therefore, 
Eq. (3.19) ] and 
d 


p P , 
[1 ——«2(2M)-"Ja,?. 
vy dE, da 


o;*( p,0) = (2r)* (5.4) 


With p=) as defined by Eqs. (4.12) and (5.2), oy is 
precisely the cross section in the laboratory system for 
scattering from a free nucleon at rest if m=1, and is an 
analogous quantity if #1, representing an alteration 
in pion-nucleon kinematics in the presence of the 
average influence of neighboring nucleons. The cross 
section o,/“(p,@) differs from o,*:’(p,6), defined by 
Eq. (3.16) with k=p=o, in the definition of p 
and in the factor containing x’, which completes the 
cm-lab angular transformation. The free cross section 
oy describes scattering from a free nucleon, while o» 
concerns scattering from nucleons rigidly bound to a 
heavy nucleus. 

The leading term of Eq. (5.3), being just a sum over 
os* weighted by W So, is the simple approximation 
discussed in Sec. 3 with Ap= Ws. The weighting func- 
tion causes this term to vanish if x2(2M)—">AE, the 
maximum excitation allowed to be called quasielastic. 

For the moment, assume the potential part Vy of 
Hwy commutes with the position vector r,. Then, using 
the commutation relation 


Hy exp(ix-r,)=exp(ix-r,)[ Hw+ (2M) +L, ], (5.5) 
the S,, become 
Sm= (i| exp(—nko-r,)(Hy—E;+L,)™ 


Xexp(—mko-r,)|i). (5.6) 
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Since in the diagonal terms the attenuation should for 
the most part alter only the magnitude of the result and 
not the angular distribution, it will be assumed that in 
higher order S,, the damping factors may be removed 
and averaged independently. Thus, each S,, contains 
a factor So. The matrix elements are then exactly those 
calculated in II for the case of a randomly oriented 
target: 

5;=0, 

S2=3M—'k?((2M)—,?)So= 3M x(Ky)So, 

S3= (2M) 'k?((3M)“V,2V w)So= (2M) B)So, 
Ss=$M—7(((2M),? P)So+Mx?((3M)-"(V,Vn)?)So, 
$M ?(K ?)So+}Mx(C)So. (5.7) 


Here, when a factor Hy—£,;+JL, stands next to the 
state |7), Hy—E,; cancels, since £; is the eigenvalue 
corresponding to this state. For example, S; reduces to 
(L,)=0 for random orientation. With L,? left in Se, the 
average over angles contributes a factor }. The potential 
gradients arise when Hy—£;+L, is sandwiched be- 
tween factors L,, since p, and Vy do not commute. 
Thus the terms involving Vy directly represent the 
direct effect of the binding forces during the collision 
and have no classical analog. The terms in K,, on the 
other hand, correct for the initial state of motion of the 
bound particle. They constitute the complete impulse 
approximation. 
With the notation 


(5.8) 


a™ 
Ym, s=[o/*(p,0)] Ve [o(p,0)(e°)' Wy], 
da™ 


| oe 


there results as a final expression for the diagonal terms 


op(#)= a oy" (p,A) SQ? Yo, ot (3M)-o i(K,) 
— (12M), (B)-+ (30M), 2(K,2) 
+ (24M) Ws (C)+ ¥ 8 i. 


Here yYo,o is just W;. For application to high-energy 
processes such as pion-nucleus scattering, this equation 
can be made relativistic with respect to the incident 
particle by properly relating p and E,. The target 
system has been treated nonrelativistically. If all the 
target particles are identical, the sum over uw simply 
yields a factor A, the total number of nucleons. 

In Table II, exact harmonic oscillator model calcula- 
tions for E=80 Mev have been compared with the 
application of Eq. (5.9) to this model case. The form 
used for W,, of the shape discussed in Sec. 2, is 


W ,=[exp(—w AE) +1 ]/ 
{exp[—u-! (AE— E+ E,) ]+1}, 


(5.9) 


(5.10) 
where { 
u=D for 

=4D for 


AE=0 

AE>0. 

These calculations were repeated at E=220 Mev with 
similar results. 
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TABLE II. 80-Mev pions scattered from harmonically bound 
nucleon. (Multiply by power of 10 denoted in parentheses. ) 





AE 
(Mev) 


Exact 


6 
(deg) v0.0 ¥o,0+(3M)“"(Kyu 21 result 


1.00 
6.28(—1) 
60 4.38(—2) “ 1.68(—1) 
90 2.03(—3) : 3) 2.75(—2) 





0 0 1.00 
30 5.01(—1) 


0 1.00 

30 7.13(—1) 
60 1.02(—1) 
90 5.02(—3) 


1.00 

7.34(—1) 
2.60(—1) 
5.28(—2) 


0 F 1.00 

30 8. 8.61(—1) 
60 : 5. 4.22(—1) 
90 : 7. 1.12(—1) 


0 
30 
60 
90 

120 


1.00 

9.85(—1) 
7.88(—1) 
3.93(—1) 
1.48(—1) 
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The third and fourth order terms of op, not shown, 
were also calculated, but they appear not to be correc- 
tions to the first two terms, the signs, for example, 
often being wrong. The second-order term, on the other 
hand, definitely seems to correct the leading term. 
Though it sometimes over-corrects, the sign is almost 
always right, a significant result. Note especially such 
cases as AE=0 Mev and 5 Mev at 60°, where the ac- 
curacy is good even though the correction exceeds the 
leading term. In general, it appears that the (K,) term 
corrects the leading term to within ~10% when 
op(0)>0.1erp(6), where orp is the direct part of the 
total differential cross section (i.¢., orp=ap with 
AE=E). Therefore, the first two terms of Eq. (5.9) 
should be retained, while a large number of higher 
order terms depending strongly on details of nuclear 
structure would be required to better this result. 

The success of the leading term alone can be under- 
stood from Fig. 2, where W,0,;(p,0) has been plotted 
for various f’s important in Fig. 1 in order to demon- 
strate its dependence on p. Note that the three curves 
derive their shape almost entirely from the weighting 
function. That is, while oy; depends strongly upon f, 
its dependence on is weak for large p. This results 
from the fact that for scattering angles not too near 0° 
the momentum transfer x varies slowly with small 
changes in the magnitude of the final momentum. At 
smaller angles, the decrease in the width of the distribu- 
tion, also determined by x, compensates for the stronger 
dependence of x on p by reducing the region over which 
the o,; have appreciable magnitude. 

Consequently, in performing the sum over partial 
cross sections to obtain 4, each ;;(@) can be evaluated 
at the same final momentum, f being the best choice. 
Only when the shoulder of Wy overlaps the peak of 
o7:(8) is the leading term of Eq. (5.9) inadequate. 


FOWLER 


For the interference terms of o,(@), it was found that 
a best point of expansion, that employed by Placzek,’ 
would be X,=0, the inelastic part of the leading term 
being (3.20) with It=0. However, since higher order 
terms lack the simplicity of the corrections in the 
direct case, the results of Sec. 4 will not be applied in 
detail to the interference case. 

When exchange forces contribute to the target 
binding, as is thought to be the case for nuclei, the 
assumption made in deriving Eq. (5.9) that the binding 
potential commutes with the nucleon coordinates is, of 
course, not valid. However, it appears that additional 
corrections are of higher order. Certainly the leading 
term is unaffected. Further, it turns out that for simple 
exchange forces, in particular for an exchange potential 
made up of central two-body potentials multiplied by 
exchange operators, if the separation into diagonal and 
nondiagonal terms were bypassed, the linear term S, 
in the o, expansion would again vanish. However, a 
nonvanishing term, [V,, exp(ix-r,) |L,, where Vz is 
the exchange part of Vy, would be introduced into So, 
and so on. 

Nevertheless, since the present calculation is most 
applicable to the semiclassical conditions in which a 
minimum of structure is 
required, it was felt that these corrections, which 
directly involve the binding potential and are purely 


information about target 


quantum-mechanical in origin, might be neglected in 
comparison with the impulse approximation corrections. 
As has been mentioned, since omitting exchange forces 
ignores the Pauli principle, this calculation then 
represents an upper limit. 


f 
13 " 9 
Ta a — ee ee 
& = 220 Mev 
6 = 60 deg 
w = 4.6 Mev 
[- O=7,3 Mev 
a OE = 46 Mev 


Wy %%;(p) (arbitrary units) 








| 


180 190 
fp (Mev) 





Fic, 2. Momentum dependence of partial cross sections contribut- 
ing to o7;W,y, the dotted curve of Fig. 1 (repeated here). 
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APPENDIX 


Consider the following expansion of g(a) about a=8, 
where a and 8 depend upon a common parameter: 


a 


d™ dp 
g(a)=>  o—3) <(9) (A.1) 


m=0 m! da”™ da 


To see that this series generates a Taylor series, first 
substitute a—8=¢, and hence d8/da=1—d¢/da, into 
Eq. (A.1). Then, using the relation 


do d bs 
o"™—g(B8) = (m+1)-'—_{_o"*"g(8) ] 
da da 
dB dg(f) 
— (m+ 1) go" —_——., (A.2) 
da dp 
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obtained from differentiating the product @”*'g(@), and 


rearranging terms, gives 


© 1 d™ 


g(a)= 2D Lo¢(8) ] 
m=0 m! da™ 


. 1 q™t 
re. 


m=0 (m+1)! da™™ 


e 1 a™ dB dg(8) 
eae 
m+1)! da™ da dg 


o”*tg (8) ] 


m=() 


The second sum in Eq. (A.3) cancels all but the first 
term of the first sum. The surviving term is the zeroth 
derivative, g(8), which is the first term of the Taylor 
series with the third sum in Eq. (A.3) as remainder. 

Applying the above procedure m times to the series 
remaining at each step and making the replacement 
g¢=a-—8 generates the first m terms of the Taylor 
series with a series remainder. 


NUMBER 4 NOVEMBER 15, 1958 


x'-Mesonic Decay of a Hyperfragment* 


J. ScHNEPs 
Department of Physics, Tufts University, Medford, Massachusetts 
(Received July 31, 1958) 


The x*-mesonic decay of a hyperfragment has been observed. The hyperfragment was produced in a 
negative K-meson star in emulsion, and it decayed into two visible particles, a x*-meson and a recoil. It 
can be interpreted as ,Li7~n+72+He’, or ,Be?—>n+2++Li®. Since the A particle decays only into p+27 
and n+, the appearance of a r*-meson from this hyperfragment is explained as due to the charge exchange 
of a r°-meson from the A decay with the residual nucleus of the hyperfragment. 


YPERFRAGMENTS are known to decay by 

three modes: nonmesonic, m~-mesonic corre- 

sponding to the decay mode A—p+-7, and r°-mesonic 
corresponding to the decay mode An-+7°.! 

An event (No. L4-54) has been found in this labora- 
tory which is interpreted as the r*-mesonic decay of a 
hyperfragment. It occurred in a stack of Ilford L4 
emulsions which was exposed to a beam of negative 
K mesons at the Bevatron. One prong (track F) of a 
three-pronged K~-meson star which was produced at 
rest, decayed into two particles: a recoil particle 
(track 1), and a w+ meson (track 2). Track F is com- 
pletely black. The * meson is identified by the fact 
that after coming to rest it underwent the characteristic 
m-4 decay. The range of the u meson was 600 microns. 


* Supported by the U. S. Atomic Energy Commission. 
1Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957); 
R. Levi Setti and W. E. Slater, Phys. Rev. 111, 1395 (1958). 


This compares to the mean range of u mesons from 
m-u decay of 602 microns. The measurements on tracks 
F, 1, and 2 are given in Table I. 

In considering this event, we ask which of the 
particles produced in K-meson capture (=*, 2°, =~, 
and A) can decay into a r+ meson. Clearly only the =+ 
can do this, i.e., 2+—>rt-+-n. Since the particle making 
track F decays into two charged particles, if the =+ 
were involved it would have to be a bound +. There 


TABLE I. Measurements on tracks F, 1, 2. 


Angle in 
the plane 

of the Range 
emulsion (in 
(degrees) microns) 


Dip 
angle 
(degrees) 


Energy 


Track (Mev) 


F 0 ‘ 
1 0 
2 +66.5 


Identity 





1.4 or 3.4 
2.6 or 4.1 


ALi’ or ,Be? 
He® or Li® 
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is some evidence’ that the =+p system is bound. If we 
assume that F is the track of a bound 2+, then the 
decay would be 


(2+) pouna—>ptntat. (1) 


Assuming that track 1 is that of a proton and giving 
the residual momentum of the z* and proton to a 
single neutron, we find that the Q value of reaction (1) 
is 15.8 Mev. However, the Q-value for the 2+ decay is 
about 110 Mev. Hence we can rule out this interpre- 
tation. 

A reasonable assumption is that the event was the 
decay of a hyperfragment in which the A decayed by 
the x°-mesonic mode, the x° meson subsequently charge 
exchanging with the core of the hyperfragment, into a 
a+ meson. If we assume that only one neutron was 
emitted, then this event can be fitted to the following 
two decay schemes: 


aLi’7—-n+2++ He'®, (2) 
aBe7—n+-27+ Lit. (3) 


The Q value in reaction (2) is 26.5 Mev and the 
binding energy of the A is 5.7 Mev. The Q value in 
reaction (3) is 34.9 Mev and the binding of the A is 
5.4 Mev. These are excellent fits. 

Because of the low sensitivity of Ilford L4 emulsion 
to minimum-ionizing tracks, we are not able to examine 
track 1 for the electron from the 8 decay of He’. Also, 
we point out that more than one neutron may have 
been emitted in the decay. 

Since track F is flat we have measured its thickness 
by the method of Alvial et al.,’ using cells of 0.2 micron. 
The ratio of its mean thickness to that of the K meson 
which produced it is 1.14++0.03. The ratio of the thick- 
ness of helium particles to K mesons we find to be 
1.09+0.04. For Li® we find this ratio to be 1.20+0.07. 
These values were determined from seven helium tracks 
and five Li® tracks, all of dip angle less than 20 degrees. 
The errors quoted are rms deviations. This suggests 
the charge of the particle which made track F is 2 or 3. 
Since the range of F is small and we do not know the 
thickness of Be tracks, we cannot rule out a charge of 4. 
These thickness measurements are consistent with the 
above interpretation of the event. 


2W. F. Fry, Proceedings of the Padua-Venice Conference on 
Elementary Particles, 1957 [Suppl]. Nuovo cimento (to be 
published) J. 

3 Alvial, Bonetti, Dilworth, Ladu, Morgan, and Occhialini, 
Suppl. Nuovo cimento 4, 244 (1956). 


SCHNEPS 


The possibility that this event could be the inelastic 
scattering of a r* meson is extremely unlikely for the 
following reason: In Ilford L4 emulsion the grain 
density of a 20-30 Mev w meson is only 30-40 grains 
per 100 microns, and the grain size is small, about 4 of 
a micron. It is very unlikely that such a x meson could 
produce a completely black track of length 4 microns. 
For example, in a sample of 1000 microns of track 
corresponding to a 15 Mev m meson, we found that all 
blobs had a length less than one micron. Also the 
thickness measurement suggests a charge of two or 
greater, which tends to rule out a 7 meson. 

We conclude then that this event is the charge 
exchange of the r°® from a hyperfragment decay and is 
most likely represented by the two-step process 


aLi7—n4+ 9+ Li®n-4 wt He®, (4) 


aBe?—n-+ 2°+ Be*&—n4 ot+Li®. (5) 


It is also possible that the 7° meson was virtual. That 
is, the event would represent the stimulated decay of 
the A by the process 


A+p—(n+°)+ pont at n. 


Note added in proof.—Another interesting hypothesis 
for the explanation of this event is the following. If, 
as has been suggested by Dallaporta and Ferrari, and 
Ross and Lichtenberg, the virtual process A—>2+-7 is 
important in the A-m interaction, then the A-n system 
can exist in a virtual -n state. Then we would expect 
hyperfragments to occasionally decay from the virtual 
state, and hence a #*-mesonic decay would be possible. 
The frequency with which such decays can be expected 
to occur has not been estimated. 

It should also be pointed out that the probability 
for a negative + meson to decay from rest into a u 
meson of the normal range is about one in five thousand, 
as observed by Fry and White. 

The author wishes to thank Dr. M. Baldo-Ceolin, 
Professor N. Dallaporta, and Professor W. F. Fry, for 
discussion on these points. 
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Scattering of 31.5-Mev Positive Pions from Carbon 


P. P. KANE* 
Department of Physics, University of Rochester, Rochester, New York 
(Received July 10, 1958) 


Measurements were made at laboratory angles from 40° to 145° on the scattering of 31.5-Mev positive 
pions from carbon. Pulse-height analysis was used to select elastic scattering events. The observed differ- 
ential cross sections for elastic scattering indicate destructive interference between the Coulomb and nuclear 
scattering amplitudes. The presence of inelastic pion scattering is inferred from a combination of different 
methods of study: pulse-height analyses, absorption measurements, and detailed comparisons of the data 
obtained in the case of carbon with those obtained in the case of copper and lead. An upper limit of 2 is 
placed on the spin of the 9.6-Mev state of C. This is not in disagreement with the results of other experi- 


ments and existing theoretical predictions. 


1. INTRODUCTION 


HE scattering of low-energy pions from carbon has 

been studied in many laboratories. In addition to 
the early measurements made at Cornell,':? there exist 
the Columbia experiments’ at 62 Mev and at 80 Mev. 
Although inelastic scattering of pions leading to large 
energy losses was observed by Byfield et a/., the 80-Mev 
experiment was the first to exhibit pion scattering 
involving excitation of low-lying states of carbon. As a 
by-product of the pion-nucleon scattering investigation 
program, data were obtained at Rochester’ on the 
angular distribution of elastic scattering of 40-Mev 
positive pions from carbon. In order to increase the 
relative effectiveness of the S-state pion-nucleon scat- 
tering amplitudes, we decided to make measurements on 
the nuclear scattering of pions at an energy below 
40 Mev. The theoretical treatment®- of the problem 
emphasizes the great importance of a clear separation 
of elastic scattering from other processes. For an ade- 
quate understanding of the experimental results, such 
a separation is necessary. In Baker’s experiment‘ the 
separation was made by a differential range technique. 
In the present experiment, substantial attention was 
again devoted to the question of a good criterion for the 
selection of purely elastic scattering events. However, 
the adopted procedure was different. It is described in 
Sec. 3. Since the energy difference between the ground 


* Present address: Wesleyan University, Middletown, Con- 
necticut. 

1M. Camac ef al., Phys. Rev. 82, 745 (1951). 

2A. M. Shapiro, Phys. Rev. 84, 1063 (1951), 

3 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 

4W. F. Baker, Nevis Cyclotron Report 48 (unpublished). 

5 J. Perry, Doctoral dissertation submitted to the University 
of Rochester, 1953 (unpublished). 

® Isacs, Sachs, and Steinberger, Phys. Rev. 85, 718 (1952). 

7H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

8D. C. Peaslee, Phys. Rev. 87, 863 (1952). 

*W. W. Wada, Phys. Rev. 92, 152 (1953). 

1 TD). H. Stork, Phys. Rev. 93, 868 (1954). 

u L. S. Kisslinger, Phys. Rev. 98, 761 (1955). 

2 Pevsner, Rainwater, Williams, and Lindenbaum, Phys. Rev. 
100, 1419 (1955). 

13 A. Pevsner and J. Rainwater, Phys. Rev. 100, 143 (1955). 

4 Williams, Baker, and Rainwater, Phys. Rev. 104, 1695 
(1956). 

16 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 


state and the first excited state of C'? is about 4.4 Mev’® 
and since the higher excited states are also rather well 
separated in energy, this element was the obvious choice 
as the scatterer. Even with this choice, it was essential 
to have a pion beam of well-defined energy. Such beams 
were not available at energies lower than about 30 Mev. 
Hence the experiments were performed in the 30-Mev 
range. 
2. EXPERIMENTAL ARRANGEMENT 


The positive pion beam was obtained by bombarding 
an aluminum target in the Rochester synchrocyclotron 
and using the focusing properties of the fringing mag- 
netic field. Additional energy selection was provided by 
a magnet with sector-shaped pole pieces. In order to 
reduce the lateral blow-up of the beam resulting from 
multiple Coulomb scattering in air, helium paths were 
used over a considerable length of the beam trajectory. 
The general arrangement is shown in Fig. 1. A typical 
range curve of the incident beam shows that there is an 
8.5% contamination of the beam, mostly attributable 
to muons and electrons. 
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Fic. 1. Pion beam arrangement at the cyclotron. Arrow near P 
indicates the proton beam. T specifies target location. A is an 
absorber which is useful in reducing the energy spread of the pion 
beam. C stands for the analyzing magnet. Two counters 1 and 2 
define the incident beam. 

(986; Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 

955). 
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SCATTERING SET-UP AT 40° 


SI and S2 ---- SHIELDING 


a 
4 INCHES 


Fic. 2. Scattering set-up for 40° measurements. 


The incident beam was defined by two counters, 
called 1 and 2. Two counters, 3 and 4, defined the 
scattered beam. The 1-2-3-4 accidental counting rate 
was not large. However, an anticoincidence counter, 
labelled 5, was used to make it negligible. All scintil- 
lators were made of the Sintilon type of plastic phos- 
phor. Counters 1, 2, and 3 were mounted on RCA-1P21 
photomultiplier tubes, the fourth on RCA-6655, and the 
fifth on RCA-6810. All counters, except the fourth, were 
one-eighth inch in thickness. The fourth was one- 
quarter inch thick. The first two counters were 1 in. 
X2 in., the third was 1} in.X4 in., the fourth was 
1 in.X4 in. and the fifth was 3 in.X4 in. The fourth 
counter defined the solid angle subtended at the target. 
The arrangement of the counters in a typical scattering 
measurement is shown in Fig. 2. 

The pulses from all counters were sent to broad-band 
amplifiers and then to fast-diode-coincidence circuits. 
The output of each coincidence circuit was in turn 
amplified and fed to a trigger generator, employing an 
EF P60 tube and delivering pulses of length 0.09 micro- 
second. In order to achieve good time resolution, 1-2 
and 1-3-4 coincidences were made in the cyclotron 
room itself. A typical delay curve revealed resolving 
times of the order of 20 millimicroseconds with a flat-top 
region of at least 10 millimicroseconds. In the research 
room, the 1-2 trigger generator output and the fifth 
counter output were used to give pulses corresponding 
to 1-2-5 and 1-2-5 events. The 1-2-5 pulse was in turn 
combined with the 1-3-4 trigger generator output to 
give pulses corresponding to 1-2-3-4-5 events. Such 
events represent interactions between the incident beam 
and the target. The efficiency of the 1-3-4 coincidence 
circuit was measured to be 96.7+2%. 


[ 1234 Counts 








“16 -l2 -6 


Fic. 3. Angular spread of the beam about the forward direction. 
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The total angular spread of the beam about the 
forward direction, resulting from the initial beam 
spread, multiple Coulomb scattering in the target, and 
pion decay, was measured by rotating the scattering 
counters 3 and 4 about the zero-degree position. The 
resulting curve is shown in Fig. 3. The width of the 
curve at half height is +7 degrees and is a measure of 
the angular acceptance of the scattering counters. 

The pulses from the tenth dynode of the fourth 
counter were fed to a cathode follower, the output of 
which was used for pulse-height analysis. Pulse-height 
measurements were made at the laboratory angles 40°, 
55°, 70°, 90°, 105°, 120°, and 145°. The background was 
determined from the pulse-height spectrum obtained in 
the absence of the carbon target. During the back- 
ground measurements, an absorber was placed between 
counters 3 and 4 to provide the same degradation of 
energy as that resulting from the carbon target. At 40°, 
the background was about one-fifth of the counting 


m* ON COPPER AT 40° 


Fic. 4.  Pulse- 
height spectrum of 
scattered beam for 
copper at 40°. The 
scintillator used for 
pulse-height analysis 
was } in. thick. 
Lower energy pions 
appear in’ higher 
pulse-height chan- 
nels and vice versa. 
The peak around 
channel 10 corre- 
sponds to elasti- 
cally scattered pions. 
Counts in the neigh- 
borhood of channel 
6 represent positrons 
and positive muons. 
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rate due to elastic pion scattering from carbon. It was 
much smaller at larger angles. 


3. SCATTERED BEAM COMPOSITION 

The “scattered” beam actually contains positrons, 
muons, protons, and both elastically and inelastically 
scattered pions. Whenever the intensity of the com- 
petitive components is large, it is difficult to determine 
accurately the number of elastically scattered pions. 
Therefore, a reliable method for extracting the elastic 
pion scattering contribution had to be developed. The 
method depended upon the calibration of the pulse- 
height-analyzing part of the electronics by means of 
the incident beam. The target was oriented so as to 
minimize the energy spread of the scattered beam 
(Fig. 2). With such a target orientation, the mean 
target thickness traversed by the beam during calibra- 
tions was the same as that traversed during scattering 
measurements. Therefore, knowing the shape of the 





SCATTERING OF 


m* ON LEAD AT 55° 


Fic. 5. Pulse- 
height spectrum for 
lead at 55°. The 
peak around channel 
13 corresponds to 
elastically scattered 
pions. Counts in 
the neighborhood of 
channel 6 represent 
positrons and _posi- 
tive muons. 
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6 10 «14 18 
CHANNEL NUMBER 





incident beam pulse-height spectrum, calculating the 
small upward shift due to nuclear recoil and estimating 
the magnitude of the broadening caused by geometrical 
effects alone, we could determine the shape of the pulse- 
height spectrum of the elastically scattered pions and 
extract the elastic-scattering contribution from any 
combination of beam components. 

The geometrical broadening of the pulse-height spec- 
trum of the scattered beam arises mainly from two 
causes. 


1. The angular divergence of the scattered beam is 
such that the maximum path length, traversed by the 
beam in the pulse-height counter, is slightly longer 
than that traversed during the calibrations. This fact 
results in an asymmetrical broadening on the high pulse- 
height side. 

2. The difference between the maximum and mini- 
mum path lengths within the target is larger for the 
scattered beam than for the direct beam, on account of 
the increased angular divergence of the scattered beam. 


The half-intensity width of the calibration spectrum 
was in all cases about 29%. Simple calculations of the 


40 m* ON CARBON AT 40° 


Fic. 6.  Pulse- 
height spectrum for 
carbon at 40°. Elas- 
tically scattered pions 
appear in channels 
around 10. Signifi- 
cant contributions 
from processes other 
than elastic pion 
scattering are shown 
to be responsible for 
the diffuse nature 
of the pulse-height 
spectrum (Sec. 3). 
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m* ON CARBON AT 55° 


"T 


Fic. 7.  Pulse- 
height spectrum for 
carbon at 55°. Elas- 
tically scattered pions 
appear in channels 
around 11. Counts 30 
in channels around 
6 represent positrons 99 
and positive muons. 
Structure of the 
pulse-height distri 
bution is explained 
in Sec. 3. 
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geometrical effects led us to the conclusion that their 
contribution to the width of the elastically scattered 
pion spectrum should be less than 6% for scattering 
angles less than 150°. The resultant total width should 
then be less than 30%. This conclusion is confirmed by 
the pulse-height spectra obtained in the case of scatter- 
ing from copper at 40° and from lead at 55°. These are 
shown in Figs. 4 and 5. The full widths of these spectra 
are in good agreement with the expected values. 
Figures 4 and 5 reveal in addition certain tails which 
are discussed below. Confidence was thus established 
in the procedure developed for evaluating the number of 
elastically scattered pions. Typical pulse-height spectra 
obtained in the case of scattering from carbon are shown 
in Figs. 6-8. They exhibit a substantial broadening on 
the high-pulse-height side, which is clearly due to an 
admixture of events that do not correspond to the 
elastic scattering of pions. Such events were, therefore, 
considered in some detail. The broadening of the carbon 
spectra could be attributed to the presence of positrons, 
muons, protons, and inelastically scattered pions in the 
scattered beam. 

Positrons can arise from muon decay before or after 
the analyzing magnet. Positrons of the former kind have 
the same momentum as the incident pions and their 
pulse height is much smaller than that of the pions. 


m* ON CARBON AT i20° 


Fic. 8. Pulse- 
heights pectrum for 
carbon at 120°. The 
peak around channel 
10 corresponds to 
elastically scattered 
pions. 
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Therefore these positrons are not the cause of the 
observed broadening of the pulse-height spectrum. The 
number of positrons of the latter kind, that give a 
pulse height comparable with or greater than that of 
the pions, can be estimated and was found to be 
negligible. 

The number of muons arising from direct decay of 
pions can be estimated from the background and was 
found to be small. Muons that cannot be attributed to 
this cause must originate in Coulomb scattering from 
the target. Coulomb scattering of muons that have the 
same momentum as the incident pions cannot be the 
cause of the broadening in the high channels since such 
muons have slightly less pulse height than the corre- 
sponding pions. The alternative processes that give 
rise to muons in the scattered beam are the following: 


(1) Coulomb scattering by the target of a pion 
through a small angle, followed by decay into a muon; 

(2) decay of the pion into a muon, followed by small- 
angle Coulomb scattering of the muon by the target. 


The contributions of both processes were calculated 
in detail.'? The contribution of process (1) is two 
orders of magnitude smaller than that of process (2). 
The calculations were designed to give the maximum 
possible contribution of muons. Most of the muons 
resulting from these processes have 8? in the neighbor- 
hood of 0.28 as opposed to 0.335 for 31.5-Mev pions. 
Therefore, the pulse height corresponding to these 
muons was about 20% higher than that of the elasti- 
cally scattered pions. 

Since Coulomb scattering is involved in these proc- 
esses, the net effect is proportional to Z* for a given 
number of scatterers, where Z is the atomic number of 
the scattering material. Therefore the effect should be 
much larger for copper and lead than that in the case 
of carbon. Hence, significant comparisons can easily be 
made between these calculations and the observed 
yields in the case of copper and lead. The comparisons 
are given in Table I. The agreement between the calcu- 
lated and the experimentally observed values for copper 
and lead is worth noting. It leads us to the expectation 
that similar calculations may be reliable in the case of 
carbon. However, the observed number of events in the 
case of carbon is much larger than the calculated 


TaBLe I. Comparison of calculated maximum number of muons 
with the corresponding number estimated experimentally. 


Maximum number of muons 
per 10¢ 1-2 coincidences 
Calculated Observed 


20+2.9 
2542.9 
28+1.9 
18.5+1.1 


Element Angle 





40° 23.8 
de 
40° 
= 


Copper 
Lead 


Carbon 
Carbon 


17p, P, Kane, Ph.D. thesis submitted to the University of 
Rochester, 1957 (unpublished). 
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TABLE II. The ratio, R, of the high-energy proton count to 
the combined intensity of high-energy protons and inelastically 
scattered pions. 


Angle 
40° 
55° 
70° 
90° 

120° 

145° 


number of muons, suggesting the presence of other 
types of particles having roughly the same pulse height. 
Protons are produced in stars following the absorp- 
tion of pions by carbon nuclei. From photographic 
emulsion work'*-*° such protons are known to have a 
continuous distribution of kinetic energies, extending 
up to an energy of about 100 Mev. The thicknesses of 
the third counter, and of absorbers between the third 
and the fourth counters, imposed a low-energy cutoff 
at 17 Mev for observable protons. Introduction of 
33-inch copper absorber between counters 3 and 4 in 
the case of 40° and 55° scattering measurements did not 
change the 1-2-3-4-5 counting rate substantially, indi- 
cating that most of the observed protons had energies of 
at least about 30 Mev. Range curves of the scattered 
beam at 70°, 90°, and 120° showed similarly that 
rather few low-energy protons were being observed. 
We examine next the contribution of high-energy 
protons. Pulse-height channels around 18 or 19 corre- 
spond to an energy dissipation of about 6 Mev in the 
fourth counter. If high-energy protons appear in these 
channels, they must have energies above 80 Mev. 
Unfortunately, pions that have transferred about 10 
Mev of excitation energy to the carbon nucleus appear 
in roughly the same channels. Therefore, additional 
measurements of 1-2-3-4—5 counting rates were made 
with different absorbers between counters 3 and 4, and 
compared with the zero-absorber pulse-height results. 
The absorber measurements gave the number of high- 
energy protons only; the pulse-height data gave the 
combined intensity of high-energy protons and _ in- 
elastically scattered pions. Let R be the ratio of the 
former to the latter. The values of R at different angles 
are listed in Table II. The error in the determination of 
R is about 25%. However, it is quite clear that R is 
less than unity at all angles studied. Therefore, the 
presence of inelastically scattered pions is established. 
There are excited states'® of carbon at 4.4, 7.6, and 
9.6 Mev. The third excited state contributes pions 
having a pulse height corresponding to channel 18 or 19. 
We can see a prominent peak around these channels in 
the case of the carbon pulse-height spectrum at 55°, 


8 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951). 
( 1 Bernardini, Booth, and Lederman, Phys. Rev. 82, 1075 
1951). 

*” G. Bernardini and F., Levy, Phys. Rev. 84, 610 (1951). 





SCATTERING OF 


shown in Fig. 7. Hence, counts in the neighborhood of 
these channels were attributed mainly to the scattering 
involving this state. Corrections were made for the 
possible muon and high-energy proton contaminations 
discussed above. The possibility of contributions from 
states around 11 Mev is not ruled out. Our measure- 
ments are ambiguous to the extent that such admix- 
tures from higher states are not clearly resolved from 
the 9.6-Mev state contribution. 

Counts in channels 11 to 18, that could not have 
arisen from protons or elastically scattered pions or 
muons, were attributed to inelastic pion scattering. As 
mentioned above, some of these are due to scattering 
involving the 9.6-Mev state. The rest are contributed 
by first and second excited state scattering events. 
During the course of this analysis the number of pro- 
tons having energies between 25 and 70 Mev was 
obtained as a by-product. 


" 4, CORRECTIONS AND ERRORS 


In order to deduce elastic scattering cross sections, 
one must apply several corrections to the pulse-height 
data. The following comments are relevant to the 
corrections. 


(1) Only 91.5% of the incident beam consists of 
pions. 

(2) Counting losses amount to 1% in the case of the 
measurement of the incident beam. 

(3) Efficiency of the 1-3-4 coincidence circuit was 
determined to be 96.72%. 

(4) The pion beam traversed roughly 1 g/cm? of the 
carbon target during each scattering measurement. If 
we assume a value of 200 mb for the absorption cross 
section of carbon for pions of this energy, the trans- 
mission of the target is seen to be 99%. 

(5) Pions decay between counter 2 and the target, 
and after leaving the target. The first process reduces 
the pion flux incident on the target. The muon, arising 
from the second process, might be missed by the 
scattering counters. The resulting correction for the 
scattered intensity due to the two cuases is +5%. 

(6) Pions interact with absorbers and counter 3. 
The resulting correction for the scattered intensity is 
+0.25%. 

(7) Muons of the same momentum as the pions are 
also scattered by the target. They appear at a slightly 
lower pulse height than the pions but are not clearly 
resolved from them. The muon contribution to the 
incident beam was known to be 6.5%. Therefore, the 
number of scattered muons could be calculated for each 
angle and subtracted from the number of counts in the 
appropriate channels to obtain the true elastic scatter- 
ing contribution. 

(8) The finite angular acceptance of the counter 
telescopes was taken into account at each angle. The 
correction was quite large in the case of the forward 
angles but only of the order of 1% at backward angles. 
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Aside from statistical errors, the most significant un- 
certainties in the measurement are connected with 
errors in the determination of (1) efficiency of the 
1-3-4 coincidence circuit, (2) orientation of the target, 
(3) beam purity, and (4) distance between the target 
and scattering counters. The combined error from these 
sources is less than 4%. The error arising from im- 
purities in the target was never greater than 7%, even 
at the smallest angles. The error due to the finite angular 
acceptance of counters is small at most angles, except 
in the neighborhood of the minimum in the elastic 
scattering cross section. Since the inelastic scattering 
of pions was determined in an indirect manner, the 
corresponding cross sections are subject to rather large 
errors which cannot be easily estimated. 


5. RESULTS AND DISCUSSION 


The final results are given in Table III. The differ- 
ential cross sections for elastic scattering in the case of 
the forward angles can be compared with the values to 
be expected from a pure Coulomb interaction between 
the pion and the nucleus. We represent the carbon 
nucleus by means of a uniformly charged sphere and 
calculate the resulting cross section in the first Born 
approximation. Since Ze?/hv is 0.077 for carbon, the 
approximation is expected to be valid. Here, Ze is the 
nuclear charge, e and » are the charge and velocity of 
the pion, and / is Dirac’s constant. /(@), the amplitude 
of the pion wave scattered at an angle 6 by the nuclear 
charge, is found to be 


f(0)= —[QuZe*/h?K? |X3X[jfi(KR)/KR], (1) 
where j; is a spherical Bessel function of order 1, A is 


2k sin(@/2) and k& is the pion momentum in wave 
number units. Thus 


do /dQ 2= (do/dQ).X9[ji(KR)/KR}, (2) 


f(0) 


where (do/dQ), is the cross section for point charge. 
Within the limits of experimental error, the observed 
elastic scattering cross section of carbon at 40° is equal 
to the cross section given by Eq. (2). However, the 


TABLE III. Cross sections in mb/steradian for various processes 
involving 31.5-Mev pions. o(@) is the differential elastic scattering 
cross section. oi2(6) is the differential cross section for scattering 
involving the excitation of the 4.4-Mev and 7.6-Mev states of 
carbon. o3(@) is the differential cross section for the 9.6-Mev 
state scattering. o,(@) is the differential cross section for the pro- 
duction of protons from about 25 to 70 Mev. 


Laboratory 
Element angle 


a0(@) 712(6) a3(8) op(0) 


ow 


-0+0.52 
>+0.40 
+0.39 
$0.33 
+0.35 
+0.40 
+0.40 
+5.4 
+5.0 
4.5+6.5 
2942.9 


Carbon 40° 4.77+0.68 0.68+0.65 6.60+0.98 ; 
55° 0.7240.16 0.7040.25 4.2840.59 3 
70° 3.794035 1.1 +0.35 1.3 +0.29 
90° 3.98+0.38 1.0 +03 1.6 +03 

105 6.45+0.58 0.64+0.30 1.0 +0.24 
120° 6.48+0.50 1.2 +040 1.5 +0.33 
145° 7.2540.63 1.2 +0.28 2.0 +0.37 

Copper 40° 125+14.0 

Lead Tg 298 +23.0 
70° 18 +6.4 
90° 41.424.1 
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Fic. 9. Angular distribution of the elastic scattering cross 
section of carbon in the laboratory system for positive pions at 
31.5 Mev. The solid curve was computed in the first Born approxi- 
mation with the use of a charged-sphere model for the nucleus. 


observed value at 55° is lower than the computed value 
(Fig. 9), suggesting destructive interference between 
the specifically nuclear and the Coulomb scattering 
amplitudes. This effect was observed previously by 
Williams e¢ al.”! 

The data on elastic pion scattering from carbon at 
low energies are summarized in Table IV. The variation 
in the case of the backward elastic scattering cross 
sections from 31.5 to 40 Mev is small. Further, as the 
kinetic energy of the pions diminishes, the minimum 
in the elastic scattering cross section shifts toward 
smaller angles. 

We shall now discuss the results on inelastic scat- 
tering. Bernardini and Levy,” Byfield e al.,’ and 
Miller?? have established the existence of inelastic pion 
scattering from carbon leading to energy losses greater 
than 15 Mev. The energy resolution of the three experi- 
ments was not good enough to identify inelastic scat- 
tering processes involving the first few excited states of 
carbon. Both the 80-Mev experiment‘ at Columbia and 
the present experiment show the presence of the latter 
type of inelastic scattering. In the case of 40-Mev 
measurements,’ no attempt was made to establish the 
existence of inelastic scattering, although it might have 
been possible to do so. The 80-Mev experiment with 
negative pions shows a steady increase of inelastic 
scattering cross sections, for 5-Mev, 10-Mev, and 15- 


Fic. 10. Angular distribution 
of the combined cross section 
for inelastic scattering of 31.5- 
Mev positive pions involving 
the excitation of both 4.4-Mev 
and 7.6-Mev states of carbon. 
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*1 Williams, Rainwater, and Pevsner, Phys. Rev. 101, 412 


(1956). 
2R. H. Miller, Nuovo cimento 6, 882 (1957). 
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Mev energy loss, with increasing angle of scattering. 
The present experiment, done at a much lower energy 
and with positive pions, gives a rather different angular 
dependence of the cross sections pertaining to different 
inelastic processes. The combined cross section for 
inelastic scattering involving both the 4.4-Mev and 
the 7.6-Mev excited states of carbon suggests an 
isotropic distribution from 40° to 145° in the laboratory 
system (Fig. 10). However, a strong forward peaking 
is noticeable in the angular distribution of the 9.6-Mev 
state scattering cross section (Fig. 11). In view of the 
difference in energy and the sign of the pion charge, 
our results are not necessarily in disagreement with 
those at 80 Mev. 

Experiments on the scattering of protons by carbon 
in the 10-Mev region® give evidence of an angular 
distribution for scattered protons corresponding to the 
4.43-Mev level excitation, which is approximately sym- 
metrical about 90° in the center-of-mass system and 
which exhibits a minimum at 90°. Deuteron scattering 
measurements at™* 15 Mev reveal more complicated 
angular distributions of inelastically scattered deu- 
terons. A decrease in the inelastic scattering cross 
sections with increasing angle of scattering is indicated 
by the electron scattering data.*® In conclusion, we wish 
to point out that inelastic scattering processes involving 
pions, nucleons, deuterons and electrons exhibit angular 
distributions that are quite characteristic of the nature 
of the scattered particles. 

At 31.5 Mev, the reduced de Broglie wavelength, 4, 
for pions is 2.4X10-" cm. The radius of the carbon 
nucleus is less than 2A. Therefore only S and P states 
of the incident pion are significantly involved in the 
scattering process. The pion spin and the spin of the 


TABLE IV. Differential cross sections for the elastic scattering of 
positive pions from carbon at low energies, in mb/steradian. 
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40° 
45° 
55° 
60° 
70° 
90° 
105° 
110° 
120° 
133° 
140° 
145° 
162° 


31.5 Mev 40 Mev*® 
5.77+0.68 
0.72+0.16 
3.79+0.35 
3.98+0.38 
6.45+0.58 


6.48+0.50 





2.47+0.82 
2.18+0.16 
4.10+0.30 


5.36+0.26 


7.1520.72 
7.25+0.63 








* See reference 5. 
b See reference 3. 


% M. E. Gove and M. F. Stoddart, Phys. Rev. 86, 572 (1952); 
Burcham, Gibson, and Rotblat, Phys. Rev. 92, 1266 (1953); G. E. 
Fisher, Phys. Rev. 96, 704 (1954); H. E. Conzett, Phys. Rev. 105, 
1325 (1957). 

* J. W. Haffner, Phys. Rev. 103, 1398 (1956). 

6 J. H. Fregeau, Phys. Rev. 104, 225 (1956). 
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Fic. 11. Angular distribution of the cross section for inelastic 
scattering of 31.5-Mev positive pions involving the excitation of 
mainly the 9.6-Mev state of carbon. 


ground state of C' are zero. The 9.6-Mev state of 
carbon plays a dominant role in the scattering of posi- 
tive pions. Hence its spin is unlikely to be larger than 
two units. This conclusion is in agreement with a sug- 
gestion of Morinaga”® and with a prediction of Glassgold 
and Galonsky.?’ The latter authors conclude on the 
basis of the a-particle model that the 9.6-Mev state is 
1~ or 2+. On the assumption that the 9.6-Mev state 
belongs to the same configuration as the ground state, 
Pal and Nagarajan** deduce the total angular mo- 
mentum of the 9.6-Mev state to be 2 units, although 
they have some difficulty in fitting the intermediate- 
coupling parameter to the energy values of the excited 
states of carbon. Using a (d,n) reaction, Graue”® makes 
an assignment of 1~ to the 9.6-Mev state. This result 
is in contradiction with the more recent one of Fregeau, 


26H. Morinaga, Phys. Rev. 101, 254 (1956). 
27 A. FE. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 
8M. K. Pal and M. A. Nagarajan, Phys. Rev. 108, 1577 
(1957). 

2 A. Graue, Phil. Mag. 45, 1205 (1954). 
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Fic. 12. Angular distribution of the carbon cross section for 
production of protons in the energy range from 25 to 70 Mev. 
31.5-Mev positive pions were incident on carbon. 


obtained by means of electron scattering experiments. 
The latter suggests the assignment 0+ or 2+. Our con- 
clusion is not in conflict with any of the foregoing 
assignments. 

The high-energy protons, produced in interactions of 
positive pions with carbon nuclei, exhibit an isotropic 
angular distribution within the experimental uncer- 
tainties (Fig. 12). This result is in agreement with that 
of Byfield et a/.? obtained at 60 Mev. 

In conclusion, it may be said that considerably better 
energy resolution in pion scattering experiments would 
be very helpful in the analysis of the complex processes 
that take place. 
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Determination of the Pion-Nucleon Scattering Amplitude from Dispersion 
Relations and Unitarity. General Theory 
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A method is proposed for using relativistic dispersion relations, together with unitarity, to determine the 
pion-nucleon scattering amplitude. The usual dispersion relations by themselves are not sufficient, and we 
have to assume a representation which exhibits the analytic properties of the scattering amplitude as a func- 
tion of the energy and the momentum transfer. Unitarity conditions for the two reactions +N — +N 
and N+N — 2r will be required, and they will be approximated by neglecting states with more than two 
particles. The method makes use of an iteration procedure analogous to that used by Chew and Low for the 
corresponding problem in the static theory. One has to introduce two coupling constants; the pion-pion 
coupling constant can be found by fitting the sum of the threshold scattering lengths with experiment. It is 
hoped that this method avoids some of the formal difficulties of the Tamm-Dancoff and Bethe-Salpeter 
methods and, in particular, the existence of ghost states. The assumptions introduced are justified in per- * 
turbation theory. 

As an incidental result, we find the precise limits of the region for which the absorptive part of the scatter 
ing amplitude is an analytic function of the momentum transfer, and hence the boundaries of the region in 


which the partial-wave expansion is valid. 


1, INTRODUCTION 


N recent years dispersion relations have been used 

to an increasing extent in pion physics for phe- 
nomenological and semiphenomenological analyses of 
experimental data,! and even for the calculation of 
certain quantities in terms of the pion-nucleon scatter- 
ing amplitude? It is therefore tempting to ask the 
question whether or not the dispersion relations can 
actually replace the more usual equations of field theory 
and be used to calculate all observable quantities in 
terms of a finite number of coupling constants—a sug- 
gestion first made by Gell-Mann.’ At first sight, this 
would appear to be unreasonable, since, although it is 
necessary to use all the general principles of quantum 
field theory to derive the dispersion relations, one does 
not make any assumption about the form of the Hamil- 
tonian other than that it be local and Lorentz-invariant. 
However, in a perturbation expansion these require- 
ments are sufficient to specify the Hamiltonian to 
within a small number of coupling constants if one 
demands that the theory be renormalizable and there- 
fore self-consistent. It is thus very possible that, even 
without a. perturbation expansion, these requirements 
are sufficient to determine the theory. In fact, if the 
“absorptive part” of the scattering amplitude, which 
appears under the integral sign of the dispersion rela- 
tions, is expressed in terms of the scattering amplitude 
by means of the unitarity condition, one obtains equa- 


* Now at the Department of Physics, University of California, 
Berkeley, California. 

1 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). This paper contains further references. 

2 Chew, Karplus, Gasiorowicz, and_Zachariasen, Phys. Rev. 
110, 265 (1958). 

3M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Sec. III, p. 30. 


tions which are very similar to the Chew-Low‘ equations 
in static theory. These equations have been used by 
Salzman and Salzman® to obtain the pion-nucleon 
scattering phase shifts. 

It is the object of this paper to find a relativistic 
analog of the Chew-Low-Salzman method, which 
could be used to calculate the pion-nucleon scattering 
amplitude in terms of two coupling constants only. As 
in the static theory, the unitarity equation will involve 
the transition amplitude for the production of an 
arbitrary number of mesons, and, in this case, of nucleon 
pairs as well. In order to make the equations manage- 
able, it is necessary to neglect all but a finite number of 
processes; as a first approximation, the “one-meson” 
approximation, we shall neglect all processes except 
elastic scattering. 

The equations obtained from the dispersion relations 
and the one-meson approximation differ from the static 
Chew-Low equations in two important respects. 
Whereas, in the static theory, there was only P-wave 
scattering, we now have an infinite number of angular 
momentum states, and the crossing relation, if ex- 
pressed in terms of angular momentum states, would 
not converge. Further, in the relativistic theory, the 
dispersion relations involve the scattering amplitude in 
the “unphysical” region, i.e., through angles whose 
cosine is less than —1. For these reasons, the method 
of procedure will be more involved than in the static 
theory. We shall require, not only the analytic prop- 
erties of the scattering amplitude as a function of energy 
for fixed momentum transfer, which are expressed by 
the dispersion relations, but its analytic properties as 
a function of both variables. The required analytic 
properties have not yet been proved to be consequences 
of microscopic causality. In order to carry out the proof, 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

5G. Salzman and F. Salzman, Phys. Rev. 108, 1619 (1957). 
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one would almost certainly have to consider simul- 
taneously several Green’s functions together with the 
equations connecting them which follow from uni- 
tarity. It is unlikely that such a program will be carried 
through in the immediate future. However, if the solu- 
tion obtained by the use of these analytic properties 
were to be expanded in a perturbation series, we would 
obtain precisely those terms of the usual perturbation 
series included in the one-meson approximation. The 
assumed analytic properties are, therefore, probably 
correct, at any rate in the one-meson approximation. 

As we have to resort to perturbation theory in order 
to justify our assumptions, we do not yet have a theory 
in which the general principles of quantum theory are 
supplemented only by the assumption of microscopic 
causality. Nevertheless, the approximation scheme used 
has several advantages over the approximations previ- 
ously applied to this problem, such as the Tamm- 
Dancoff or Bethe-Salpeter approximations. It refers 
throughout only to renormalized masses and coupling 
constants. The Tamm-Dancoff equations, by contrast, 
are unrenormalizable in higher approximations and the 
Bethe-Salpeter equations, while they are covariant and 
therefore renormalizable in all approximations, present 
difficulties of principle when one attempts to solve them. 
Further, we may hope that the one-meson approxima- 
tion is more accurate than the Tamm-Dancoff approxi- 
mations. The latter assumes that those components of 
the state vector containing more than a certain number 
of bare mesons are negligibly small—an approximation 
that is known to be completely false for the experi- 
mental value of the coupling constant. The one-meson 
approximation, on the other hand, assumes that the 
cross section for the production of one or more real 
mesons is small except at high energies. While this 
approximation is certainly not quantitatively correct, 
it is nevertheless probably a good deal more accurate 
than the Tamm-Dancoff approximation. Finally, the 
one-meson approximation, unlike the Tamm-Dancoff 
or Bethe-Salpeter approximations, possesses crossing 
symmetry. Now it is very probable that the ‘ghost 
states” which have been plaguing previous solutions of 
the field equations are due to the neglect of crossing 
symmetry. As evidence of this, we may cite the case 
of charged scalar theory without recoil, for which the 
one-meson approximation has been solved completely.*7 
The solution obtained with neglect of the crossing term 
possesses the usual ghost state if the source radius is 
sufficiently small. The Lee model,* which has no crossing 
symmetry, shows a similar behavior. If the crossing 
term in the charged scalar model is included, however, 
there is no ghost state. 

It has been pointed out by Castillejo, Dalitz, and 
Dyson’ that the dispersion relations, at any rate in the 
charged scalar model, do not possess a unique solution. 


6 T. D. Lee and R. Serber (unpublished). 
7 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 
8K. W. Ford, Phys. Rev. 105, 320 (1957). 
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This might have been expected, since it is possible to 
alter the Hamiltonian without changing the dispersion 
relations. One simply has to introduce into the theory a 
baryon whose mass is greater than the sum of the 
masses of the meson and nucleon. Such a baryon would 
be unstable, and would therefore not appear as a sepa- 
rate particle or contribute a term to the dispersion 
relations. In perturbation theory, the simplest of the 
solutions found by Castillejo, Dalitz, and Dyson, i.e., 
the solution without any zero in the scattering ampli- 
tude, agrees with the solution obtained from a Hamil- 
tonian in which there are no unstable particles, and the 
more complicated solutions correspond to the existence 
of unstable baryons. We shall assume that this is so 
independently of perturbation theory, and shall con- 
cern ourselves with the simplest solution. There is no 
physical reason why one of the other solutions may not 
be the correct one, but it seems worthwhile to try to 
compare with experiment the consequences of a theory 
without unstable particles. It should in any case be 
emphasized that the ambiguity is not a specific feature 
of this method of solution, but is inherent in the theory 
itself. The difference is that, in other methods, it occurs 
in writing down the equations, whereas in this method 
it occurs in solving them. 

In Sec. 2 we shall discuss the analytic properties of 
the scattering amplitude, and, in Sec. 3, we shall show 
how these properties can be used together with the 
unitarity condition to solve the problem. We shall in 
this section ignore the ‘‘subtraction terms” in the dis- 
persion relations. As in the corresponding static prob- 
lem, we have to use an iteration procedure in which the 
crossing term is taken from the result of the previous 
iteration. The details of this solution will be entirely 
different from the static problem, the reason being that 
the part of the amplitude corresponding to the lowest 
angular momentum states, which is a polynomial in the 
momentum transfer, actually appears as a subtraction 
term in the dispersion relation with respect to this 
variable and has thus not yet been taken into account. 
In this and the next section we shall also be able to 
specify details of the analytic representation that were 
left undetermined in Sec. 2, in particular, we shall be 
able to give precise limits to the values of the momentum 
transfer within which the partial-wave expansion con- 
verges. In Sec. 4 we shall investigate the subtraction 
terms in the dispersion relations. We shall find that, in 
order to determine them, we shall require the unitarity 
condition for the lowest angular momentum states, not 
only in pion-nucleon scattering, but also in the pair- 
annihilation reaction V-+N — 22, which is represented 
by the same Green’s function. The coupling constant 
for meson-meson scattering is thus introduced into the 
theory ; as its value is not known experimentally it will 
have to be determined by fitting one of the results of 
the calculation, such as the sum of the S-wave scattering 
lengths at threshold, with experiment. The calculations 
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of these low angular momentum states would be done 
in the same spirit as the Chew-Low calculations, and 
the details will not be given in this paper. We thus 
have a procedure in which the first few angular mo- 
mentum states are calculated by methods similar to 
those used in the static theory, while the remaining 
part of the scattering amplitude, which will be called 
the “residual part,” is calculated by a different pro- 
cedure which does not make use of a partial-wave 
expansion. Needless to say, the two parts of the calcu- 
lation become intermingled by the iteration procedure. 

It is only in the calculation of the subtraction terms 
that u-e has to be made of the unitarity condition for 
the pait-annihilation reaction. For the residual part, it 
is only necessary to use the unitarity condition for pion- 
nucleon scattering. Had it been possible to use the 
unitarity condition exactly instead of in the one-meson 
approximation, the result would also satisfy the uni- 
tarity condition for the annihilation reaction in a 
consistent theory. As it is, we find that the residual part 
consists of a number of terms which correspond to 
various intermediate states in the annihilation re- 
action. In Sec. 5 it is pointed out that the calculation is 
greatly simplified if we keep only those terms of the 
residual part corresponding to pair annihilation through 
states with fewer than a certain number of particles. 
Such an approximation has already been made in 
calculating the subtraction terms. The unitarity condi- 
tion for pion-nucleon scattering is no longer satisfied 
except for the low angular momentum states. However, 
the terms neglected are of the order of magnitude of, 
and probably less than, terms already neglected. The 
two reactions of pion-nucleon scattering and pair 
annihilation are now treated on an equivalent footing. 

It will be found that the unitarity condition, in the 
one-meson approximation, cannot be satisfied at all 
energies if crossing symmetry and the analytic proper- 
ties are to be maintained. The reason is that the uni- 
tarity condition for the scattering reaction is not 
completely independent of the unitarity condition for 
the “crossed” reaction with the two pions interchanged, 
and they contradict one another if an approximation is 
made. There is, of course, no difficulty in the region 
where the one-meson approximation is exact. For 
sufficiently small values of the coupling constant, we 
shall still be able to obtain a unique procedure. For 
values of the coupling constant actually encountered, 
one part of the crossing term may have to be cut off at 
the threshold for pair production in pion-nucleon scat- 
tering. It is unlikely that the result will be sensitive to 
the form and the precise value of the cutoff. 


2. DISPERSION RELATIONS AND ANALYTICITY 
PROPERTIES OF THE TRANSITION 
AMPLITUDE 


The kinematical notation to be used in writing down 
the dispersion relations will be similar to that of Chew 
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et al.| The momenta of the incoming and outgoing pions 
will be denoted by gq: and qo, those of the incoming and 
outgoing nucleons by p; and fo. We can then define 
two invariant scalars 


v=— (pit po) (qitge)/4M, 
i“ (qi— 2). 


(2.1) 
(2.2) 


The latter is minus the square of the invariant mo- 
mentum transfer. The laboratory energy will be given 
by the equation 


w=v— (t/4M). (2.3a) 


It is more convenient to use, instead of the laboratory 
energy, the square of the center-of-mass energy (in- 
cluding both rest-masses), which is linearly related to 
it by the equation 


s= M?+.?+2Mw. (2.3b) 


The Green’s function relevant to the process under 
consideration, 
mt+Ni— m+N2, (1) 
also gives the processes 
wot Ny —- mitNe (IT) 
and 


NitN, aoe Wit. (IIT) 


The matrix elements for the process IT can be obtained 
from those for the process I by crossing symmetry; the 
laboratory energy and the square of the center-of-mass 
energy will now be 


w= —v— (t/4M)=—w— (t/2M), 
So= M?+?+2Mw,.=2M?+2y?—s—t. 


(2.4a) 
(2.4b) 


The square of the momentum transfer will be —é as 
before. For the process III, the square of the center-of- 
mass energy will be ¢. The square of the momentum 
transfer between the nucleon .V,; and the pion 7» will 
be s, and that between the nucleon .V; and the pion 
m, will be s. 

The kinematics for the three reactions are represented 
diagrammatically in Fig. 1 in which é¢ has been plotted 
against v. AB represents the line s= (M+ )’, or w=uy, 
and lines for which s is constant will be parallel to it. 
The region for which the process I is energetically 
possible is therefore that to the right of AB. However, 
only the shaded part of this area is the “physical re- 
gion’”’; in the unshaded part, though the energy of the 
meson is greater than its rest-mass, the cosine of the 
scattering angle is not between —1 and +1. The 
physical region is bounded above by the line ‘=0, i.e., 
the line of forward scattering, and below by the line 
of backward scattering. Similarly CD is the line s, 
=(M-+u)*; the region for which the process II is 
energetically possible is that to the left of CD, and the 
shaded area represents the physical region for this 
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reaction. Lines of constant energy for the reaction III 
are horizontal lines. The reaction will be energetically 
possible above the line HF, at which ‘=4M?, and again 
the shaded area represents the physical region. 

We now examine the analytic properties of the 
scattering amplitude. To simplify the writing, we shall 
first neglect spin and isotopic spin; the transition ampli- 
tude will then be a scalar function A(v,t) of the two 
invariants v and ¢. Its analytic properties as a function 
of v, with ¢ constant, are exhibited by the usual dis- 
persion relations 


9 


oe 3: 1 1 1 Ax(v’,) 
A(v,t)= ( + - )+ f dy’ — - 
2M \vp-—v vetv 1 y'—yp 


w+ (t/4M) 


1 u—(t/4M) A,(v’,t) 
pata 
T y'—vy 


@ 


(25) 


where vg= — (u?/2M)+(t/4M). In this and all subse- 
quent such equations, the energy denominators are 
taken to have a small imaginary part. A; and Ag are 
the “absorptive parts” associated with the reactions I 
and II, respectively, and are given by the equations 


f tporpo: ; 
(2r)*A 1 (,1)8(pitgqi— po— q2) = (2m) ® ) 


X>D(N (pi) (qi) | m)(n| N(p2)a(qe)), (2.6) 


uh) } 
M? 


(2m)*A o(v,t)5(pitqi— pe— qe) = (2 
XD (N(pi)e(— qe) | 2)(n| N(p2)e(—qi)). (2.7) 


The symbol (.V(p:)r(q:)| denotes a state with an in- 
going nucleon of momentum /; and an ingoing pion of 
momentum q;. The sum }°, is to be taken over all 
intermediate states. A; and A: are nonzero to the right 
of AB, and to the left of CD, respectively. 

Equation (2.5) indicates that A is an analytic func- 
tion of v in the complex plane, with poles at +yv,, and 
cuts along the real axis from w+ (¢/4M) to and from 
—« to —u—(t/4M). 

On Fig. 1, (2.5) will be represented by an integration 
along a horizontal line below the v axis. The poles will 
occur where this line crosses the dashed lines; apart 
from them, the integrand will be zero between AB and 
CD. Except for forward scattering, the region where 
the integrand is nonzero will lie partly in the unphysical 
region, where the energy is above threshold but the 
angle imaginary. 

Equation (2.5) is only true as it stands if the func- 
tions A, A, and A: tend to zero sufficiently rapidly as 
v tends to infinity; otherwise it will be necessary to 
perform one or more subtractions in the usual way. 
Whenever such a dispersion relation is written down, 
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Fic. 1. Kinematics of the reactions I, II, and III. 


the possibility of having to perform subtractions is 
implied. 

We next wish to obtain analytic properties of A as a 
function of ¢. In order to do this we shall write the 
scattering amplitude, not as the expectation value of 
the time-ordered product of the two meson current 
operators between two one-nucleon states, as is done 
in the proof of the usual dispersion relations,’: but as 
the expectation value of the product of a meson current 
operator and a nucleon current operator between a 
nucleon state and a meson state. Thus 


2 porgo2 i 
(2r)*A5( pit po—qi- qe) = (n)( —_ i ) if axis 
A 


Kem inztirse’(N(p,)| T{7(x)a(x’)}|w(q2)), (2.8) 
where a(x’) is a nucleon current operator. From this 
expression, we can obtain dispersion relations in which 
the momentum transfer between the incoming nucleon 
and the outgoing pion, rather than between the two 
nucleons, is kept constant—the proof is exactly the 
same as the usual heuristic proof of the ordinary dis- 
persion relations.®:"° As this momentum transfer is just 
Se, we obtain dispersion relations in which s, is kept 
constant; if A is written as a function of s, and 4, they 

®°M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

 R. H. Capps and G. Takeda, Phys. Rev. 106, 1337 (1956). 
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take the form 


gz 1 (M—p)2—s, 4, 
A(s,,t) = J. it’ 
Scti—M?—22 «x 


xa 


(S.,t’) 


The absorptive parts in the integrand are as usual 
obtained by replacing the time-ordered product in 
(2.8) by half the commutator. The first term, in which 
the operators are in the order j(x)d(x’), is exactly Aj, 
and will therefore be nonzero to the right of AB and 
have a 6 function along 7K. The second term, however, 
in which the operators are in the order d(x’) 7(x), will 
now be related to the process III. It will be given by 
the equation 


Mu? 
XX(N (ps)N (— pe) | m)(n | (— 91) r(q2)). 


(2m)*A 3(S.,t)6(pitqi— terete) 


age (( 


(2.10) 


The state of lowest energy will now be the two-meson 
state. A; will therefore be nonzero above the line ‘= 4y?, 
represented by GH in Fig. 1 (since é is square of the 
center-of-mass energy of the process III). The dis- 
persion relation (2.10) is represented by an integration 
along a line parallel to CD and to the right of the line 

=0. It implies that A is an analytic function of ¢ for 
fixed s,, with a pole at ‘= M?+-2y?—s,, and cuts along 
the real axis from —* to (M—y)*—s, and from 4,2 
to @, 

As in the usual dispersion relation, part of the range 
of integration in Eq. (2.9) will lie in the unphysical 
region. This region now includes, besides imaginary 
angles at permissible energies, the entire area between 
the lines ¢=4y? and ‘=4M2, where there are contribu- 
tions to A; from intermediate states with two or more 
pions. The rigorous proof of (2.9) is therefore much 
more difficult than that of (2.5), and probably cannot 
be carried out without introducing the unitarity 
equations. 

By interchanging the two pions in the expression 
(2.8), we can obtain a third dispersion relation in which 


s is kept constant: 
(M—p)*—s A 2(s,t’) 
Bi ee 
-_ '—t 


1” _A3(s,t’) 
+-f dt’ ———.._ (2.11) 
2 —t 


On Fig. 1, this would be represented by an integration 
along a line parallel to AB, and to the left of the line 
s=0. 
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Let us now try to obtain the analytic properties of A 
considered as a function of two complex variables. The 
simplest assumption we could make is that it is analytic 
in the entire space of the two variables except for cuts 
along certain hyperplanes. We can then determine the 
location of the cuts from the requirement that A must 
satisfy the dispersion relations (2.5), (2.9), and (2.11); 
there will be a cut when s is real and greater than 
(M+ )*, a cut when s, is real and greater than (M+y), 
and a cut when ¢ is real and greater than 4y”. The dis- 
continuities across these cuts will be, respectively, 2A, 
2As, and 2A;. In addition, A will have poles when 
s=M? and when s,=M*. By a double application of 
Cauchy’s theorem, it can be shown that a function with 
cuts and poles in these positions can be represented in 
the form 


peer reme a Ke 
Rh M S$, (M+p)? (s’—s) 


1 cs os Ao3(S, P ) 
+— as! f dt’ —— 
r (M+n)? 4p? (s,’—s,)(t'—1t) 


u 


A 12(S’,S¢') 
+- =f af ds,! - “, 
M+z) M+)? (s’—s)(s.’—S-) 


This is a generalization of a representation first sug- 
gested by Nambu." While we have for convenience 
used the three variables s, s., and #, which are the en- 
ergies of the three processes, they are connected by 
the relation 


A 13(s’,t’) 


(t’—2) 


(2.12) 


s+s,+t=2(M?+,2), (2.13) 


so that A is really a function of two variables only. 
Ay3, Ass; and Aj, which will be referred to as the 
“spectral functions,” are nonzero in the regions in- 
dicated at the top right, top left and bottom of Fig. 1. 
The precise boundaries C)3, C23, and Cy. of the regions 
will be determined by unitarity in the following sec- 
tions; from the reasoning given up till now, all that 
can be said is that the regions must lie within the 
respective triangles as indicated, and that the boundary 
must approach the sides of the triangles asymptotically 
(or it could touch them at some finite point). The 
spectral functions are always zero in the physical region. 

As in the case of ordinary dispersion relations, the 
representation (2.12) will not be true as it stands, but 
will require subtractions. The subtractions will modify 
one or both of the energy denominators in the usual 
way and, in addition, they will require the addition of 
extra terms. These terms will not now be constants, 
but functions of one of the variables, e.g., if there is a 
subtraction in the s integration of the first term, the 
extra term will be a function of ¢. These functions must 
then have the necessary analytic properties in their 


1 Y, Nambu, Phys. Rev. 100, 394 (1955). 
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variables, so that they will have the form 


1 7” fils’) 1 fo(s.’) 
ee ahs ge 
1 S’—s WI cyayy? 5./—S, 


(M+yn)? ( 
177% fs(t’) 
+ f dt’ ; 
T 2 [—f 


4u 


(2.14) 


If more than one subtraction is involved, we may have 
similar terms multiplied by polynomials. Even if the 
spectral functions in (2.12) tend to zero as one of the 
variables tends to infinity, so that no subtraction in 
that variable is necessary, it is still not precluded that 
the corresponding term in (2.14) does not appear, as 
the function still has the required analytic properties. 
For pion-nucleon scattering, however, there is no un- 
determined over-all term, independent of both variables, 
to be added, as the requirement that the scattering 
amplitude for each angular momentum wave have the 
form e* sind/k, with Imé<0, forces A to tend to zero 
in the physical region when both s and ¢ become infinite. 

The Nambu representations for the complete Green’s 
functions are known to be invalid, even in the lowest 
nontrivial order of perturbation theory. The representa- 
‘tion quoted here, however, restricts itself to the mass 
shells of the particles, and has not been shown to be 
invalid. In fact, in the case of Compton scattering, the 
fourth-order terms, which have been worked out by 
Brown and Feynman,” are found to have this repre- 
sentation, and, as we have stated in the introduction, 
all the perturbation terms included in the one-meson 
approximation can be similarly represented. 

The dispersion relations are an immediate conse- 
quence of the representation (2.12). To obtain the 
usual dispersion relation (2.5), the third integral in 
(2.12) must be written as" 


1 ” t2(s) A2(s’,t’) 
e f ds! f at’ - : 
wd Msp)? a (s’—s)(’—12) 
1 g f2(se) A40(S¢’,t’) 
one f ds! ; OF vaccine 
wed Miu)? 0 (s.’—s.)(t’/—2) 


It then follows that 


g ge 1f° Aj(s’,) 
os aol +f DP meee 
M—s Ms, Jui»! s’—s 


1 « 

Tir 
we (M+n)? 
2 L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 
18 When we make a change of variables, we imply of course 
that the spectral functions still have the same value at the same 
point, and not that we must take the same function of the new 
variables. 


A o(5,’,t) 
de macenreins: + Sane 


Se'—Se 
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where 


1 4 
A(s,t) at f dt’ 
TT 


t1(s) 


A 13(5,l’) 
'—t 


Ao3(S-,t’) 


t2(8e) A j2(5¢,t’) 
fei 
—¢ det 


— 


'—t 


1 L 
= f dt’ 


(2.17) 


Equation (2.15) is, however, just the dispersion relation 
(2.5), since s, s,, and v are connected by the relations 
(2.4) and ¢# is being kept constant. We also see that the 
absorptive parts A; and A» themselves satisfy disper- 
sion relations in ¢, with s (or s,) constant; the imaginary 
parts which appear in the integrand are now simply the 
spectral functions. Equation (2.16) will be represented 
in Fig. 1, by an integration along a line parallel to AB 
and to the right of it. The limits ¢; and #2 are the points 
at which this line crosses the curves Ci3 and Cy. They 
satisfy the inequalities 


(2.18a) 


(2.18b) 


b> 4y*, 
te<(M—u)*—s. 


A, will be nonzero for s> (M+4)?, as it should, as long 
as the curves C,; and Cy. approach the line AB at 
some point and do not cross it. 

The dispersion relations (2.9) and (2.11) can be 
proved from (2.12) in a similar way; the absorptive 
part A; will then satisfy a dispersion relation in vy with 
s constant: 


1 wy A 13(v’,t) 1 va(t) A 93 \ v’t) 
, , 
As=- i dv —- f dv! ——. 
we v3(t) y'—y va y'—yp 


® 


(2.19) 


This dispersion relation will be represented by an in- 
tegration along a horizontal line above GH. v3; and — v3 
will be the points at which the line of integration 
crosses Cy3 and Co3. 

Finally, then, the scattering amplitude A satisfies 
dispersion relations in which any of the quantities é, s., 
and s are kept constant. Further, it follows from (2.12), 
by the reasoning just given, that the values of the 
quantity which is being kept constant need no longer 
be restricted in sign. Thus, for example, we now know 
the analytic properties of A, as a function of momentum 
transfer, for fixed energy greater than (as well as less 
than) (M+uyz)’. They are given by the dispersion rela- 
tion (2.11), so that A is an analytic function of the 
momentum transfer, with a pole at 
t= M?+2y’—s, and cuts along the real axis from 
t=4u2 to © and from {=>—* to (M—un)*—s. For 
s>(M-+u), these cuts and poles are entirely in the 
nonphysical region, It has already been shown rigorously 


square of the 
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by Lehmann“ that A is analytic in ¢ in an area including 
the physical region. The absorptive parts A:, A» and 
A; will themselves satisfy dispersion relations, pro- 
vided that the correct variable be kept constant (s, s., 
and ¢ for A;, As, and A3, respectively). The weight 
functions for these dispersion relations are entirely in 
the nonphysical region, and the boundaries of the areas 
in which they are nonzero are yet to be determined. In 
particular, we see that the absorptive part A; has the 
same analytic properties as a function of the mo- 
mentum transfer [for s constant and greater than 
(M+ ,)*] as the scattering amplitude, except that there 
is now no pole, and the cuts only extend from é; to « 
and from —® to fs. According to the inequalities 
(2.14), these cuts do not reach as far inward as the 
cuts of A considered as a function of the momentum 
transfer. This agrees with another result of Lehmann“ 
who showed that the region of analyticity of A; as a 
function of ¢ was larger than the region of analyticity 
of A as a function of ¢. 

The modifications introduced into the 
spin and isotopic spin are trivial. The transition ampli- 
tude will now be given by the expression 

—A+Hiy(qitgs)B, 
and both A and B will have representations of the 
form (2.12). There will, further, be two amplitudes 
corresponding to isotopic spins of 3 and 3. It is some- 
times more convenient to use the combinations 

AWM=F(AY+2AM) 
A= =43(, AM, A‘ 3)) 


theory by 


(2.20) 


(2.21a) 
(2.21b) 


and similar combinations B™ and B™. We then have 
the simple crossing relations 


A) (v,t)=+A ‘+ (—y,!), 
B® (v,t)= FB (—»,2), 
or, in terms of the spectral functions, 
13°*) (s,t)= +A 23°*(s,,4), 
4 2+) (5,5) = +A12 (5,5), 
By3'* (s,t) = F Bos (s.,4), 
By (s,5-) = F Bio" (5¢,5). 


The poles in (2.12) and in the dispersion relations will 
only occur in the representation for B‘*) (in pseudo- 
scalar theory), and the second term will have a minus 
or plus sign in the equations for B® and BO, 
respectively. 


(2.22a) 
(2.22b) 


(2.23a) 
(2.23b) 
(2.23c) 


(2.23d) 


3. COMBINATION OF THE DISPERSION RELATIONS 
WITH THE UNITARITY CONDITION 


The dispersion relations given in the previous section 
must now be combined with the unitarity equations in 


4H, Lehmann (to be published). 
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order to determine the scattering amplitude. We shall 
again begin by neglecting spin and isotopic spin; the 
unitarity condition (2.7) then becomes, in the one- 
meson approximation, 


1 q 
A;(s, cos0;) =—— —{ SinOedBedg2 A*(s, cosO2) 
327? W- 


X A(s, cos( 6:,62)), 
or 


1 q 1 Qr 
4 1 (8,23) =—— =f as. f do A*(s,2» 
327? We _; 0 


XA{s, 2152+ (1—2,”)'(1—22")! cosd}, (3.1) 
where z=cos@ and 6;(i=1, 2) is a unit vector in the 
(0;,@;) direction. W is the center-of-mass energy (equal 
to »/s), and g is the momentum in the center-of-mass 


system, given by the equation 
g={s— (M+u)*}{s— (M—y)"} /4s. 


z is related to the momentum transfer by the simple 


2 


relation 


(3.2) 


s= 1+ (¢/2¢?) (3.3) 


The unitarity requirements only prove that Eq. 
(3.2) is true in the physical region. A; must then be 
obtained in the unphysical region by analytic continua- 
tion. In order to do this, A can be expressed as an 
analytic function of ¢ or, equivalently, of 2, by means 
of Eq. (2.11), in which the energy is kept fixed. Equa- 
tion (3.3) shows that we can simply replace ¢ by z in 
(2.12), so that we may write 


A*(s,z2)=— -, (3.4a) 


T 


A{s, 212+ (1—2;")!(1—22")4 cos} 


1 Ao(s yea) + A;(s,2s') 
=- fas’ - 
7 %3'— 222— (1—2, 2)1(1—23 2)4 cosd 


For simplicity we have included the absorptive parts 
A, and A; under the same integral sign, but they will 
of course contribute in different regions of the variable 
of integration. A»(s,z) will be nonzero only if <1 
—{s—(M—uy)*}/2¢, apart from a 6 function at z= 
— (s—M?—2y?)/2q*, and A;(s,z) will be nonzero only if 
2> 1+-2y?/q’. The dispersion relations have been written 
down on the (incorrect) assumption that there are no 
subtractions necessary; we shall see in the following 
section how the theory must be modified to take them 
into account. 

On substituting (3.4) into (3.2) and performing the 
integrations over z2 and ¢, we are left with the equation 


&1— 22'23' ++/k 
Ax(s w= 5 fag fers -— ae 
— 20’ 23 ‘—a/k 


X {A2*(s,20')+As*(s,22’)} Wascids 3(S,23')}, 


dz —wenecd 3 


* fa ; A2¥(s,29') +. A;*(s,20’) 


(3.4b) 





(3.5) 
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where 
k= 2e°+2972+2;2— 1-- 2229/23. (3.6) 
We must take that branch of the logarithm which is 
real in the physical region —1<z;<1. Equation (3.5) 
then gives the value of A; in the entire complex z; plane. 
According to Eq. (2.16), A(s,z:) must be an analytic 
function of ¢, and therefore of z, with discontinuities 
of magnitude 2A,3 and 2A 2 as 2; crosses the positive 
and negative real axes. It is easily seen that the expres- 
sion for A; in (3.5) has this property, and, on identifying 
the discontinuities along the real axis with Aj3 and A jp, 
we arrive at the equations 


, 1 q ; 
A43(s,21)=— face de K1(21,20,23) 
8x? W 


x { A 3*( $,2). { 3(5,Z3) +, { o*(S,22)A 2(S,23) } P 


1 q 
A2(s,21) = 60" fasef ae K2(21,22,23) 
8x? W 


x {. { o* (5,22). { 3\ 5,23) +. { 3*(s,22). { 2\ $,23) } ” (3. 7b) 


The primes on z2 and z; have been suppressed. AK, and 
K, are defined by the equations 


- (z°—1)!(z,°—1)! 


; (3.8a) 
- (ge2—1)3(g,2—1)! 


K 2(2},22,23) 
=] [R(21,22,23) ]*, 21 <2923— (z°—1 )(ze— 1)! 


(3.8b) 
=0, Z1 > Ze%3— (2e"—1)*(2—1)!. * 


The points 2;= 2223+ (22?—1)!(z3;—1)! are the points 
at which & changes sign. 

Let us now transform back from z to our original 
variables. As we shall use the dispersion relations (2.17) 
and (2.19), it is convenient to express A» and Aj» as 
functions of s and s, and A; and Aj; as functions of s 
and ¢. Equations (3.7) then become 


1 
Anis fanfa 
32g W 


x Ki(s; ti,to,t3)A 3* (s,te)A 3(S,ts) (3.9a) 


fe fe fa. Ky ts b1,502)S03) 2 { o* (s,5,9) A o(S,Se3) | 


1 
A12(5$,5e1) =— nets =f ats fds Ko(s; Se1,t2,Sc3) 
32n2gW 
x [A 3*(5,to)A 2(5,5¢3) ft { * (5,5¢3).A 3(S,t2) J. 


(3.9b) 


Note that s is fixed in these equations, while s, and ¢ 
vary. K must be re-expressed as a function of the new 
variables by (3.3) and (2.13). 
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The use of Eq. (3.9), together with the dispersion 
relations, in order to determine the spectral functions 
is greatly facilitated by the fact that K is zero unless the 
variables satisfy certain inequalities; for all s, 


unless f,3 >fo?+43}, 
> Seal +Ses!, 


(3.10a) 


(3.10b) 


K1(s; ty,f0,¢3) = () 
unless #3 


i i 
Ser! > bob +S¢3). 


K 1 (s > £1,8c2,5e3) =O 


Ko(s: $¢1,f2,5c3)=0 (3.10c) 


unless 
(For any particular s, the restrictions on the variables 
could be strengthened.) Equations (3.10) are true as 
long as $-2, $¢3, £2, and é; are in the regions s.> M?, t>4y’, 
outside which A» and A; vanish. It follows from (3.9) 
that, for any given value of t (or s-), A1s(s,t) Lor A12(s,5¢) ] 
can be calculated in terms of A;(s,t') and A2(s,s-'), where 
the values of t' and s,' involved are all less than (or S-). 
On the other hand, by writing the dispersion relations 
(2.17) and (2.19) in the form 


1 5 A 12(S’ Se) 
A2(s,5,)= f ds’ —— 
TY s89( 8c) s'—s 
= A 23(5.,t’) 


1 
ss at’ — : 


TY t1( 8c) t—t 


1 - Aisa(s’ 2b) 
Ad(si)=- f ds’ - 
TY 83(t) s‘-—s 


1 . A 93(S ,t) 
+ f ds’ » (3:41b) 
Te 5 —$¢ . 


83(t) c 


(3.11a) 


it is evident that A3;(s,#) and Ao(s,s.) can be found in 
terms of Ajo(s’,s.) and Aj3(s’,f), if for the moment we 
neglect the second term in these equations. We can 
therefore calculate Aj3, Ajy2, A3, and A» for all values 
of s and successively larger values of s. and ¢. The 
lowest value of s, or ¢ for which either A» or A; is non- 
zero is s.=M?, at which there is a contribution of 
g°6(s-— M*) to Az from the one-nucleon state. From 
(3.9) and (3.10) it follows that Aj; and A 1. are zero if ¢ 
and s, are less than 4M?*; for a range of values of ¢ 
above this, Ais is nonzero and can be calculated by 
inserting the 6-function contribution to A» into (3.9a). 
The rest of Az and A; will still not contribute owing to 
(3.10). Once we have the procedure thus started, we 
can proceed to larger and larger values of ¢ and s, by 
alternate application of (3.9) and (3.11).! 

Before discussing how to take the second terms of 
(3.11) into account, let us study in more detail the 
form of the functions A;3 and Aj, calculated thus far. 
In order to do this, we require the precise values of ¢ 
and s,, at a given value of s, for which the kernels K 
vanish ; we find that 


18 Tt will be noticed that, though we have brought the pole in 
the crossing term from the one-nucleon intermediate state into 
our calculations, we have not yet introduced the pole in the direct 
term. This pole is actually a subtraction term of Eq. (2.11) and 
will be treated in the following section. 
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Fic. 2. Properties of the spectral functions. 


K,(s; t1,t2,43)=0 unless 
ti>t.2(1+4, ‘4q?)§+-#34(1+1, ‘4q)}, (3.12a) 
K1(s; t1,5c2,5¢3)=0 unless 


t!> (s-o—u){ 14+ (Ses—u)/4q7}} 

+ (ses—u)!{ 1+ (seo—u)/4q?}}, 

K2(S; Se1,b2,5c3) =0 
(s:—u)*> be{1+ (ses—u)/49°}! 

+ (Sea—u)*(14+t2/4g?)!, 


(3.12b) 


unless 


(3.12c) 
where 

u= (M?—,?)?/s. (3.13) 
As the smallest value of s. or ¢ which contributes to the 
integrand in Eq. (3.9a) is s-=M*, where A,» has a 
6-function singularity, it follows from (3.12b) that the 
smallest value of ¢ for which A3(s,é) is nonzero (for any 
given value of s) is given by 


H=2(M?—u)i{14+ (M?—u)/4¢°}}. (3.14) 


For very large s, this value of tf approaches 4M”, but, as 
s decreases, ¢ becomes larger and larger until, at s 
=(M-+un)*, it becomes infinite. Equation (3.14) has 
been plotted as C, in Fig. 2. A13 will be nonzero above 
C,, and, near it, it will behave like (t—¢o)~!, where éo is 
the value of ¢ given by (3.14). It follows from (3.11b) 
that A;(s,t) is nonzero if #>4M?, and behaves like 
(t—4M?*)! just above this limit. The value ‘=4M? is 


precisely the threshold for the process III, and we 
would have obtained the same results from our general 
reasoning in the previous section if we had neglected 
intermediate states containing two or more mesons but 
no nucleon pairs. This indicates that our assumptions 
are probably correct, as we have not considered the 
process ITI explicitly in this section. When we treat the 
subtraction terms in the dispersion relations, we shall 
see that A); is also nonzero between (= 4y? and (=4M?, 
and that the region in which Aj; is nonzero must be 
enlarged. The curve C; is therefore not yet the curve 
C;;3 of Fig. 1. 

| For a range of values of ¢ above the curve C;, the 
entire contribution to the integrand in (3.9a) comes 
from the 6 function in A». At a certain point, however, 
the other terms in A» and A; begin to contribute. If 
for the moment we neglect the second term in (3.9a), 
the new contribution begins at the value of ¢ obtained 
by putting 4.=/;=4M? in (3.12a), since this is (at the 
present stage of the calculation) the lowest value of / 
for which A; is nonzero. The result has been plotted 
against s in Fig. 2 to give the curve C2. As this curve 
approaches the line ‘= 16M? asymptotically, there will 
be a corresponding new contribution to A; above this 
value, and, near it, the new contribution will behave 
like (¢— 16M?)}. The value ¢= 16M? is just the threshold 
for the production of an additional nucleon pair in the 
process III, and A; would be expected to show such a 
behavior at this threshold. 

We find similar discontinuities in the higher deriva- 
tives of Aj; at series of curves (there will now be more 
than one for each threshold) approaching asymptotically 
the lines ¢=4n?M?, so that A; will have the expected 
behavior at the thresholds for producing » nucleon pairs. 

The functions Aj. and A» will exhibit the same sort 
of characteristics. In Eq. (3.9b), the lowest values of 
ty and s,3 which contribute to the integrand are 4;=4M?, 
5-3 M*, so that the boundary of the region in which 
Aj is nonzero is obtained by inserting these values 
into (3.12c). The result is represented by the curve C3 
in Fig. 2; it approaches the line s.=9M? as s tends to 
infinity. As with Aj;, the region in which A. is nonzero 
will be widened in the following section. From (3.19a), 
it follows that A» will (at present) be nonzero for 
5->9M?, which is the threshold for pair production in 
the reaction IT. A,» will also have discontinuities in the 
higher derivatives at series of curves such as Cy which 
approach asymptotically the lines s.=(2n+1)*M?. 
Finally, it can be seen that the second term of (3.9a) 
will give rise to further curves at which the higher 
derivatives of Aj; are discontinuous, but these curves 
will all approach asymptotically the lines ¢=4n?M?. 

We must now return to the second term in the Eq. 
(3.11), which we have so far neglected in the calcula- 
tion. It can be taken into account by introducing the 
requirement of crossing symmetry, which has not yet 
been used. As in the static theory, one now has to use 
an iteration procedure. The function A.3, which only 
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affects the crossing term in the dispersion relation (2.5), 
is first neglected, and the calculation done as described. 
Ao; is then found from the calculated value of A;; and 
the crossing-symmetry relations (2.23), and inserted 
into Eq. (3.11) for the next iteration. However, the 
scattering amplitude calculated by this procedure 
would still not satisfy the equations of crossing sym- 
metry since, while A;; and A»; are connected by (2.23a), 
Aj. does not satisfy (2.23b). We have seen that the 
dispersion relations together with the equation of 
unitarity determine Aj. uniquely, and the result is not 
a symmetric function of s and s,; even the region in 
which it is nonzero is not symmetric. It therefore ap- 
pears that we cannot satisfy simultaneously the 
requirements of analyticity, unitarity (in the one-meson 
approximation), and crossing symmetry. 

The reason why this is so is easily seen in perturbation 
theory. Among the graphs included in the first iteration 
of the one-meson approximation is Fig. 3(a). The 
topologically similar graph Fig. 3(b) will also be in- 
cluded, since Fig. 3(a) by itself would have square 
roots in the energy denominators and would not have 
the necessary analytic properties. If, therefore, cross- 
ing symmetry is to be maintained, Fig. 3(c) must also 
be included. In this graph, however, there is an inter- 
mediate state of a nucleon and a pair, so that the uni- 
tarity condition in the one-meson approximation is not 
satisfied. 

This example also indicates how we should modify 
our iteration procedure. In addition to inserting a term 
Ao3, obtained by crossing symmetry from the previous 
iteration, into (3.11), we must insert a term Aq,’ (s,5,) 
equal to Ajo(s,,s) as calculated in the previous iteration. 
The contribution from this term is to be added to the 
contribution from Aj(s,s-) calculated in the normal 
way. Aj,’ will be nonzero above the curve C; in Fig. 2, 
and, in particular, it will be zero for all values of s, if s 
is less than 9M?. Complete crossing symmetry is now 
maintained, but the addition of Aj». violates the uni- 
tarity condition (in the one-meson approximation) for 
values of s greater than 9M?, and a perturbation ex- 
pansion would include graphs such as Fig. 3(c). As 
these graphs will appear in higher approximations, the 
fact that we are forced to include them here should 
not be considered a disadvantage of our method. In 
any case, the unitarity condition is only violated where 
the one-meson approximation is far from correct. 

The iteration procedure is found to give rise to 
further curves, like Cz and C, (Fig. 2), at which the 
higher derivatives of the spectral functions are dis- 
continuous. These new discontinuities correspond to 
the production of mesons together with nucleon pairs. 
We still do not have discontinuities at all possible 
thresholds. 

The inclusion of the spin does not change any of the 
essential features of the theory, though the details are 
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Fic. 3. Graphs which bring in intermediate states with pairs. 


rather more complicated. Following Chew eé al.,! we 
write the pion-nucleon 7 matrix in the form 


2rW 


T=- (a+e- que: q,d), (3.15) 


where E is the center-of-mass energy of the nucleon and 
w that of the pion. a and d are related to the quantities 
A and B in the expression (2.20) by the formulas 


(3.16a) 


ow 


4 


—~(——) 


ja 


E—M s—A+(W+M)B 
=— —- ), (3.16b) 


2W 4a 


The unitarity condition corresponding to (3.7) can now 
be worked out in terms of a and 5; the equation ob- 
tained is 


q _ 
@13(12)(S,21) =>, = ass f de K 12) (21,22,23) 
aT 


° 
a 


a* (S,Z2)@a(S,23) 


22— 2321 
x | aet( s,s) aa(s.3)+—— - 
1— 


a 


o 


23— 2221 
+—aq*(5,22)ba(s,Z3)}, (3.17a) 
9 
ae 


q oh Saige 
bisc12) (S21) => — | dzo | dz K 1,2) (21,22,23) 
aT 


23-3 Zo— 2321 


23— 2921 2 
* | b.t(snoa(ss9) + —— 
1— o.2 1— o2 


*1 #1 


X da*(5,52)ba(S,23) +ba*(S,22)ba(S,23)¢, (3.17b) 


where >>. indicates that terms of the form aq*dq are to 
be replaced by a2*a2+<a3*a3 in the calculation of aj; 
and b;3 and by a2*a3+a3*a, in the calculation of ay. 
and by2, exactly as in (3.7). a2 and be, a3 and b3, ay. and 
bys, and a3 and 63 are related respectively to A» and 
By, Az; and B3, Ay and Bys, and Aj; and By; by Eqs. 
(3.16). The unitarity condition (3.17) can be rewritten 
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in terms of A and B; it then becomes 


A312) (5,21) =>. - wl fas K 1,2) (21,22,23) 
a 42 


~sst21 
=). A *(5,22)A (5,23) 


ow +2 


(- 1—20+2;—2 Mw a) 
+(- —- . 
2W 


2 1—2 1+2 


1+2.—33;—2 


1—2; 


® 
KAsts2)Balsss)+ (= 
2 


Mw 1—22—23+-2; 
a Robles a(S,23) 
2W 1+2; 
W?— M? 1—2.—23+-2 
—B,* 


j 1+2, 


q " 
(s,21) = — _f af a K 1,2) (21,22,23) 
a 4° 


E 1—2.—23+21 
“ | Py A «*(s,2)A @(5S,23) 
2MW 1+2; 
142, 


1+2.— z g 
ae 
2(1—21) 2wW 
1—22 atis— 


XA a*(5,82)Ba (s)+(— - 


bag, 


22) B,(s =), (3.18a) 


Byi3,12) 


*)B. *(5,20)A a (5,23) 





w’— M*)E =) 
2MW 1+2; 
X B*(s,22)Ba(s,Z3) . (3.18b) 


Equations (3.17) and (3.18) will hold separately for the 
amplitudes corresponding to isotopic spin } and 3. 

It remains to justify the claim that the result aloe 
lated by our procedure, if expanded in a perturbation 
series, would give a subset of the usual perturbation 
series. The proof is somewhat awkward because we 
were unable to satisfy the unitarity condition in the 
one-meson approximation at all values of the energy. 
Let us first ignore this. The mth term in the perturbation 
series A‘) is then determined uniquely in the physical 
region by the following two requirements : 

(i) For sufficiently small values of the momentum 
transfer {less than 2u[3(2M+yp)/(2M—u) }!}, A” 
must satisfy the dispersion relation (2.5), a result 
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which has been proved rigorously."* The absorptive 
part A; (and hence, by crossing symmetry, A) is 
known, since it is determined by unitarity in terms of 
lower order perturbation terms in the physical region, 
and by analytic continuation (with s constant) out- 
side it." 

(ii) For a fixed value of s, A‘” is an analytic function 
of the momentum transfer throughout the physical 
region." 

As the functions calculated by our method certainly 
fulfil these requirements, they must generate the cor- 
rect perturbation series. 

However, our result does not satisfy the unitarity 
condition in the one-meson approximation at all 
energies, and we must examine more closely how A, is 
to be determined. Let us assume that our method gives 
the correct perturbation series up to the (n—1)th order. 
The reasoning developed in this section then shows 
that the mth-order contribution to A, will be of the form 


1 A13'")(s,t’) 1 Ayo (s,t’) 
Ay =~ fa eo - fu —_——, 
T i—t T '—t 


where A,;°" and A;." are certainly zero below C; and 
above C3, respectively, in Fig. 2. Inserting this expres- 
sion into (2.5), we find that 


(3.19) 


A 13°") (s’t’) 
i= ds ‘fue —————— 
(s’—s) (’—1) 


Ay." (s’,t’) 
-= fos fe. ——___—__., 
(s s(t —1f) 


The suffix d indicates that we are considering the direct 


(3.20) 


and not the crossing term. The second term of (3.20) 
will not be an analytic function of ¢ in the physical 
region, but it will have a branch point at the largest 
value of ¢ for which Ay. is nonzero. We can make it 
analytic by adding to A» the expression 


Aix (Set) | 
F (3.21) 


which we would expect from (2.17), if our representa- 
tion is correct. By inserting this into (2.5) and adding 
the result to the second term of (3.20), we obtain 


1 A 12°") (s’,5-') 
= fas fase a, 
r (s’—s)(s-’—S¢) 


which is analytic in the physical region. The contribu- 
tion (3.21) to A» is uniquely determined from the 
requirement that A‘ be an analytic function of the 
momentum transfer in the physical region, and is 
nonzero only for s.>9M?*. It corresponds to adding a 
graph such as Fig. 3(b) to Fig. 3(a); as A; for Fig. 3(c) 


(3.22) 
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is nonzero for s>9M°, A» for Fig. 3(b) will be nonzero 
for s.>9M?. 

Finally, then, the mth-order perturbation term can 
be determined from the lower order perturbation terms 
without using any unproved properties of the scattering 
amplitude as follows: 

(i) Calculate A, by unitarity, and extend it into the 
nonphysical region for momentum transfers less than 
Qul3(2M+y)/(2M—,) }! by analytic continuation. 

(ii) Calculate a contribution Aga’” to A», for 
$->9M?, from the requirement that if it, together with 
A, be inserted into (2.5), the resulting function Aq” 
must be an analytic function of the momentum transfer 
in the physical region. By doing this we partially in- 
clude intermediate states with nucleon pairs, which is 
necessary if we are to maintain the required analytic 
properties and crossing symmetry. 

(iii) Now calculate A2‘” and the extra contribution 
to A,‘ by crossing symmetry from A; and the 
extra contribution to A», 

(iv) Find A‘” from (2.5) for values of the momentum 
transfer less than 2u{3(2M+y)/(2M—u) }', and calcu- 
late it in the rest of the physical region by analytic 
continuation in ¢. 

This procedure defines a one-meson approximation in 
perturbation theory. From what has been said, it is 
clear that our solution will give precisely this perturba- 
tion expansion, so that our assumptions are justified in 
perturbation theory. 


4. SUBTRACTION TERMS IN THE 
DISPERSION RELATIONS 


We have thus far assumed that the dispersion rela- 
tions are true without any subtractions. As we have 
pointed out in the first section, by doing this we neglect 
what is physically the most important part of the 
scattering amplitude. In this section we shall investigate 
how many subtractions are necessary for each disper- 
sion relation and shall outline how they can be calcu- 
lated, leaving the details for a further paper. 

Let us first consider Eqs. (2.11) and (2.16), which 
were used in obtaining the unitarity condition (3.9) [or 
(3.18) for nucleons with spin ]. Even if these dispersion 
relations are written with subtraction terms, it is found 
that (3.9) is unchanged, so that the subtraction terms 
are only needed in the final evaluation of A from A, and 
A; by means of (2.11), or of A; from Aj. and Aj; by 
means of (2.16). The number of subtractions will de- 
pend on the behavior of Aj2, A13, As, and As, as calcu- 
lated by our procedure, as s, and ¢ tend to infinity—we 
shall have to perform at least enough subtractions for 
(2.11) and (2.16) to converge. 

It is difficult to make an estimate of the behavior of 
these functions at infinite values of s, and ¢ from the 
equations determining them, and we shall use indirect 
arguments which, though not rigorous, are very plau- 
sible. We shall find that, if the coupling constant is 
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small enough, the functions tend to zero at infinity, 
so that one can write the dispersion relations without 
any subtractions. For larger values of the coupling 
constant, more and more subtractions will be needed. 
The reader who is prepared to accept this may omit 
the following two paragraphs. 

We consider only the first iteration, since subsequent 
iterations proceed in a similar way and the results are 
unlikely to be qualitatively different. The result can 
then be expanded in a perturbation series. If the solu- 
tions obtained for this problem by other methods, such 
as the Tamm-Dancoff or Bethe-Salpeter methods, are 
expanded in a perturbation series, it is found that the 
series for each angular momentum state converges as 
long as the coupling constant is within a certain radius 
of convergence, and that this radius of a convergence 
tends to infinity with the angular momentum.'® Our 
perturbation series would be different from the per- 
turbation series obtained by these methods, partly 
because the intermediate states with pairs which we 
include are not the same as those included by either of 
them, and partly because, in calculating the subtraction 
terms (other than those at present under discussion), 
we shall not take into account terms corresponding to 
all graphs included by these approximations. Such 
differences would not be expected to affect qualita- 
tively the convergence properties of the angular 
momentum states, and we shall assume that the results 
quoted above are true for our perturbation series too. 

The transition amplitude for the state of total angular 
momentum j and orbital angular momentum 7+} can 
be shown to be 


1 


1 
fiu= fas a(s2)Pias(e)+ f ds b(s,z)P¥3(s), (4.1) 
«ull 1 


where a and bd are the functions defined in (3.15) and 
(3.16). Now it is easily seen that each term in the 
perturbation series for d2(s,z), @3(s,z), be(s,z), and b3(s,z) 
tends to zero like 1/z as z tends to infinity, so that the 
dispersion relation (2.11) for each term can be written 


down without any subtractions. Hence 


; as") (s,2') +a3"™ (s,3’) 
, 
fia = fa i 
— Ort 


bo (5,2) +b3" (s,2’) 
oponee ae ee 


P 


, 
o == 
pa ~ 


— fas Ca. (s,2’)+a3 (s,2”) |b j44 ( z') 
+[b™ (s,2’)+b3™ (5,2) }bj;(2’)}, (4.3) 


16 Note that the “potential” in the Tamm-Dancoft or Bethe- 
Salpeter equation involved includes only the crossing term and 
not the direct term, which has still to be brought into the 
calculation, 
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ee 
dais fa (z) 


2/—2z 


(4.4) 


=1/7* as 2s’ &, 


Let us suppose that the value of the coupling constant 
is such that the perturbation series for states of angular 
momentum 7, converges. If each term in the perturba- 
tion series for this angular momentum state is ex- 
pressed by (4.3), and if we assume that we can inter- 
change the order of summation and integration, we 
arrive at the equation 


Seite f de!{¥ aos (s,2')-+a3(s,2") Wires(2’) 


+> nlbo™ (s,2’) +3" (5,2’) bine a(z’)}. (4.5) 
In order for the integrand to exist, we see from (4.4) 
that a and 6 must be smaller than z’'~ at infinite z. 
The dispersion relations can therefore be written down 
with not more than j—} subtractions. In particular, if 
the coupling constant is small enough the dispersion re- 
lations can be written down without any subtractions."” 

If the coupling constant is such that m subtractions 
are required, the unitarity condition for the states of 
angular momentum 3 to n—} will have to be applied 
separately. The wave functions for these states are 
polynomials of degree not greater than n—1 in the 
variable z (or s, and #), and are not determined from the 
absorptive parts in the dispersion relations (2.11) and 
(2.16). 

The calculation must be done after each iteration, as 
the result will be needed for the next iteration. The 
details of the calculation will not be discussed here, 
but they will in principle be similar to those of Chew 
and Low‘ and Dalitz, Castillejo, and Dyson,® and will 
involve considering the reciprocal of the scattering 
amplitude. The analytic properties of the individual 
angular momentum states are not as simple as in the 
static theory, but they can be determined from the 
assumed analytic properties of the transition amplitude, 
and, as in the static theory, the singularities not on the 
positive real axis can be found from the previous 
iteration. 

The precise number of subtractions required cannot 
be determined without calculating the result, but it is 
almost certainly not less than two. It is difficult to see 
how the observed resonant behavior of the P; state 
could be reproduced by means of the calculations de- 
scribed in the last section, whereas it follows quite 


17 We should emphasize that it is only in the first iteration that 
we relate the number of subtractions needed to the convergence 
of the angular momentum states. We say nothing at all about the 
convergence of the perturbation series in subsequent iterations, 
but assume simply that the behavior of the spectral functions at 
infinite values of z is not likely to be qualitatively different from 
their behavior in the first iteration, 


naturally from a Chew-Low-type calculation. If the 
coupling constant were large enough to bind the (3,3) 
resonance state, and for a certain range of values of the 
coupling constant below this, we would definitely have 
to perform two subtractions. The precise range involved 
is difficult to determine, but it would be expected to 
include those values of the coupling constant for which 
the (3,3) state still has the appearance of an unstable 
isobar. Until we state otherwise, however, we shall 
suppose that the coupling constant is sufficiently small 
for the functions A(s,z) and B(s,z) to tend to zero at 
infinite z, as the situation with regard to the other 
subtractions is much simpler in this case. Even then, 
we would have to perform one subtraction for each of A 
and B, since the calculations of the previous section 
did not include the pole of the scattering amplitude 
from the one-nucleon intermediate state; only the pole 
in the crossing term was included. The pole affects the 
states with j=} alone, so that, if we apply the uni- 
tarity condition for these states separately by the 
Chew-Low method, we can include it correctly. We 
thereby change A and B by a quantity independent of z. 

When we calculate the scattering amplitudes for the 
states with j=}, we find a ghost state in the first 
iteration, just as in all other models. In subsequent 
iterations, however, where the crossing terms con- 
tribute, it does not follow from the form of the equations 
that we shall necessarily find a ghost state, and, judging 
from the charged scalar model, we may hope that the 
ghost state does not in fact occur. 

We now turn to consider the subtraction terms in the 
other dispersion relations used in the calculations, Eq. 
(3.11). By putting the 6-function contribution to A» 
into (3.18), it can be seen that the lowest order term 
in Aj;3(s,f) tends to a constant as s tends to infinity, 
whereas the lowest order term in B,;(s,t) behaves like 
1/s. For a certain range of values of ¢, only the lowest 
order term contributes to Aj; and Bj3, so that there 
will certainly be one subtraction in Eq. (3.11b) for As, 
while the equation for B; could be written down without 
any subtractions. We find similarly that both A}2(s,s.): 
and B,2(s,s-) tend to zero like 1/s as s tends to infinity. 
It would therefore appear that the dispersion relations 
(3.11a) did not require any subtractions. However, we 
have seen that A;(s,s.) and B,(s,s.) behave like a con- 
stant for large s, with s constant, even for small values 
of the coupling constant, so that, by crossing sym- 
metry, A2(s,s,) and B2(s,s-) will behave like a constant 
for large s. There will therefore be one subtraction 
term in Eqs. (3.11a) for both A» and Bs. 

The determination of the subtraction terms in Eq. 
(3.11a) is not difficult, since the contributions to A» 
and By from the states with j=} (with the energy s, 
of the reaction II kept constant) can be found by 
crossing symmetry from the corresponding contribu- 
tions to A; and B, in the previous iteration. However, 
for the subtraction terms in Eq. (3.11b), we require 
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the unitarity condition for A;, which involves the re- 
action III. As there is one subtraction, only the S$ 
waves will be involved. Again we have to limit the 
intermediate states considered ; in this first approxima- 
tion we would consider the two-meson states (“two- 
meson approximation’”’) and perhaps the nucleon- 
antinucleon intermediate states (“two-meson plus pair 
approximation”) as well. We shall then require the 
meson-meson scattering amplitude (and the nucleon- 
antinucleon scattering amplitude if nucleon-antinucleon 
intermediate states are being considered). The deter- 
mination of these scattering amplitudes would be as 
extensive a calculation as the determination of the pion- 
nucleon scattering amplitude, but neglect of the crossing 
term would probably not give rise to too great an errorin 
our final result, in which case the S-wave amplitudes 
could be written down immediately in the two-meson 
or two-meson plus pair approximations. The meson- 
meson coupling constant is thereby introduced into the 
calculation, as has been mentioned in the introduction. 
Once the meson-meson and nucleon-antinucleon scat- 
tering amplitudes are known, the transition amplitude 
for the reaction III can be calculated. Since the integral 
equation is now linear, the details will be different from 
those of the Chew-Low calculations, but, as in their case, 
the solution could be written down exactly if there 
were no other singularities of the transition amplitude, 
and we can use an iteration procedure for the actual 
problem. The iterations will again be interspersed 
between the iterations of the main calculation. The 
S-wave portion of A;, as calculated by this procedure, 
will be nonzero for ¢>4y?, so that the scattering ampli- 
tude now has the expected spectral properties. The 
boundaries of the regions in which the spectral functions 
are nonzero will thereby also be changed; this will be 
discussed in more detail at the end of the section. 

We have seen that, as long as the coupling constant 
is sufficiently small, we require one subtraction for each 
of the dispersion relations except the dispersion relation 
(3.11b) for B;, for which we do not require any sub- 
tractions. It is also easily seen that this behavior is 
consistent—the functions as calculated in the last sec- 
tion, with the calculations modified by the subtraction 
terms, will not at any stage become too large at infinity. 
If, however, one were to make any additional subtrac- 
tions, one would find that, on performing the calcula- 
tions, one would need more and more subtractions as 
the work progressed, and one could not obtain any 
final result. The number of subtractions to be per- 
formed is therefore determined uniquely. There is one 
exception to this statement: we could perform one 
subtraction in Eq. (3.11b) for B;. Such a subtraction is, 
however, excluded by the requirement that the theory 
remain consistent when the interaction with the electro- 
magnetic field is introduced. If one were to make this 
subtraction, the scattering amplitude would behave 
like f(¢)y(qit+q2) for large values of s. It then follows 
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from gauge invariance that the matrix element for 
the processes 


at-+-n— axt-+n+y or 2+p—2°+pt+r 


will contain a term which behaves like f(¢)y for large s, 
where ¢ is now minus the square of the momentum 
transfer of the neutral particle.'* The contribution to 
B, and B,; from the z—V—y inte.mediate state 
therefore tends to infinity at least as fast as s for infinite 
s, so that one would require two subtractions for the 
dispersion relation in question and the theory would 
not be consistent. 

Since the unitarity conditions for the two 7=} states 
of the pion-nucleon system, and for the S state of the 
pion-pion system, have to be applied separately by the 
Chew-Low method, there will be Castillejo-Dalitz- 
Dyson ambiguities associated with these states. The 
ambiguities will of course affect all states in subse- 
quent iterations. They correspond to the existence of 
unstable baryons of spin } and either parity, or of 
heavy unstable mesons of spin zero. There are no 
ambiguities associated with states of higher angular 
momentum; this is in agreement with perturbation 
theory, according to which it is impossible to renor- 
malize systems containing particles of spin 1 or more. 
Had there been no interaction with the electromagnetic 
field, we could have introduced a further subtraction 
term which would have necessitated a separate applica- 
tion of the unitarity condition for the P state of the 
pion-pion system. The resulting Castillejo-Dalitz-Dyson 
ambiguity would have been associated with a heavy 
unstable meson of spin 1. This corresponds to the 
Bethe-Beard mixture of vector and scalar mesons, which 
can be renormalized in perturbation theory as long as 
there is no interaction with the electromagnetic field. 

Now let us consider the situation that occurs in 
practice, when the coupling constant is sufficiently 
large for the scattering amplitude and its absorptive 
parts to tend to infinity with ¢ (or s. and ¢) when s 
remains constant. The function A;2’ which, according 
to our procedure, must be added to Aj. in iterations 
other than the first, will now tend to infinity with s, 
so that A», as calculated from (3.11a), would show a 
similar behavior. In practice, when the unitarity con- 
dition for states with j= as well as with 7=4 must be 
applied separately, A129’ (s,s-) and A23(s.,¢) will tend to 
infinity faster than s or ¢, and the dispersion relation 
(3.11a) will require two subtractions. The subtraction 
terms can be determined by crossing symmetry as 
before. However, we have seen that, if A» tends to 
infinity with s, we cannot consistently perform the 
calculation, so that we shall have to introduce some 
further modifications. 

The reason for the difficulty is probably the in- 


18 This can be shown by using a generalization of the Ward 
identity due to H. S. Green, Proc. Phys. Soc. (London) 66, 873 
(1953), and T. D. Lee, Phys. Rev. 95, 1329 (1954), and proved 
by Y. Takahashi, Nuovo cimento 6, 372 (1957). 
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adequacy of the one-meson approximation. The break- 
down occurs just at the value of the coupling constant 
for which the contribution to the scattering amplitude 
from Aj.’ is comparable to the remainder of the scatter- 
ing amplitude when s is large. Since that part of A, 
calculated from Aj,’ represents a partial effect of states 
with one or more pairs, the contribution of these inter- 
mediate states is now important at high energies and 
it seems reasonable that, if one could take them into 
account properly, one could still perform the calcula- 
tions for large values of the coupling constant. In the 
one-meson approximation, one would have to make 
some sort of a cutoff to the contribution to A» from the 
crossing term above s=9M?’. As this entails modifying 
the unitarity condition in the region where it is in any 
case inaccurate, it is consistent with our approxima- 
tions, and it may be hoped that the theory is not very 
sensitive to the precise location and form of the cutoff. 
If one were to go to further approximations in which 
intermediate states with pairs were included, the cutoff 
would always be applied only at or above the threshold 
for processes which were neglected. 

Once we are prepared to introduce cutoffs into our 
approximations, we might legitimately ask whether or 
not we should perform more than one subtraction in 
Eq. (3.11b). This could only be determined by ex- 
amining the behavior of the scattering amplitude and 
its absorptive parts at large values of s when we go 
beyond the one-meson approximation. However, if A 
and B have the behavior assumed thus far (A remains 
constant and B behaves like 1/s), the cross section 
would tend to zero like 1/s at large s, whereas the ex- 
perimental results indicate that the cross section re- 
mains constant. It therefore may be necessary to per- 
form an additional subtraction and to introduce the 
unitarity condition of the reaction III in P states. 

At first sight it would seem as though there were 
Castillejo-Dalitz~-Dyson ambiguities associated with all 
states for which the unitarity condition has to be 
applied separately, not only with the j=} states. 
However, it is also possible that only the solution 
without any of the extra terms in the higher angular 
momentum waves would converge as we introduced 
more and more states into the unitarity equations. This 








Fic. 4. Graphs involving the pion-pion interaction. 
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solution would be an analytic continuation of the 
solution obtained for small values of the coupling con- 
stant, whereas the other solutions could not be con- 
tinued below a certain value of the coupling constant 
and would have no perturbation expansion. While we 
can by no means exclude such a behavior, it neverthe- 
less gives us grounds to suppose that the ambiguity 
exists only for meson-nucleon states with 7=} and for 
S-wave meson-meson states, even when the coupling 
constant is large. 

Before leaving this section, let us state the boundaries 
of the region in which the spectral functions A13, Ags, 
and Aj» are nonzero, i.e., the position of the curves 
Ci3, Co3, and Cj, in Fig. 1. Since A; is now nonzero for 
f>4y", Ci; in the one-meson approximation is ob- 
tained by putting 4.=4;=4y? in (3.12a), so that 


tat = 4u(1+4?/q")!, 
16y?(s— M?+-p’)? 
a — ° 
[s—(M+n)*IEs— (M—n)*] 


For any given value of s, Aj; will be nonzero if ¢>¢a. 
We notice that, as s tends to infinity, 4;. approaches the 
value 16”. This is not the expected result—we have 
shown in Sec. 2 that it should approach the value 4y?. 
The reason for the discrepancy is that, in our approxi- 
mation, the reaction III takes place purely through S 
waves for 4u?<é<16y?, and A; will be a function only 
of ¢ in this region. Had it been possible for the reaction 
III to go through an intermediate state of one pion, 
A; would have had a 6 function at ‘=’, and, on putting 
this value into (3.12a), we would have obtained the 
expected result. As it is, however, we shall have to go 
beyond the one-meson approximation to get the correct 
boundary of Aj;. 

The reaction V+N — 3 can go through a one-pion 
intermediate state by means of the process represented 
in Fig. 4(a). If, therefore, we treat the outgoing pions 
in the reaction V-+-2—.V+2r as one particle with fixed 
energy and angular momentum, and represent the tran- 
sition amplitude in the same way as we have represented 
the transition amplitude for pion-nucleon scattering, the 
absorptive part corresponding to A; will have a 6 function 
at ¢=y*. We can work out the resulting contribution 
to Aj; (of the pion-nucleon scattering amplitude) by 
unitarity in the same way as we worked out the con- 
tributions from the one-meson approximation. z2 and 
zs; in Eqs. (3.4)-(3.8) will now refer to the center-of- 
mass deflection of the nucleon in the production re- 
action, and will be connected with the momentum 
transfer by the relation 


a= {¢+qrt+i—[(M?+¢)'— (MP+qr)* P}/ 29, 


(4.6) 





where qi, is the center-of-mass momentum of the out- 
going nucleon. The value of g; will depend on the rela- 
tive energy of the two pions; we shall require the 
maximum value of gq; (for a fixed s), which occurs when 
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the pions are at rest with respect to one another and 
is given by 
Qim?= {s— (M+ 2y)?} {s— (M—2y)*}/4s. 
We then find that the boundary of this contribution to 
A; has the equation 
4u?(s—M*— 2p)? 


(4.7) 


coment a (ee 
Cs—(M+2u)?I[s—(M—2y)?] 


The curve represented by (4.8) approaches asymp- 
totically the lines ¢=4y? and s=(M+2,)*. Thus, as 
would be expected, this contribution to Aj; only occurs 
above the threshold for pion production. 

Aj; is therefore nonzero for ¢>¢#,, where 


(M+p)?<s<(M+2y)’; 
(M+2y?)<s<o; 


h=tha, 
(4.9) 


4,=min(tya,t1), 
and ¢=4, is the curve C; of Fig. 1. We cannot be sure 
that contributions from other intermediate states will 
not extend beyond this curve, but this is unlikely 
owing to the greater mass of these states. 
The curve C2; is obtained from C13 simply by chang- 
ing s to s,. Cy. can be calculated in a similar way; we 
find that 


(M+ p)?<s<(M+2p)? 
(M+2p)"<s<o, 


Sc2=Sc2a, 
‘ (4.10) 

=min(S-2a,5c2), 
where 


(Scoa— 4)! = 2 -_——_—— 


[s— (M +4) Ts— (M—u)*] 
| [M?*s— (M?—y*)*)[s?—2s(M?+-3y?) + (M?—p’?)?] ' 


s°—5(3M?+ 2p?) +2(M?—p?)? | ; 


4 ee a ices datiniindi = 
| s(s—(M-+n)? Ls — (M—n)?] 
(4.11) 


Seab(S) = 5(Se2a). (4.12) 
The equation s,=5,2 represents in fact the boundary 
of the region in which A,’ is nonzero. We observe that, 
once the pion-pion interaction has been included, this 
region approaches asymptotically the line s= (M+2u)? 
rather than the line s=9M?. The reason is that processes 
represented by graphs such as Fig. 4(b) are now in- 
cluded in our approximation, so that the crossing term 
will include the contribution from Fig. 4(c), the inter- 
mediate state of which involves a nucleon and two pions. 

For a given real value of s, the absorptive part A 
of the scattering amplitude will be an analytic function 
of the momentum transfer as long as 


bo<t<h, (4.13a) 


where #; is given by (4.9), and é#, by (4.10) and (2.13). 
The expansion in partial waves will converge if 
—h—4¢<i<h, (4.13b) 


as ‘“—t,—4¢* is always greater than é2. 
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We may note finally one interesting point concerning 
the spectral properties of the scattering amplitude. The 
unitarity condition should, strictly, be used in the 
physical region only, and the results extended to the 
unphysical region by analytic continuation. This has 
actually been done for the reaction I, as well as for the 
reaction III with ¢>4M?. For the reaction III in the 
region 4u?<t<4M?, we should apply the unitarity 
condition with the nucleon masses taken, not on the 
mass shell, but at some smaller value where all the 
momenta would be real. The result should then be 
continued analytically onto the mass shell. In our case 
this is found to make no difference, but if, in addition 
to the nucleon, we had a baryon whose mass Mz 
satisfied the inequality 


M;°< M?—,:’, (4.14) 


it would be necessary to do the calculation in this way. 
On making the continuation to the mass shell, it would 
be found that the absorptive part A; extended below 
the limit &=4y*. It has been shown by several workers” 
that, if an inequality such as (4.14) is satisfied, the 
vertex function would show similar spectral properties. 
The simplest graph to exhibit them in our case would be 
Fig. 4(d), which will obviously have properties similar 
to those of a vertex graph. It is thus seen that these 
spectral abnormalities would not limit the applicability 
of our method, but, on the contrary, follow from it. 


5. APPROXIMATION SCHEME FOR OBTAINING 
THE SCATTERING AMPLITUDE 


In the methods developed in the previous sections, 
the unitarity condition for the reaction I is satisfied 
for all angular-momentum states in the one-meson 
approximation. The unitarity condition for the reaction 
III is satisfied only for S states in the two-meson or 
two-meson plus pair approximations. The unitarity 
condition for higher angular momentum states of the 
reaction III is not satisfied, but the scattering ampli- 
tude shows the expected behavior at the threshold for 
competing real processes. 

These properties suggest 
approximation which would be consistent with our 
other approximations. The major portion of the work, 
and certainly the major part of the computing time, 
would be employed in calculating the spectral functions, 
as this involves finding double integrals which are 
themselves functions of two variables. The calculations 
would therefore be simplified if we neglected those con- 
tributions to the spectral functions which begin at the 
threshold for processes involving more than two par- 
ticles. The only contributions to A;3; and Ag; left would 
be those beginning at ‘=4M?, and they could be ob- 
tained by inserting the 6-function contribution to By, 


immediately a further 


19 Karplus, Sommerfield, and Wichman, Phys. Rev. 111, 1187 
(1958); Y. Nambu, Nuovo cimento 9, 610 (1958); R. Oehme, Phys. 
Rev. 111, 1430 (1958). 
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into (3.18). The spectral function Aj. would be zero in 
this approximation. 

The unitarity condition for the higher angular mo- 
mentum states of the reaction I is no longer satisfied. 
However, the terms neglected appear by their form to 
arise from intermediate states of the reaction III with 
more than two particles, so that the approximation is 
in the spirit of the approximations already made. We 
have in fact made precisely this approximation in the 
unitarity condition for the S waves of the reaction ITI. 
The unitarity condition for the low angular momentum 
states of the reaction I, and in particular for the states 
with j=} or 3, is still satisfied, as it has been introduced 
separately. The present approximation treats the re- 
actions I, II, and III on the same footing. 

To summarize, then, our method of procedure will 
be the following: The first few angular momentum 
states of A; and A; are found on the assumption that 
each angular momentum state is an analytic function 
of the square of the center-of-mass energy except for the 
perturbation singularities and the cuts on the positive 
real axis. This calculation can be done exactly if the 
discontinuity across the cut along the positive real axis 
is determined by unitarity (complications arise, as the 
relations connecting @ and 6 with A and B involve 
square roots of kinematical factors, but the methods 
can be modified accordingly). Ay; and A, are also found 
as just described. The analytic properties of the low 
angular momentum states are now determined from the 
analytic properties of the scattering amplitude given by 
(2.12). The singularities can be calculated in terms of 
A,, Ao, As. These absorptive parts can in turn be 
found from A,; and A»; by means of the dispersion rela- 
tions (2.16), (2.17), (2.19), with subtraction terms 
which can be obtained from the low-angular-momentum 
states. In the next iteration, all the singularities of the 
low angular momentum states except that along the 
positive real axis are found from the quantities calcu- 
lated in the first iteration, and the singularity along the 
positive real axis is redetermined from the unitarity 
condition. The iteration procedure is repeated until it 
converges. As in the calculations of Sec. 4, it is found 
necessary to cut off the absorptive parts A;, Az and A; 
at high energies, before calculating the singularities of 
the low angular momentum states in the next iteration. 
However, the cutoff is only applied above the threshold 
for processes neglected in the unitarity condition, and 
in particular, above the threshold for pair production in 
the reaction I. 

This approximation could be regarded as the first of 
a series of approximations in which more and more of 
the contributions to the spectral functions are included, 
until we ultimately reach a solution in which the unitar- 
ity condition in the one-meson approximation is satisfied 
for every angular momentum state. In the higher ap- 
proximations the spectral functions are no longer deter- 
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mined by perturbation theory, but, once the contribu- 
tion from the crossing term enters, they will have to 
be recalculated after each iteration. However, it would 
be more worthwhile to go beyond the one-meson 
approximation at the same time as we took the higher 
contributions to the spectral functions into account. 
In other words, we continue to put the reactions I, IT, 
and III on the same footing, bringing in the higher 
intermediate states of all three together. If the approxi- 
mation scheme converged, the exact unitarity condition 
of the three reactions would finally be satisfied for all 
angular momentum states. Needless to say, one would 
not in practice be able to go beyond the first one or two 
approximations. 

The number of angular momentum states for which 
the unitarity condition is applied separately will, as 
has been explained in the last section, depend on the 
behavior of A and B as ¢ (or s,) tends to infinity with s 
constant. However, in our first approximation, it 
should be sufficient to treat separately only states with 
j=} and j=4, as the other angular momentum states 
will not be important below the threshold for pion 
production. If we went beyond the one-meson approxi- 
mation we would probably have to treat some higher 
angular momentum states separately in any case, since, 
for instance, two pions both in a (3,3) resonance state 
with a nucleon could form a Dj state. For reaction IT], 
one would have to treat separately S states and possibly 
P states as well. 

If one neglected the nucleon-antinucleon intermediate 
state in the reaction III and only took the two-pion 
intermediate state into account, all three spectral func- 
tions A,3, Aes, and Aj. would be zero, since they all 
begin above the threshold for processes which are 
being neglected. The entire scattering amplitude would 
then consist of “subtraction terms” for one or other of 
the dispersion relations. This may be the best first 
approximation from the point of view of the amount 
of work required and the accuracy of the result, as the 
nucleon-antinucleon intermediate state is a good deal 
heavier than multipion states which are being neglected. 
Though the spectral functions are not now brought in 
at all, it will of course be realized that the only justifi- 
cation for the approximation is that it is the first of a 
series of approximations which do involve the spectral 
functions. In this approximation, if the crossing term 
is neglected in the calculation of the pion-pion scattering 
amplitude, only intermediate S states occur in reaction 
III, so that the unitarity condition for the P states will 
not enter. 
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Electrodynamics is quantized without resort to subsidiary conditions. The quantization is carried out by 
identifying quantum commutators with the commutators of a classical transformation group related to the 
canonical transformations. The resulting theory is completely gauge invariant, and Maxwell’s equations 
hold as operator equations. The quantization of both electromagnetic and electron fields is carried out in 
terms of gauge-invariant quantities. For the Dirac field the observables satisfy commutation relations. The 
anticommutation rules satisfied by the field variables must be deduced from the commutators of observables. 
The resulting theory is completely equivalent to the usual quantum electrodynamics. 


1, INTRODUCTION 


HE quantization of a classical system is generally 
carried out by means of a correspondence between 
infinitesimal unitary transformations in Hilbert space 
and a classical transformation group, the infinitesimal 
canonical transformations. The generators of the 
unitary transformations are Hermitian operators, while 
the canonical transformations are generated by classical 
functions of the coordinates and momenta. In order 
that the correspondence be unique, the transformations 
generated by the coordinates and momenta are chosen 
as a primary set. The generator of the group theoretical 
commutator of transformations generated by q’ and p* 
in Hilbert space is equated to the corresponding 
quantity, the Poisson bracket, in phase space. Since 
the group commutator in Hilbert space is identical 
with the algebraic commutator, the commutation 
relations of any arbitrary function of the coordinates 
and momenta can be calculated from the basic set. 
The quantization of fields, such as the electro- 
magnetic field, cannot be accomplished by the above 
procedure. For this system the presence of the gauge 
group causes a contradiction, if one tries to relate the 
unitary and canonical transformations in the usual way, 
This is due to the so-called constraints, m=O and 
m* ,=0.' If one assumes that 2‘ is a zero operator the 
expectation value of the commutator [7‘,A‘], must 
vanish. However, the Poisson bracket, (x‘,A‘) is unity. 
The generally accepted method for avoiding this 
difficulty is due to Fermi. He first added a term 
(A*,)? to the Lagrangian and later removed it by means 
of the subsidiary condition A*,=0. This effectively 
removes the inconsistency in the commutation rela- 
tions; but limits the gauge invariance (the Fermi 
theory is invariant only under transformations 
A,— A,+A,,, where \ satisfies the wave equation) 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 The subscript “‘,s’” denotes differentiation with respect to 2°. 
As usual, Latin indices run from 1 to 3, Greek indices from 1 to 4. 
Repeated indices are to be summed. 

2 E. Fermi, Atti. accad. nazl. Lincei Rend. Classe sci. fis. mat. 
e nat. 9, 881 (1929), 


, 


and requires the introduction of an indefinite metric 
in Hilbert space.* 

Bergmann and Goldberg‘ pointed out that the 
inconsistency in the commutation relations can be 
avoided without tampering with the Lagrangian if one 
accepts the view that the canonical transformations are 
not appropriate for theories containing invariance 
properties, but must be replaced by a transformation 
group which preserves the constraints as well as the 
canonical form of the theory. 

The quantization of the electron field introduces 
another set of difficulties. These arise from the fact 
that the field variables do not generate unitary trans- 
formations and that quantization must be carried out 
in terms of anticommutators instead of commutators. 
Thus, if one tries to relate the anticommutators [y,y ], 
to the Poisson bracket, two inconsistencies arise. 

In this paper the Bergmann-Goldberg approach will 
be used to obtain quantum electrodynamics without 
resort to subsidiary conditions. The quantization of the 
Dirac field will be carried out without the usual identi- 
fication between Poisson brackets and anticom- 
mutators. 


2. CLASSICAL TRANSFORMATION GROUP 


We shall consider the group of all infinitesimal 
transformations that leave the constraints unchanged 
(modulo the constraints themselves), and which pre- 
serve the canonical form of the equations of motion. 
We examine these transformations as applied to a 
system of m degrees of freedom containing p constraints. 
To facilitate the notation the coordinates and momenta 
are designated uniformly by ¢*, with the index p 
running from 1 to 2m. The equations of motions then 
take the form 


ss 
&°= e#"95C/0t", where ¢€4?= ( ). (2.1) 
—-1 0 


The system is restricted to the hypersurface in phase 
space on which all the constraints are satisfied, since 
°K. Bleuler, Helv. Phys. Acta 23, 567 (1950); S. N. Gupta, 
Proc. Phys. Soc. (London) A63, 681 (1950). 
*P, G, Bergmann and I, Goldberg, Phys. Rev. 98, 531 (1955). 
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if the constraints are complete the motion will not lead 
outside this hypersurface. If the constraints are to be 
preserved, any transformation must be tangential to 
this hypersurface. Let Y*=0 denote the constraints; 
to identify the hypersurface additional parameters yy”, 
where m runs from 1 to 2n—, are necessary. In other 
words, the hypersurface Y*=0 will be characterized 
by the &? being specified functions of the y". Whenever 
it is convenient, the definition of the parameters may 
be extended so that the 2m functions Y*, y™ form a 
coordinate system for the phase space. 

The condition that the system remain restricted to 
the hypersurface Y*=0 under infinitesimal coordinate 
transformations is expressed by 
oY? 


5Y¢=—8¢"=0. 
aem 


og 
6£"=——§x™, or 
ox” 


(2.2) 


The condition that an infinitesimal transformation be 
canonical is expressed by 


d 
re Et) + be,.5f= F(é*,0), (2.3) 


6g4= AC / 08", 
F (&,t) = 0C/dt, 


0 
€upe”™ ae 5,, €up— 1 


If the condition that the transformations map the 
hypersurface into itself is inserted, Eq. (2.4) may be 
rewritten in terms of the y™: 


Bs 


ac aC dk ag 
mee oro song gang e PRI), 
oy™ ot dy™ dy” 


(2.5) 


dC /dy"=nmndy", 
F=0C/dt, 
og ag 
Nmn Eur . 
oy™ dy" 
It is readily apparent that 9, is antisymmetric and 
satisfies the condition 
In nm/ OY? + Onpn/ Oy" + Onmp/dy"=0. 


The matrix mma is in general singular and this forces a 
restriction on the generators B. 


(9B/dy")Uy"=0, 


(2.7) 


(2.8) 


where the U,,)” are eigenvectors of nm», with eigenvalue 
0. It is obvious that the transformations (2.6) form a 
group. The commutator of two transformations is given 
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by 
051" boy" 


rmsd" ——- try?” ), (2.9) 
Oy? dy? 


The right-hand side may be transformed by the use of 
Eqs. (2.6) and (2.7) to yield® 


0 
Nmndy" _ —{C1,C3} ’ 
oy™ 


; (2.10) 
acy 
{C1,C} cs” bxy"= 5oC, — 6;Co. 


oy™ 


where 


The generator of this transformation is the bracketed 
quantity and is to replace the Poisson bracket (the 
generator of the commutator of two infinitesimal 
canonical transformations) as a means of determining 
quantum-mechanical commutators. The rule for deter- 
mining quantum-mechanical commutators then takes 


the form® 
[A,B]=—i{A,B}, (2.11) 


where the observables A, B must satisfy the condition 
(2.8). It is clear that no inconsistencies can result from 
the presence of constraints since the constraints 
generate the identity transformation and have zero 
curly bracket with all observables. 


3. ELECTROMAGNETIC FIELD’ 


The Lagrangian for the electromagnetic field is 
L= 4 f area, p A p, a, 


with field equation 
(3.1) 


The formalism can most easily be applied if the 
Lagrangian is Fourier-analyzed : 


A B, »—A d, z= 0. 


L= +3 f dle a'(e)— A) Iede(—B)— beg —¥)] 


— [hugs (kt) — kage (k) ILe'g*(—k) — keg'(—k) J}. (3.2) 
The momenta r* are expressed by 


x*(k) = q*(—k)—k*¢'(—k), 


r(k)=0. (3.3) 


The constraints are 


Yi=a'(k)=0, Y?=k,r*(k)=0. (3.4) 


5 Reference 3 contains a complete derivation. 

6 Throughout this paper we use a system of units such that h 
and c=1, 

7P. G. Bergmann, Nuovo cimento 3, 1177 (1956). 
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Equation (3.2) determines the appropriate hyper- 
surface in phase space. The parameters y™ are 
y'(k)=q'(k), y*(k)=7'(k), 
yv(k)=¢(k), y>(k)=7°(k), 
y'(k)=¢'°(k), y*(k)= A‘(k). 
The term 2*(k) is not found among Eqs. (3.3). This 
is due to the fact that 2* can be expressed in terms of 
the Y%, y™ by 


1 
m(k)= [¥2(k)—kiy'(k)—key(k)]. (3.6) 


(3.5) 


The matrix mmn is found by straightforward com- 
n b 
putation, 


0 0 0 
0 0 0 0) —1 
0 0 0 ky ks ko ‘ks 
+1 OO —hk;/ke 0 0 
O +1 —k2/k; 0 0 
0 0 0 0 0 


—1 0 








with null vectors 


(3.8) 














Equation (2.5), expressing the condition that the 

observables of the theory must satisfy, takes the form 
OB OB OB 

tg k,+- —ko+— k3=0, 


dy = =6Oy ay? (3.9) 


dB/dy'=0. 


It is quite simple to write expressions satisfying Eq. 
(3.9), but instead, a general procedure will be used 
which is valuable for more complicated systems. 
Equation (2.8) expresses the condition that the 
quantities 0B/dy™ lie in a vector space orthogonal to 
the space spanned by the null vectors of nmn. 
However, it is clear that the space to which the 
0B/dy™ are restricted is completely determined by 
considering the space spanned by the vectors which 
. dat 2 
make up the rows of the matrix mmx. Then_the vectors 
0B/dy™ must be linear combinations of the rows of 
Nmn- The constants are determined by the usual in- 
tegrability conditions. 
In the present case the integrations can be carried 
out immediately yielding 
B,=y\, 
B,=y’, 
B3=k3y'— ky’, 
By= — kyy’+ hoy’, 
By= — koy'+ ky". 
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Where B;, a combination of B; and By, is added for 
convenience. In terms of the fields E and H it is clear 


that 
B,(k)= E.(—k), 


B,(k)= E,(—k), 
B;(k) =H, (k), 
B,(k)=H(k), 
Bs(k)=H.(k). 
The commutation relations are obtained by applying 
Eqs. (2.6), (2.10), and (2.11), 
[ Bi (k),Bo(k’) ]=0, 
[B,(k),B;(k’) ]=ik:5(k—k’), 
[ Bi (k),By(k’) ]=0, 
[Bi (k),Bs(k’) |= —ik.5(k—k’), 
[ Bo(k),B;(k’) ]=0, 
[ Bo(k),B,(k’) ]= —ik35(k—k’), 
[ Bo(k),Bs(k’) ]=2k,5(k—k’). 

The Heisenberg equations of motion are determined 
by forming the Hamiltonian in the usual manner and 
then expressing it in terms of B; and Y*. The Hamil- 
tonian is given by 


35 = B,(k)B,(—k)+B2(k)B2(—k) 
1 
— 7 [bs Bulk) + beBo( he) LesBs(—k) + beBo(— )] 


+B;(k)B;(—k), (3.13) 


where terms involving the Y’s have been eliminated, 

since the theory is restricted to a space where all Y’s 

vanish. Typical equations of motion are 
B,(k)=k3By(—k)—&.B;(—k), 
Bs(k) = k2B,(—k)—k, B2(—k). 


It is important to check whether the assumption, that 


(3.14) 


1 
1 =—(¥?— kyr'— kor’) 


ks 


(31.5) 


holds as an operator equation, introduces an incon- 
sistency between the commutation relations and the 
field equations in the Heisenberg equations for 7°, 


1 
3 


The only terms in the Hamiltonian which contribute 
are [ B;(k)B;(—k)+ By(k)By(—k)+ Bs(k)Bs(—k) ]. 
The first term of Eq. (3.16) yields —k,B;(—k) 
— (k2/ks)k1Bs(—k). The second term yields — k2B,{—k) 
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+ (ki/k3)k2Bs(—k). Then Nmn Which depends on k, k’, and (k—k’). The con- 


#(k)=k.H.(—k)—4,H,(—h), straints are 
Vi=a(k), 


V?= hyn! (k) + how?(k) + har*(k) + f Veit Yd'x, 
V*(x) =a5(x)—Y"(x), 
Y*(x)=met+y¥(x), 


E.=(vVXH),. (3.17) 


4. INTERACTION WITH DIRAC FIELD (4.2) 


The interaction with the electron field adds to the 
Lagrangian (3.1) a term 


where ws and ws are the momenta conjugate to y and 


cv Vth hy. Vy +m d'e. v", respectively. The parameters for the electromagnetic 
field are unchanged, but two additional parameters, 


The field equations are modified to read y"(x)=1°—y(x), 
FY = py y8(x)=a*(x)+y', 
y"(v.,-iA,W)+mp=0, (4.1) are required. It is also necessary to alter the expression 
sen a for x*(k), namely, 
¥, uy +ipy*A,—my=0. 


‘ , ale fe 1 
For mathematical simplicity a rather unusual n(t)=—| Fy) — YH) 
approach is taken. This consists of Fourier-analyzing k' 

the electromagnetic field alone. This results in a sim- . ee 
plification of the interaction term and leads to a set of -fy (x)e*-*y"(x)d «| (4.4) 
matrices 4mn Which are diagonal in k and x space, 

whereas the complete Fourier analysis leads toa matrix The matrix nm»(x,k) is given by 


(4.3) 





fo 6 6060 0 —] 0 0 0 0 
ae 0 0 -j © 0 0 
0 0 0 +h/R +h/B 0 +yreik B +yleik-* BB 
+1. 0 —ki/R 0 0 oO 0 0 
0 +1 —-#/# 0 0 oO 0 0 
0 O 0 0 0 0 0 
0 0 —yieitk/p 0 0 0 +1 


Lo 0 0 —yie*/k 0 -1 0 











It should be noted that the transformation law in this oC 0C 6c ac tise ac k-xy8=0, (4.8) 
; ty — gin, (4 
representation reads dy! ay? ayy? ay’ 


J ran xk by™(k' a”) d= aC . (4.6) This expression guarantees that the observables be 
dy" (x,k) gauge invariant. The last two terms require that all 
observables be bilinear in ¥', y. The observables 
However, since mn is diagonal in « and k, each matrix satisfying these conditions are 
element should be multiplied by 6(x—.x’)6(k—k’). Then H, (hk) =k y'— ky’, 


the integration can be omitted and 4,» written in the 
form (4.5). H.(k)=ky'— By’, 


The null vectors of this matrix are H,(k)=ky?— Ry’, 
E.( i k) a y, 
E, ( a k) _ y', 
(4.7) j*(x) =", 
D.= f d'x(y*y” -—y* ay”) 


—§ J f yA (hk) e™ *y"dkd'x. 








— yetk-2 


The condition on the observables then takes the form 





GAUGE-INVARIANT 


The first group of observables, as in the case of the 
pure radiation field, are the Fourier components of E 
and H; the latter group are the observables for the 
electron field and include the interaction term. The 
restriction to observables bilinear in y, y* is the result 
of the interaction. These quantities must obey com- 
mutation relations. The commutators of all the ob- 
servables will be calculated and then the relations 
between the field variables deduced. The observables 
D, represent the gauge-invariant interaction term. The 
commutator of these observables with the others will 
be necessary to check consistency of the field equations 
with the Heisenberg equations of motion. The com- 
mutators are obtained by the straightforward appli- 
cation of the rules outlined in Sec. 2. 

As an example, the commutator of D; with all the 
other observables will be calculated. The transfor- 
mation law (2.6) is a set of eight equations and yields 


mimoy™ = dy*(k) = —i f yours, 


nemdy™ = dy°=0, 


Namdy™ = fas ySeikzhy7 + fee SySeikzy7 

+hiby'+ kby® =0, 
Namoy™ = R®by! > kiby* = 0, 
Nsmoy™ = kb y’— k°5y'=0, 


1 
mabyn=— J —yte iyi 


==yti-i fa ySeik-xyl(R), 


1 
maby"=— f —yre™ hyFdk— by" 
Re 
= yaa f ak yleik-xyl(R), 


From the first three of Eqs. (4.9) we can deduce the 

following commutation relations: 
LE*(x), Di ]=5,°9" (x)p (x), 
[H*(x),D,]=0. 

For E, and E, this result is clear. However, the com- 


mutation of #, with D, must be derived from the 
relation 


(4.10) 


B.(8) =—(#y)+ y+ f a)e*y"(a)te). 


For s=1, 2 the third term in this expression just cancels 
the contribution from the first two terms. For s=3 
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there is no contribution from the first two terms and the 
transformation law yields 


1 
ae focremsynate=ti f yeoryrars 
B3 
pela), 0*)=| fe ik-x’ F(—k)dk, »,| 


- [LE(-W, D3 Je-***'dk 


=yt(x/W(x’). (4.11) 


The last two of Eqs. (4.9) yield 


1 1 
(Vy) = (WY, D,J= —-W'Y),«. (4.12) 
1 


a 
This result is obtained by multiplying the last two of 
Eq. (4.9) by y’ and y%, respectively, and subtracting. 
At this point it is worth noting that if D, is multiplied 
by any 4 by 4 matrix no additional complication is 
introduced. The introduction of the matrix requires 
that one realize that y’ and y® represent 4 parameters 
each. The last two of Eqs. (4.9) are in fact 8 equations 
and should then read 


— fer sjcty-+iy.t= — yet emi fd nT e®*, 
(4.13) 


— fe *y.oy'—aye'=Panyn =i fh eT a yyy7, 


If the first equation is multiplied by y,’, the second by 
ya’, the two equations subtracted and summed over 
the index a, then 


= 5(ya*Va") = Ya°, al anye + yal avyo', 8) (4. 14) 


where I’ is an arbitrary 4 by 4 matrix. The only re- 
maining problem is the calculation of the commutator 
[D,,D;]. This calculation is too complicated to be 
presented in detail, but the method will be sketched. 
Consider the commutator 


[D1,D_ ]= —4{ Di, D2} = —16;De. 
5D,= fare 5iy8y" ot yy" o— bry8 oy? — y8 dry? 
~if fava 51 (y8y)ei xy2+ y85,y2y7eile- =, 
S &x 5,(y®y")e-* is first replaced by dy‘ from the first 


and third of Eqs. (4.9). 6:y?(k) is replaced by (k2/k3)61y* 
from the fifth equation. Then 


RB 
dk yieik ty75y8 
Jar, 
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is obtained by differentiating the last two equations 
with respect to 2*. In the differentiation 


ik-x 


e 
favorite) 


occurs and éy® must be eliminated by means of Eqs. 
(4.9). The result is 


1 
[Di,D2]=- f (v8 197, 2— y8 ay”, 1)dtx 
1 


+f fade e**-*(kyy’— Roy’) 


1 
me fo 1y",2— 5 oy” 1 +iF 21)d*x. (4.15) 
1 


Any additional commutation relations can be calcu- 
lated by appropriate use of the methods presented. 
Although only commutators between observables can 
be obtained in this manner, one can examine whether 
the commutators of quantities bilinear in ¥*, y deter- 
mine the relations between the field variables them- 
selves. If the procedure is followed one finds that a 
degeneracy exists; namely the assumption that the y’s 
satisfy either commutation or anticommutation re- 
lations, 


V(x)b (x) +0 (2) (x) = 5(a—2’) 
V(x)¥(x’)—o(x’ W(x) = —18(x—x), 


is consistent with the commutation relations between 
the observables. However, if one resorts to experiment, 
e.g., the connection between spin and statistics, the 
choice of the anticommutators is required. Thus in 
this approach the anticommutators are obtained in a 
“natural” way and need never be related to Poisson 
brackets. 

As a final step we shall check whether the Heisenberg 
equations of motion, as obtained from the commutation 
relations, are consistent with the field equations. The 
Hamiltonian is the Hamiltonian for the pure radiation 
field, ep [Eq. (3.13) ], plus the terms arising from the 
interaction with the electron field, 


or 


K=HKret>d D,’+m f Wd'x, (4.16) 
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where ®,’ is D, with yy’ inserted between the electron 
operators as in Eq. (4.13). The commutators of E and 
H with 3Cp were given in Sec. 3. The commutator with 
D,’ are given by Eq. (4.10).8 Then 


E*=(VXH)'+r¥, 


: (4.17) 
H*=(VXE)*. 


Equations (4.17) holds for all components of E and H 
and are consistent with the fact that £,,,+y'y=0 
holds as an operator equation, since the commutator 
of £, with the Hamiltonian, determined in terms of the 
commutators of E,, E,, and yy, yields the correct 
field equation. 

The Heisenberg equation for ¥'y is given by 


Vth d=—d.v Wt» 
(WY). p= 0. 


This is just the conservation of the electron current 
which is clearly consistent with the field equations. 


5. CONCLUSION 


The approach presented here leads to a quantized 
theory free of subsidiary conditions and without resort 
to an indefinite metric. All quantities occurring in the 
theory are gauge invariant. The presentation is not 
manifestly Lorentz invariant. However, the Lorentz 
invariance of the commutators and the equation of 
motion can readily be verified. A manifestly covariant 
approach patterned after the Tomonaga-Schwinger 
method could have been used, but the mathematics 
involved would further complicate the theory. The 
method of quantization used here is applicable to any 
combination of linear or nonlinear fields. The quantized 
theory arrived at is fully equivalent to the usual ap- 
proach except for the fact that reliance on the fields 
rather than on the potentials results in a completely 
gauge-invariant theory. 
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The proof of the statement “At least one of the renormalization constants in electrodynamics is infinite 


Sh) 


is examined in the light of perturbation theory and the gauge invariance of electrodynamics. The essential 
result used to derive the statement is found not to reproduce perturbation theory at least in a simple way. 
On the basis of gauge considerations a conjecture is proposed which provides a modified essential result 
and which is found to reproduce perturbation theory. Even if the modified result could be rigorously estab- 
lished, it would not lead to the statement that any gauge-independent quantity is infinite. In fact, the 
combined results would establish only the statement that the use of gauges where the exact electron ‘‘wave 
function” relative to the ‘wave functions” for a free electron is a constant, is not consistent. 





I 


HE question of the consistency of quantum 

electrodynamics arose because of the divergent 
character of some of the parameters of the theory 
(“renormalization constants”) when calculated with 
perturbation solutions of the field equations. The 
problem may then be stated: Is this inconsistency a 
property of the method of solution or is it a character- 
istic of the theory itself? Some years ago it was pro- 
posed! that this question might be settled by studying 
the contribution of a certain set of exact energy eigen- 
states, namely the “physical pair states,” to the vacuum 
polarization of the electron field. It is the property of 
this set of states that it provides a lower bound on the 
part of the vacuum polarization which “renormalizes” 
the charge. If it could be shown that this lower bound 
yields a divergent contribution under the assumption 
that the complete charge renormalization and the other 
parameters of the theory are finite, then a fundamental 
inconsistency in quantum electrodynamics would be 
indicated. 

The vacuum polarization of the field is a gauge- 
invariant notion and the bound on it given by the 
physical pair states should likewise be gauge inde- 
pendent. Thus, it is rather surprising that it was found 
that the contribution to the charge renormalization 
coming from very high-energy physical pairs is ex- 
pressed in terms of the quantity which renormalizes 
the electron field and which is well known not to be a 
gauge-invariant parameter. It was implicitly asserted 
that the particular gauge in which the renormalization 
constant of the electron field should be calculated is 
that used in the quantization of the electromagnetic 
field by the method of the “indefinite metric.’ Thus, 
the implicit assertion is made that no matter what 
gauge is used to formulate the theory, one should 
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1G. Kiallén, in Handbuch der Physik (Springer-Verlag, Berlin, 
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arrive at the ‘‘wave-function” renormalization factor 
of the “Gupta-Bleuler” gauge, in the gauge-invariant 
expression for the vacuum polarization. This is sur- 
prising in view of the fact that this physical quantity 
would then apparently be expressed in terms of states 
of the coupled fields which contain “longitudinal” and 
“scalar’”’ quanta in the particular proportion character- 
istic of the Gupta-Bleuler gauge and that as a further 
consequence this gauge is singled out of the infinite 
class of gauges. 

Because of this rather unexpected dependence of 
the vacuum polarization on a special gauge, it was 
decided to investigate this important assertion with 
perturbation theory. It is found that the “exact” 
expression for the contribution of the high-energy 
physical pairs to the charge renormalization when 
expanded in powers of a does not reproduce the pertur- 
bation expression of the same quantity (in the fourth 
order). 

To gain further understanding of this matter, it was 
decided to investigate the question of whether agree- 
ment with perturbation theory is produced if one 
substitutes in the expression in place of the complete 
wave function amplitude, the part of it which includes 
only the “physical states” in its definition. By “physical 
states,’’ we mean those states which satisfy the supple- 
mentary condition in the gauge in which the amplitude 
is calculated. One would anticipate that this quantity 
is in a simple way gauge invariant and identical to the 
amplitude calculated by considering the electron field 
coupled to only transverse light quanta and to the 
Coulomb field when there is no supplementary condition 
on the states. It is found that if this is done, the modified 
form when expanded in powers of a reproduces pertur- 
bation theory (in the fourth order) in the high-energy 
domain. Unfortunately, even if the modified form could 
be rigorously established, no conclusion about the 
consistency of electrodynamics is possible. For in 
contrast to the energy-independent character of the 
complete wave-function renormalization constant in 
the Gupta-Bleuler gauge, the part of the amplitude 
which is governed only by the states which satisfy the 
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supplementary condition is energy dependent. Conse- 
quently, the conclusion that the bound on the charge 
renormalization given by the physical electron pairs is 
infinite would no longer follow without an investigation 
of the energy dependence of the part of the electron 
wave-function amplitude governed by the states which 
satisfy the supplementary condition. 

Finally, it is discussed how the expression and its 
modification could be reconciled if it could be agreed 
to ignore the evidence of perturbation theory in diver- 
gent expressions. The two statements taken together 
could imply that it is the wave-function amplitude that 
is the source of the divergence in all gauges where it is 
a constant. It is pointed out that this does not carry 
the implication that electrodynamics is inconsistent, 
but only would mean that gauges where the amplitude 
is a constant are not self-consistent. It is still an open 
question as to whether or not any gauge-independent 
quantity is infinite. 


pat 
The charge renormalization is given by the relation’ 


a=a(1-—L), a=e/4r, (1) 


where 


II(—a) 
(1i—-L)“= da, (2) 
0 a 


and where the positive, gauge-invariant function, 


II(—a), is defined by 
V 
1I(—a)=— 20 j|2){z| Jn! 0). (3) 
3a 


The sum is taken over all exact eigenstates where the 
total energy momentum vector is — ~?>=a=K’. It was 
shown that if only states which correspond asymptoti- 
cally to a physical pair are included in (3), the resulting 
quantity, I1,(—a), is a lower bound to II(—a), 


II(—a)>I1,(—a). (4) 


It was then shown! with a somewhat intricate proof that 


lim II, ¥(-0)=" (v=), (5) 


Te 


where N? is the constant which renormalizes the electron 
field, as defined in the Grupta-Bleuler gauge. Accordingly, 
it is expressed in terms of states which contain longi- 
tudinal and scalar quanta. Since N? is a constant, and 
II, is a lower bound to II, the integral (2) must diverge 
in contradiction to its assumed convergence. The latter 
assumption was required to establish (5). Hence the 
assertion of the inconsistency follows. It is the nature 
of the limit (5) we wish to investigate. 
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If N? and L are calculated in the lowest order® of 
perturbation theory, we find 


ao 1 K, ™m™ 2ao K.’ 
w=1-—(- nin), L=—| , (6) 
T m mn 3r om 


where uw is an infrared cutoff introduced by the pre- 
scription k*—?+ 7 in the photon Green’s function, 
K.’ in an ultraviolet cutoff in the particle Green’s 
function, and K, a similar cutoff in the photon Green’s 
function. Consequently, cutoff perturbation theory to 
order ao’ yields for the exact theorem (5) 


ao ay HB, 2..&. 
limIT,(— o={1-“(n “ins —2 in) | (7) 


3a T m 3 


However, the same function has been calculated directly 
in perturbation theory to the same order.‘ If we take 
this result and let a= K*>, we find 


: ao ao K K m™ 
limII,(— x(t -— 2 In—(n—+2 In— 
=e 3 T m B 


m 


a: a 33. 4 
aes | (8) 
m3 ™ 


where we have kept all terms of order In(K/m) or 
larger, and we have omitted constant terms, terms of 
order (m/K)\n(K/m), m/K., m/K.', and those of 
smaller orders. K, K., K.’ are considered to be of the 
same order of magnitude. The lack of a simple corre- 
spondence between (7) and (8) is evident. Further, 
(8) has a simple physical character not expressed in 
(7). Namely, as u—0, the limit in which the “physical 
pair states” with no photons should formally give a 
smaller contribution (all states have photons in them 
in this limit), the right side of (8) indeed decreases 
while in (7) we find an increasing function of uo. 
Thus, the theorem (5) does not reproduce perturbation 
theory, at least in an elementary way. 

Finally, we ask what might be an acceptable form 
for (5) on the basis of gauge-invariance considerations. 
It is conjectured that one might replace N? by the 
similar, but gauge-invariant, quantity which results 
when only states which satisfy the supplementary 
condition in any gauge are kept in its definition. This 
may be done by calculating the amplitude in a gauge 
where only physical states are considered and hence no 
supplementary condition is required. We may use the 
mass operator’ of the electron field to generate an 
expression for the amplitude in the customary way. 
Consequently, we have calculated with standard 
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CONSISTENCY OF QUANTUM ELECTRODYNAMICS 


methods the mass operator to the lowest order in 
perturbation theory, using for the photon Green’s 
function the one which describes the coupling of the 
electron to only the transverse field and to the Coulomb 


field, 
kik; \ 1 
w= (5u-—) My j=l, 2,; 
|k|? Re 


=—1/|k|?, u, v=0, 0. 

In this case we find that V,ny.? depends upon the 
momentum of the electron in the frame in which the 
quantization of the electromagnetic field was _per- 
formed, thus, 


ao K. ao f' 


N pry?’ = dx 


2 m Ir 
2 m+ p(1—2? 
= ae 


x 
m+ pP—) we 


where p= |p|, and yu is an infrared cutoff introduced in 
the same way as before. The conjecture is that 
Nynys?(K/2) should be present in (5) instead of 'V?, 
if we are to reproduce perturbation theory. Thus, the 
field is quantized in the frame of the center of mass of 
the virtual pair which is the proper frame of the 
electron whose charge is being shielded. If we make 
this replacement and approach the limit, K-, we 
obtain 


ao K 2 
limi, (—a)= lim “| vom'(=)] (1—L)" 
© 39 2 


ao | m 
[1S 2 in~(n—+2 in~ ) 
x | 


3a m m m 





K 2. Bf 
—4n——=in—+In—|] (11) 


m3 m™ m 


where again all terms of order In(K/m) or larger are 
kept, and terms of the same orders as those omitted in 
Eq. (8) are dropped. If we assume that K, K,, and K,’ 
are of the same order of magnitude, which is in accord- 
ance with the interpretation of the cutoff as the limit 
on the energy of the intermediate states, we see that 
the In(K/m) term in (8) is 


if oe K 11 K 
eo ae 
3 m 3 om 


and in (11) the same term is 
K 11 K 


(—4—$+1) hn—= —— In—. 
m 3 om 


Consequently, there is exact agreement between (8) 
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and (11) in all the divergent terms. This agreement 
would be rather remarkable if accidental.f 

It is to be noted that since Vpny,? is a function of 
K?=a, whose high-energy character is unknown, no 
conclusion about the convergence of (2) would be 
possible without a detailed investigation. However, it 
might be remarked that since only physical states are 
used to define V,ny,? and these have a normal metric, 
one can prove that just as 12 120 so also12 Npny.? 20. 
Hence, it is at least possible that the convergence of 
the lower bound to (2) given by the pair states is better 
than it is in perturbation theory. 


Il 


Finally, we come to the question of whether or not 
the remarks here lead one to the conclusion that the 
proofs given in reference 1 are incorrect. They do not 
necessarily, if one agrees that the evidence of pertur- 
bation theory in divergent expressions is not infallible. 
Alternatively, we could say that the very fact that one 
could obtain a relation such as (5) indicates a funda- 
mental inconsistency in the theory. 

If we assume that both results must agree, then it 
would be necessary that limp... NV pnys?(p) = N?. Further, 
if we would perform the identical calculations of 
reference 1 using the covariant photon Green’s function 


kuky\ 1 
Sur= (5.46 > 
k? / k? 


the additional e-dependent term would introduce only 
angular factors which should not effect the energy 
denominators and consequently one should arrive at 
the limit (5) with the constant *(e) replacing V?. 
Again, because of the gauge invariance of the left side 
of (5) this would mean that V?2(0)=N?=N2(e), for all 
values of e. Such a statement is not in any way indicated 
by perturbation theory where V?(e) varies with e. The 
only possible conclusion would seemingly be that 
N’?=0=N?(€)= Vpnys’(p), that is, that there is 
a divergence. 

It is to be pointed out that this does not mean that 
electrodynamics itself is inconsistent, if we mean by 
the word electrodynamics a formulation of the theory 
in a truly gauge-invariant fashion. For the parameter 
N? is gauge dependent, and the only indication is that 
N*(e) is zero in the class of gauges where the amplitude 
of the electron wave function is a constant. We could 
V phys*(0), 


lim pro / 


renormalize the electron field with and 


t Note added in proof —The cutoff has been used to compute 
only the infinite terms. Consequently the limit K — «© means, of 
course, K~K-. Since neither in perturbation theory or in the 
expansion of the conjecture (11) does a cutoff dependent (InK)* 
term occur, there is no ambiguity in the coefficient of the (InK) 
terms but of course there We be ambiguity in the constant 
terms, since In(8K.)=(InK.)+(Ing), and InK, and In(8K-,) are 
counted the same. 
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nothing (except perturbation theory) indicates that 
this quantity is divergent. Further, nothing indicates 
that the amplitude in all gauges is divergent. It seems 
that the only conclusion which would be safe to draw 
is that the use of gauges where the amplitude of the 
wave function is a constant does not provide for a 
consistent formulation of electrodynamics. It is still 
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242, 
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an open, and interesting, questiof as to whether or not 
any physical (gauge-invariant) parameter is infinite. 
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The dispersion relations are used to predict the values at zero kinetic energy, of the derivatives, 9D ,(0) /ak?, 
of the real parts, D, (0) and D_(0), of the forward elastic scattering amplitudes for x* and ~ mesons scat- 
tered by protons. The experimental value of 0D, (0)/dk? is fairly well known, and, when compared with the 
predicted value, yields a determination of the coupling constant, f?=0.104+0.014. The predicted value for 
dD_(0)/dk? disagrees badly with experiment, especially with an /? as large as 0.10. 

The dispersion relations are modified by introducing an extra energy denominator in such a way as to 
contain, as the additional constants, the derivatives 0D .(0)/dk?. This enables us to check the values of 
8D..(0)/dk? obtained from the usual dispersion relations as well as the assumption that w*7', (w) vanishes at 
infinity. It is found that as long as the agreement with experiment obtained for the x* relation is retained, no 
appreciable change in the values of dD, (0)/dk? is possible and that the high-energy behavior of T,(w), 
usually assumed, is correct. The predicted value for dD_(0)/dk? strongly suggests a nonzero effective range 


for a; and a relatively large ai. 


1. INTRODUCTION 


HE discrepancy with experiment of the x dis- 
persion relation, which was first pointed out by 
Puppi and Stanghellini' and subsequently discussed by 
several authors,?~ is examined in this paper by use of a 
slightly different approach. The dispersion relations are 
used to predict the values, at zero kinetic energy, of the 
derivatives, 0D,(0)/dk?, of the real parts, D,(0) and 
D_(0), of the forward elastic scattering amplitudes for 
at and x~ mesons scattered by protons. The experi- 
mental values of these derivatives depend very strongly 
on the P-wave scattering lengths and the S-wave 
effective ranges. These quantities are fairly well known 
for T=3, and yield a value for dD; (0)/dk? which, when 
compared with the prediction of the dispersion relations, 
leads to a determination of the coupling constant, 
f?=0.104+0.014. On the other hand, the dispersion 
relations predict a value for dD_(0)/dk? which disagrees 
badly with present #~ experiments, especially with an f? 
as large as 0.10. 
To eliminate the unknown high-energy contributions 
to the integrals appearing in the dispersion relations as 
well as to check the assumption that w~*7', (w) vanishes 


* Supported by the U. S. Atomic Energy Commission. 

1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
2M. H. Zaidi and E. L. Lomon, Phys. Rev. 108, 1352 (1957). 
3 G. Salzman (private communication). 

4 J. Hamilton (to be published). 


as w becomes infinite, the dispersion relations are modi- 
fied by introducing an extra energy denominator in the 
integrals. This involves the added subtraction of the 
real part of the scattering amplitude at an arbitrary 
energy wo. By letting wo approach 1, the relations can be 
simplified and contain, as added constants, the quanti- 
ties dD, (0)/dk*. These new relations have the added 
advantage, then, of enabling us to check the values of 
0D,.(0)/dk* obtained from the usual dispersion rela- 
tions. It is found that as long as the agreement with 
experiment obtained for the a* relation is retained, no 
appreciable change in the latter values of 0D, (0)/dk? is 
possible. This result indicates the correctness of the 
assumed high-energy behavior of 7(w) and reinforces 
the conviction that the values predicted for 0D4.(0)/dk? 
are correct. 

The value for dD_(0)/dk? predicted by the dispersion 
relations is compared with experiment and the dis- 
crepancy between these two values is interpreted as 
being due to the very small 7=} scattering cross 
sections that have so far been observed. It will be shown 
that a resolution of the discrepancy between the theo- 
retical and experimental values of dD_(0)/dk? could 
very well involve changes in present experimental data 
whick would also remove the discrepancy between the 
predicted and observed values of the real part of the 
m-—p forward elastic scattering amplitude. It would 
seem reasonable, therefore, to take the failure or success 





DISPERSION 


of future experiments to give a value for dD_(0)/dk?, 
which agrees with the predicted value, as an indication 
of the failure or success of the dispersion relations in 
general. 


2. DISPERSION RELATIONS 


The dispersion relations obtained by Goldberger,® 
assuming that w*7',(w) approaches zero as w becomes 
infinite, can be written for D, (w), the real part of the r+ 
forward scattering amplitudes, 


D4(w)—}(1+0)Ds(1)—}(1—w) Dz (1) 


k! w w'+w 


+ -. Gs) 
wF1/2M 

We are using units such that A=c=y=1. It will be more 

convenient, in what follows, to write the relations in 

terms of the more symmetric functions 


D (k) =4[D,(k)+D_(k)], 
and 
D® (k)=4[D_(k)—D,(k) ], 


the amplitudes for no isotopic spin flip and for isotopic 
spin flip, respectively. With D® and D® written as 
functions of k, (2.1) takes the form 


k p® [ox (bk) +o_(k’)] 
~D(0)=—P f dk! 
4x? Jy kh? 


r 





D® (k) 


2M w?—(1/2M)?” 


wk 
D® (k)—wD® Pn _p 


4x? 


f= [o_(k’)—o4 ©], 


_ (2.2b) 
w*— (1/2M)? 


We assign the integers n=0, 1, 2, --- to the dispersion 
relations derived from the agg age that w°"*T, (w) 
vanishes at infinity. Relations (2.2a, b), therefore, shall 
be referred to as the n=1 relations. 

The n=1 relations can be used to predict the deriva- 
tives of the real part of the forward scattering ampli- 
tudes at k®?=0, 0D,(0)/dk?. By dividing (2.2a) by k? 
and taking the limit as k® approaches zero, it is easily 
seen that the left-hand side becomes dD“ (0)/dk?, 


AD) 1 | ® [o4(k’)+o_(k’) ] a 
=— imp f dk’ +—. 
ak? P k’?— k? M 


4? k-0 


5 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 
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1371 


We neglect the (1/2M)? in (2.2a, b). To evaluate the 
limit on the right-hand side of (2.3) we must first 
perform the principal part integration. The principal 
part can be eliminated, however, by writing 


Lesh) en 7) 
C 


/ 





lim 
k>0 


“0 


Qe, 


kk? 


lim-—— 
k~0 


: [o4(k')+o_(k’)—04 


dk’ 


+lim[o,(&)-+o_(k) JP f icons 
oli . FP 


(2.4) 


and noting that the second term on the right-hand side 
of (2.4) vanishes. With the aid of (2.4), Eq. (2.3) can be 
written in the simple form 


ADV 1 fp? A(R’) 1 
- f semen on fh 
ak? 4x2 ok? M 


(2.5) 


with A (k) =o, (k)+o_(k)—o4(0)—o_(0). The integral 
in (2.5) is well defined at k/=0 since A“ (k’) vanishes 
like k’?. By dividing (2.2b) by k? and using the same 
trick in taking the limit as k? vanishes, we also obtain 


for the derivative of D® 
dD A® (R’) 
=f dk’, (2.6) 


0 Re 3 


=4D9(0)— 27+ 


with 
o_(k)—o+(k) 
A®(k)= -—[o_(0)—o+(0)]. 


w 


Relations for dD (0)/dk? can be obtained by adding and 
subtracting (2.5) and (2.6). By expressing D,(k) in 
terms of phase shifts and differentiating, it is easy to 
obtain expressions for 0D,(0)/dk? in terms of the 
S-wave scattering lengths and effective ranges, and the 
P-wave scattering lengths. It will be shown in Sec. 3 
that the value of dD,(0)/dk? predicted by (2.6) and 
(2.5) agrees with experiment with an /? slightly greater 
than 0.10. The experimental value for dD_(0)/dk?, 
while not as well known, disagrees with the theoretical 
value, the discrepancy becoming very large for f?=0.10. 

One way to explain this difficulty is to say that the 
assumption that w~?7', (w) vanishes at infinity is incor- 
rect, so that the n= 1 relations must be replaced by n=2 
relations. In what follows we shall derive n= 2 relations, 
which contain dD, (0)/dk?, and show that they cannot 
give any better agreement with experiment than the 
n=1 relations. Furthermore, the best values of dD. (0) 
Ok? are just those values predicted by (2.5) and (2.6), 
making the n= 2 and nm=1 relations identical. 

The n=1 relations, (2.1), are dispersion relations for 
the quantities (w*—1)—'T,(w). Analogously, the n=2 
relations we choose shall be dispersion relations for 





1372 


[ (w*—1)(w?—wo?) }}Ti(w). The parameter wo is an 
arbitrary energy different from 1. The »=2 relation for 
D® can then be written® 

w*—1 w*— wo" 


Ds) ———D (we) + 


———~ ef [o4(k’)+-o_(k’) dk’ 
4m? Jy (R28) (Bh) 
1 2 F782 (w*— we?) 
2M [w®— (1/2M)* T[eo?— (1/2M)?] 


D® (1) 


oo 











Since we are interested in (2.7) for values of w, wo>1, 
we can neglect the (1/2M)? in the denominators of the 
coupling-constant term. We now let wo approach 1. This 
simplifies (2.7) somewhat and introduces the dD (0)/ 
0k? into the relation. We obtain, after handling the 
principal part integral in the same way as in Eq. (2.4), 

1 ke 
ee 
Ok? =Mw? 

kA 2 AD (k\dk’ 


dn? Jy k’2(k2—B*) 


dD™ o) 
D® (k) =D (0)+k* 


We can proceed in the same manner for the relation 
containing D®@). This is slightly more complicated since 
D® is an odd function of w. 

D® (k) 


dD 


ok? 


—41 D0) | 


=D ore] 


Ww 
ke p® A@(k)dk’ 2k 
—P}| ————+—*. (2.9) 
de? Jy R(k2—R) wt? 


Relations (2.8) and (2.9) differ from (2.2a,b) in a 
number of ways. The unknown high-energy contribution 
to the integrals over the total cross sections is much less 
important than in (2.2). The price we must pay for this 
is the presence of the extra constants, 0D,(0)/dk*. The 
n=2 relations are independent of the »=1 relations 
provided the added constants, 9D,(0)/dk?, are unde- 
termined by the theory and must be chosen from experi- 
ment. On the other hand, if we use the n=1 relations, 
namely (2.5) and (2.6), to predict these constants, then 
it is clear that the m=2 relations become identical with 
the n=1 relations. This can easily be verified by 
substituting (2.6) into (2.9) and (2.5) into (2.8) to 
obtain Eqs. (2.2a,b). We know, therefore, that the 
values of 2D, (0)/dk? predicted by (2.5) and (2.6), when 
used in (2.8) and (2.9), will predict values of D, which 
agree very well with experiment, and values of D_ 
which disagree with experiment. What we should like to 
do is modify the values of 2D(0)/dk*, such that (2.5) 


6 See, for example, K. Symanzik, Phys. Rev. 105, 743 (1957). 
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and (2.6) no longer hold, and improve the agreement for 
D_ without destroying the agreement for D,. We shall 
show, now, that this cannot be done. 

Just as relations (2.1) for D,(w) each contain a linear 
combination of D,(1) and D_(1), the n=2 relations for 
D4(w) will each depend on a combination of D,.(0)/dk? 
as well. Consequently a change in 0D_(0)/dk? alone will 
effect both the relations for D, and D_. In general we 
must consider changes in both dD_(0)/dk? and dD, (0)/ 
Ok?. If we call 6(8D,(0)/dk?) =5, the difference between 
the values used in the m=2 relation and the values 
predicted by the n=1 relations, then it is easy to see 
that the difference between the values of Ds predicted 
by (2.8), (2.9), and (2.1) are given by 


6D. (w) = 3F*L (wt 1)54— (w— 1)5=]. 


Since (2.1) for f?=0.08 predicts values of D_(w) which 
are too low for w less than 180 Mev and too high for w 
larger than 200 Mev, we can improve agreement by 
taking 6D_=0 for ww with wo of the order of 2.6 
(200 Mev). This leads to the result 


(2.10) 


Wow 


jen 5_>0. (2.11) 


6D..(w) = H( 


wo— 1 


6, has been eliminated by requiring that 6D_(wo)=0. 
Equation (2.11) predicts that 6D,(w)> |6D_(w)| so that 
a large discrepancy in the x* relation would result. The 
reader can easily convince himself that other choices for 
5, cannot avoid large corrections for D,(w). 

We see, then, that if the »=2 relations are to retain 
the good agreement with the x* experiments, which is 
obtained by the »=1 relations, we must use the values 
of dD..(0)/dk? predicted by (2.5) and (2.6), at least to 
within five percent. Since this makes (2.8) and (2.9) 
identical with (2.2a, b), we can conclude that the success 
of the m= 1 2* relation implies that the assumption that 
w*T,(w) vanishes at infinity is correct and that (2.5) 
and (2.6) give the values of dD,(0)/dk? predicted by 
the dispersion relations. 


3. COMPARISON WITH EXPERIMENT 


In this section we compare the predictions of Eqs. 
(2.5), (2.6), (2.8), and (2.9) with experiment. The total 
cross sections, used in the integrals, were obtained from 
all of the latest available data, much of which was either 
summarized or reported in the 1956 CERN Symposium.’ 
The curve used for o_ is shown in Fig. 1. The only 
unusual feature of this curve is the height of the peak 
and the energy at which it occurs. The peak is taken at 
176 Mev, which is at an energy 5 or 6 Mev lower than 
usual, and the height is taken to be 70 mb, which is 
about 6 mb higher than usual. This has the effect of 
improving, slightly, the agreement of the w~ relation 


7 Proceedings of the CERN Symposium on High-Energy Ac- 
celerators and Pion Physics, Geneva, 1956 (European Organization 
of Nuclear Research, Geneva, 1956), Vol. 2. 
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with experiment. The curve for a is not shown, but it 
also has its peak at 176 Mev and a peak value of 210 mb, 
chosen to keep the 7=} cross section zero. This choice 
for the o, peak has the effect of making the * relation 
fit the experiment for an f?=0.08 rather than 0.10. We 
shall see, however, that an f? of 0.08 is not consistent 
with the present experimental values of the r+ S-wave 
effective range and P-wave scattering lengths. This 
indicates that the 0, peak should not be raised so high 
and, consequently, o_> 40, or, equivalently, o,~0 at 
these energies. The results obtained from (2.5) and (2.6) 
will strongly reinforce this statement. Calculations have 
also been made with the o_ and o; peaks lowered and 
placed at 180 Mev. 

Two choices for low-energy behavior were made. One 
is Orear’s prescription® of a,=0.165n, as= —0.105n, and 
zero effective ranges. To test the effect of nonzero 
effective ranges, a second choice was made by taking 
a, =0.195n—0.018n' from Anderson’s phase-shift analy- 
sis? and taking a;=—0.105n—0.035n’, which fits the 
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Fic. 1. Total cross section for the scattering of negative pions 
by protons. For simplicity, not all of the data is shown. 


data of Ferrari e¢ al.? Upon using the Orear S-wave 
phase shifts, an ass of 0.235y* near zero energies, and 
taking 7, =o_<30 mb for energies greater than 1.9 Bev, 
Eqs. (2.5) and (2.6) lead to values of 0D, (0)/dk? given 
by 

OD4.0) 1 

— 2-214) +0.1040.008, (3.1) 

Ok? 2M 


dD_ 0) 1 
—=-2 ( l=~ —) f*+0.1490.008. (3.2) 
Ok? 2M 


The alternate choice of S-wave phase shifts leads to 
values of dD,(0)/dk? which differ from (3.1) and (3.2) 
by only one to two percent. The errors quoted here are 
obtained in part from an estimate of the errors involved 


8 J. Orear, Nuovo cimento 4, 856 (1956). 

*H. L. Anderson, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956). 
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Fic. 2. A comparison of the values of D,°(w) calculated from 
equations (2.7) and (2.8) using the values of dD (0)/d? given in 
(3.1) and (3.2) and the values obtained from experiment. D.,°(w) 
is the real part of the r+ scattering amplitude in the center-of-mass 
system with n= 1. w is the meson energy in the laboratory system. 


in evaluating the integrals appearing in (2.5) and (2.6) 
and it has been assumed that o, do not become very 
large at high energies. 

As a check on (3.1) and (3.2), these values are used in 
(2.8) and (2.9) to obtain D,°(w), in the center-of-mass 
frame, as a function of energy. Figure 2 shows the 
predicted curve for D,* compared with experiment. The 
results, using the Orear S-wave phase shifts, would be 
essentially the same. The good fit for an f? of 0.08 is due 
to the choice of the o, peak. With the peak in the usual 
position, results similar to previous authors' would be 
obtained, favoring f?=0.10. Figure 3 compares the 
predicted values of D_’ with experiment, using the 
Orear phase shifts, and Fig. 4 shows D_®, using the 
alternate choice of phase shifts. The improved agree- 
ment of the latter curves, compared to the former, is due 
to the choice of a large scattering length for a;. This 
leads to an increase in D_(0) which raises the curve. It 
is not clear how valid this choice of phase shifts is since 
it leads to a value of a:—a3=0.3n, which is rather large. 
The curves of both Figs. 3 and 4 are raised slightly at 
150 Mev by the choice of the high o_ peak shown in 
Fig. 1. Even accounting for these differences, this 
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«, = 1659 
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Fic. 3. A comparison of the calculated values of D_>(w) with 
experiment using Eqs. (2.7), (2.8), (3.1), and (3.2). The Orear 
S-wave phase shifts are assumed. 
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Fic. 4. The curve in Fig. 3 is modified by a different choice for 
the S-wave phase shifts, including nonzero effective ranges. This 
choice leads to a larger value for D_(0) than is obtained with the 
Orear S-wave phase shifts. 


calculation does give a slightly better result than those 
of previous calculations. While relations (2.8) and (2.9) 
combined with (2.5) and (2.6) are formally identical 
with (2.1), the former do present a different way of 
treating the data. Equations (2.8) and (2.9) are designed 
to give values of D_(w), for low energies, which are 
consistent with the dispersion relations, and in particu- 
lar, predict a slope for D_°(k) at k=0 which is zero or 
slightly negative for {?2 0.08. The form of the relations 
used requires a more careful treatment of the cross 
sections at energies below 80 Mev. By varying the 
cross sections in various energy regions, it is found that 
the largest changes in D_ occur for changes in the low- 
energy region from 0 to 80 Mev. In particular, agree- 
ment is improved by lowering o_ in this region and 
agreement can be worsened by increasing o_. Despite 
this improvement, however, the z~ relation is still not 
satisfactory. Owing to the factor of & in the principal 
part integrals of (2.8) and (2.9), these relations are not 
particularly good ways of calculating D, at energies 
near 300 Mev and higher. It is clear, however, from 
these results, and previous ones, that the point of Zinov 
and Korenchenko” at 307 Mev (and 340 Mev, not 
shown in Figs. 3 and 4) is considerably below the curve 
for D_* with f?=0.08. The error on the experimental 
point at 307 Mev in Figs. 3 and 4 is drawn asymmetri- 
cally in an exaggerated manner to indicate that changes 
in the data tend to raise the point more easily than to 
lower it. 

Nevertheless, it would seem reasonable, from these 
results and the discussion of Eqs. (2.10) and (2.11), that 
(3.1) and (3.2) give the values of dD, (0)/dk? predicted 
by the dispersion relations to a good degree of accuracy. 
Let us compare these predictions with experiment. We 
use the following notation for the S- and P-wave phase 


10 V, G. Zinov and S. M. Korenchenko, Zhur. Eksptl. i Teoret. 
Fiz. 33, 335, 1607, 1608 (1957) [translation : Soviet Phys. JETP 6, 
260 (1958) ]. 
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shifts at low energies: 


as=antba'+---, i=1,3; 

(3.3) 
aj=aigit---, i, j=1, 3. 
By writing D in terms of phase shifts, and using (3.3), 
we obtain expressions for 0D,(0)/dk? in terms of the 


ai, bi, aij, 


t \ dDs@ 1 
(1+—) = b3+2a33+43:+—a;— 3a;3', (3.4) 
M/ oak? 2M 


1 \ dD_«) 1 \ OD...) 
(iyo) 
M/ dk? M/ Ok? 


+3[b:+2ai:3+a1 | 
1 4 


+—a)— —a;*, 


3M 9 


(3.5) 


It is clear that (3.4) and (3.5) are insensitive to the 
values of a; and a3. Using the Orear values for a; and a; 
and substituting in (3.1) and (3.2), we have the 
following conditions on the T=, 4} S-wave effective 
range and P-wave scattering lengths: 


b3+ 2a33-+431 = 2.469 f?+-0.127+0.009, 
b;+ 2ays+ay, =— 4.424 f?+-0.188+0.014. 


(3.6) 
(3.7) 


To compare (3.6) with experiment, we take b;= —0.035 
+0.01, @3:=—0.041+0.01, and a3;=+0.230+0.015; 
the errors quoted are only rough estimates. This leads to 


[bs+2¢33+-4s1 kexp=0.384+0.033. (3.8) 


Comparing this with (3.6), we obtain f?=0.104+0.014. 
It would seem difficult, therefore, to have an f?=0.08 
and remain consistent with (3.6) and (3.8). This value 
of f?, greater than 0.10, is inconsistent with the agree- 
ment shown in Fig. 1 for D,® using an f?=0.08. Since 
the lower value of f? is due to the high peak chosen for 
oz, this indicates that the lower peak height usually 
taken, which favors an f*=0.10, is more consistent with 
the dispersion relations. Of course the values used in 
(3.8) for @33, @31, and 63 are rather uncertain; however, 
since an f? greater than 0.10 would make a fit of (2.1) 
with experiment very difficult, (3.6) can be taken as 
evidence that a3; cannot be much larger than 0.230 and, 
unless 433 is as low as 0.215, b3#0. Requiring an f°0.10 
for the x~ relation would have the advantage of elimi- 
nating the discrepancy at high energies. It still would 
leave a discrepancy, for the x~ relation, at energies near 
150 Mev. 

The left-hand side of (3.7) is not too well known 
experimentally, though it is generally believed that 
these quantities are small. If the values given by 
Anderson in 1956° are used, one obtains 6;+2a)3;-+ay, 
=—0.03. This value is so small because present experi- 
ments observe very small T=} scattering above 100 
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Mev. The quantity 5; has been unobserved in lower 
energy m~ experiments partly because the data were 
analyzed under the assumption that it is zero. On the 
other hand, (3.7) predicts, even with an f? as low as 0.08, 
a value of —0.166+0.014 for 6;+2a;3+4);. This would 
seem to imply, if the dispersion relations are correct, that 
one or two of the quantities };, a13, and ay, are much 
larger than has so far been observed. To estimate what 
values },, @13, and a; should have to be consistent with 
the dispersion relations, let us take f?=0.10. Then 


b)+24;3+41; = — 0.254, 


3.9 
f?=0.10. et 


While present estimates of a; are that it is almost zero, 
let us follow the suggestion of the Chew-Low theory" 
and take a;;=a@3;= —0.041. Then (3.9) becomes 


bi +ay,= —0.172, @;3= — 0.041. (3.10) 


It is interesting that the prediction of the Chew-Low 
theory that a;;=4@,;= 4a; is compatible with (3.9) and 
(3.10). Reasonable choices for 6; and a,,; would be 
b= — 0.04 "or —0.05, and a;;=—0.13 or —0.12. This 
choice has_two very nice features: First, the relatively 
large value of a;, would lead us to expect a T=} cross 


1 G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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section of the order of 7 or 8 mb at energies near 150 
Mev. Since present measurements in this region! find 
a;=0, this means a substantial increase in o_, at these 
energies, of about ten percent. A correction to o_ of 
this order of magnitude would lower the experimental 
values of D_®, in this energy region, by a significant 
amount. Secondly, a large, negative effective range for 
a; will keep o_ small, or even decrease it, at low energies, 
before the P waves become important. We see, then, 
that this choice for };, @13, @1 to satisfy (3.9) would 
predict an energy dependence for a which is quali- 
tatively similar to that assumed by Zaidi and Lomon,? 
and which, in effect, raises the theoretical values for D_® 
while lowering the experimental values at the 150-Mev 
region. It seems to this author, therefore, that the key 
to the present difficulties with the r~ dispersion relation 
lies in the large discrepancy that exists between the 
value of b;+2a:3+ 41; predicted by the dispersion rela- 
tions and the value obtained from experiment. 
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The invariance of strong interactions under G, the product of charge symmetry and charge conjugation, 
has important consequences for strangeness-conserving lepton interactions. According to the G-transforma- 
tion properties of the strongly interacting ‘‘currents,” we may divide the primary weak interactions into two 
classes. The first class includes the conventional nucleon-lepton Fermi interaction, and is the only class that 
contributes to the 8-decay coupling constants. Unambiguous tests for the existence of second-class inter- 
actions include: (a) induced scalar term in w~ absorption, (b) inequality of certain small correction terms in 
B® and N®, or in Li® and B§ 8 decay, (c) inequality in rates of + — A®+e*+v. Absence of second-class 
interactions would indicate a deep relation between isotopic spin and weak interactions; for example, the 
recent Feynman-Gell-Mann theory predicts that all vector weak interactions are first claSS: The presence 
of second-class interactions would mean that the usual Fermi interaction is insufficient, and must be supple- 
mented by terms involving strange particles. Some general remarks are also made about the relations between 
(I-,d) and (/*,v) processes, and we prove the following useful theorem: no interference between V and A may 
occur in any experiment which treats both leptons identically and in which no parity nonconservation effects 
are measured, providing that we may neglect the mass and charge of the leptons. 


I. INTRODUCTION 


TRONG interactions are charge symmetric and 
charge conjugation invariant, and therefore also 
invariant under the product! G, 


* This research was supported by the U. S. Atomic Energy 
Commission. 

1T, D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
See also A. Pais and R. Jost, Phys. Rev. 87, 871 (1952); L. Michel, 
Nuovo cimento 10, 319 (1953), etc. 


G=Cerh, 
GlyG=iray, Gd,G=—¢,, etc. 


This G invariance plays a fundamental part in con- 
sidering the effects of strong interactions on weak 
processes, and the réle of isotopic spin in the primary 
weak interactions. We will show that all strangeness- 
conserving lepton interactions may be split into two 


(1) 
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classes, with different G-transformation properties. 
These two classes give rise to different effects in decay 
processes, and experiments may be devised to separate 
the effects. In our present state of knowledge there is 
no evidence for or against the existence of the second 
class. 

One may hope to go further, and state as an “‘in- 
variance” principle, to be tested experimentally, that 
only first-class interactions exist in nature. This would 
imply a deep relation between the weak interactions 
and isotopic spin, as suggested by the recent Feynman- 
Gell-Mann theory.? Their theory does in fact predict 
that only first-class vector interactions exist, and may 
therefore be tested by some of the experiments sug- 
gested below. 

On the other hand, if there are second-class inter- 
actions in nature, we may use the class distinction as a 
tool in understanding the effects of virtual strange 
particles in decay processes. 


Il. GENERAL THEORY 


We shall assume from the beginning that lepton pairs 
in strangeness-conserving interactions are emitted at a 
single vertex. The most general Hamiltonian for such 
interactions may then be written 


Hint=Di ISP VOW AIT OF 08, +H.c., 


l=e orp. 


(2) 
O=1, yr, (1/V2)orxm, tvsVr, Ys 


The J; are 10 functions of the strongly interacting 
fields, with Lorentz transformation properties of a 
scalar, vector, etc. We use Hing as a primary, not 
effective, Hamiltonian so that the same 10 J; 
generate all strangeness-conserving lepton interactions. 
Almost all successful predictions for 8 decay and related 
processes are actually independent of the detailed form 
of the J;*, resting only upon Lorentz invariance and, 
for 8 decay, on the smallness of the momentum transfer. 

We may split each of the J; into first- and second- 
class terms, defined by 


IP =Ja®P4J 22, 
Jag P=JI,2—t GI, 
J2QP=I,P+4+t GTC, 

§==+1 for S, A, P, and —1 for V, T. 


(3) 


The sign factor &; is inserted purely for convenience. 
Since G?= (—)*+5, and N and S commute with J;’, 
we have 

GJa®GI=—-t Ja, 


GJ aGI= +i J 2. (4) 


Equation (4), together with the G invariance of strong 
interactions, places a powerful restriction on the parts 


2R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). See also S. S. Gerstein and J. B. Zeldovich, Zhur. Eksptl. i. 
Teoret. Fiz. 29, 698 (1955). 
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of the matrix element generated by first- and second- 
class interactions, respectively. 

Now what sort of term enters in J; and J2? We note 
that the conventional currents, 


JPNN=CH dm IEO*=CH An, (8) 


are of the first class. For this reason one often encounters 
the implicit assumption that second-class interactions 
are automatically excluded.’ We believe this point of 
view to be fallacious. There is no evidence that (5) 
is more fundamental in decay processes (even in 
nucleon 6 decay) than a term like 


JPR =a; eOetb;psOys-. (6) 


This is of the first class if a= —), and of the second if 
a=+6. There is certainly no @ priori reason to choose 
the first rather than the second possibility, or rather 
than a mixture (|a|#|6|) of the two. In fact, setting 
a=—b is equivalent to the assumption that J7* gives 
vector isospin selection rules, with no AJ=2. [The 
principle that first-order effects of the weak interactions 
be renormalizable leads to the requirement that terms 
like (6) must exist, since they are needed as counter- 
terms.‘ ] 

Many other examples may be given. The only simple 
(i.e., renormalizable) V, 7, A, or P second-class 
currents involve strange particles in the bilinear 
combinations (22), (ZA), and (KK). Thus, if second- 
class effects are observed in a process like u-meson 
absorption, they might give information about virtual 
strange-particle pairs in the physical nucleon. 

Finally, we may note that the Feynman-Gell-Mann 
current is given by? 


J,* _ Crider ntV2[b.0ub+ 1—o, Obs | 
+V2 [vs y2-— Vays |+berwz- 
+$x0,ox*—¢x*d,ox*}. (7) 


All these terms are of the first class. This is just a 
consequence of the fact that this current is generated 
by an infinitesimal isospin rotation, 5g~[¢, I:+iI2]. 

We will not make any assumptions about the form 
of the J;*, but will use (4) directly. This gives us two 
different sorts of information. Let us consider a process 
a— B where a and 8 are states (of equal strangeness) 
of the strongly interacting particles, and a lepton and 
neutrino are emitted and/or absorbed. Because strong 
interactions conserve G, we may split the matrix 
element M for this process into parts M,, M2 generated 
by first- and second-class interactions, respectively. 
Equation (4), together with the TCP theorem, tells 
how to relate M; and M; for a — 8 to the corresponding 
M, and M; for a° — f°, B° > a°, a— B, 8 > &, where 
& denotes the charge mirror a=e'*!? a of a. Furthermore, 
there are special cases where a=a°, B=6°, or a=, 
B=a. In these cases (4) relates a—£ to itself, i.e., 


3 See, for example, references 4, 8, and 11. 
4S. Weinberg, Phys. Rev. 106, 1301 (1957). 
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gives a restriction on the forms of M, and of M>2. Thus, 
second-class interactions may be detected either by 
searching for certain terms in the matrix element in 
these special cases, or in general by comparing a process 
a—B with 4°— B°, Ba, a— 8B, or B°—> a. We 
discuss the former in Sec. III and the latter in Sec. IV. 
III. RESTRICTIONS ON MATRIX ELEMENTS 

Let us first consider the nucleon process n — p. This 
is a special case since i=p and p=—n. The matrix 
element may be written in terms of 10-vertex functions 

T= (Ry, Rn), 

as 
M=)> (aT (kp, kn)UnL* 

+ V;— (Rpkn)Un£” |, (8) 
where £L'=4,0u,°, £'=i,Orysu,° for n> p+/+-», etc. 
These vertex functions are usually drawn as a black box. 
We can relate them to the “currents” J;*) by the 
exact equation® 


Sp’ (kp| PTs (Rp, Rn) Sv’ (Rn! m) = =4 fatad'y 


x eikp 28) g—ikn(y “Th p(x),Pn(y), Ji (s)})o. (9) 


Applying the G invariance of strong interactions, we 
find 
Sp'(k| p or n)=BSp'T(—k\|n or p)B, (10) 


and 


re (TW p(x) nly), Ji (2)} 0 


= BUT {bnly) Wp(x),GJi* (2)G} )o7B, (11) 


where 


B0,7B=£0; B™=—B. (12) 


Thus, if we split T;“ into terms Ty@ and Ij. 
generated by J;,* and Ji.’, respectively, and insert 
(10) and (11) back into (9), we obtain 


Ta (kp,kn) = +E:B-T 17 (—ka, —kp)B, 
T'y2 (Rp, kn) = — §:B-T 7 (—&,, —k,)B. 


(13) 
(14) 


The same relations also hold for »—> m processes, and 
hold on or off the mass shell. 

To see how this rule works, let us consider 8 decay 
where we may generally use 


Pi (RRC O, THOR AXC/O,. 


Using (12) we find that (15) satisfies Eq. (13) auto- 
matically, so no second-class interaction makes any contri- 
bution to the effective nucleon B-decay coupling constants. 
If we neglect the possibility of important “exchange”’ 
or cooperative effects, we may extend this statement to 
hold also for 8 decay in light complex nuclei. (However, 
for high Z, Coulomb effects destroy G invariance, so 


(15) 


5 See, for example, F. E. Low, Phys. Rev. 97, 1392 (1955). 
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that both first- and second-class interactions may 
contribute to C;, C,’. Therefore the absence of Fierz 
interference in Cl**,6 S*, and Cu’ decays is evidence 
that no S, T couplings of either class exist. However, 
the evidence is weaker for the second class, and very 
weak for second-class S coupling.) 

It is clear that in order to detect the second-class 
weak interactions, we must turn to a case like po 
absorption in which (15) is not a good approximation, 
ie, in which induced nonlocalities in T;~) appear 
because of a large momentum transfer. For any } — 3 
process we may use relativistic covariance to define 
12 form factors, 

P©(,k)= fs, 

1) (kk) = fv tev org’ +ihyv®r, 
Ty * (RR) = fr (1 N2)org+ gr grva— Inn ] 
+ihr®[yng”rura— Veg"Vu7r ] 
= jr Leakey’ — kyky' J, 
Tp. (kk) =ifa yertgaPQrstiha orgysqn, 
T;(k’,k)=fp+ 5, (q=k—k’). 


(16) 


The form factors fs, fy, etc., are functions of ¢’, 
and are real if T invariance holds. Equation (15) 
follows for g~0 if we set C;=fi (0), Ci =f; (0). 

Now applying (13) and (14) we see that for nucleon 
processes hy, 44, and hr can arise only from second-class 
interactions while all other form factors fs, fy, gv, etc., 
can arise only from first class interactions. Using 
the lepton Dirac equations and conservation of mo- 
mentum, we see that the Ay term contributes to uo 
absorption an induced scalar coupling —m,hy®?, 
while the ha contributes an induced Konopinski- 
Uhlenbeck tensor coupling tox9(Py+P») sta. Experi- 
ments to distinguish the former would be particularly 
interesting, since the Feynman-Gell-Mann theory 
excludes second-class V interactions. [Goldberger and 
Treiman’ have calculated the other functions fy, gv, 
fa, ga but since they use (5) as the total current they 
naturally obtain hy=ha4=0. A rough guess would be 
hy, a~fv,a/M so that the induced scalar would have 
magnitude ~(m,/M) fy.] Since the momentum transfer 
in uw absorption is large, it seems reasonable to assume 
that the same form factors are measured in uv absorption 
in complex nuclei and in hydrogen. (It may also be 
possible to observe the nucleon form factors in very 
energetic 8 decay. This will be discussed in more detail 
in Sec. IV.) 

For completeness, we may note that the pion decay is 
another “special case”. Since  — — under G, we have 
only first-class S, A, P, and second-class V, T coupling 


6 J. B. Gerhart and R. Sherr, Bull. Am. Phys. Soc. Ser. II, 1, 
195 (1956). 

7H. M. Mahmoud and E. J. Konopinski, Phys. Rev. 88, 1266 
ret J. P. Davidson and D. C. Peaslee, Phys. Rev. 91, 1232 
1953). 

8M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354 
(1958). 
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contributing to r—+/+y, while only first-class V, T 
and second-class S, A, P contribute to r—>7°+e+y». 
However, Lorentz invariance implies that only A, P 
coupling contributes to the former and S, V, T to the 
latter. Furthermore S, T coupling is probably absent. 
Thus, probably only first-class interactions may 
contribute to either pion-decay mode. 


IV. COMPARISON BETWEEN MIRROR PROCESSES 


We shall prove two theorems that are useful in 
comparing a process a—8 (eg., a—-f+e-+3, 
e++a— 8+), etc.) with its mirror process a— § (e.g., 


a— Btet+y, e-+a— B+», etc.). 


Theorem 1 


The differential transition probabilities for strange- 
ness-conserving lepton processes a—> 8 and 4— are 
identical, except for a difference in sign in those terms 
which arise from the following: 

(A) interference between J and J@, i.e., an 
observed parity nonconservation effect like a o-K 
correlation ; 

(B) interference between time-reversal conserving 
and nonconserving parts of the currents, i.e., an 
observed time reversal noninvariance effect like a 
J-(@XK) correlation; 

(C) interference between S, A, P, and V, T coupling 
(defined by the lepton fields) ; and 

(D) interference between first- and second-class 
interactions. 

Proof—The TCP theorem tells us that a— 8 and 
a®— B° are identical except for a sign change in 
interference terms of type (A) or (B). If T invariance 
is violated we should add the restriction that the states 
a, B are eigenstates of the strong S matrix. The 
G invariance of strong interactions tells us that a© — 6° 
and &—§ are identical except for a sign change in 
interference between currents which transform under G 
with different sign, i.e., in interference terms of type 
(C) and (D). Thus the theorem holds, if we may 
neglect electromagnetic effects which violate G 
invariance. 

This theorem is well known” in the special case of 
low-energy 8 decay where, as we have seen in Sec. III, 
second-class interactions do not enter. In order to 
apply the theorem in cases where second-class inter- 
actions may be important, we must face the difficulty 
of deciding when an experiment involves a type (C) 
interference. This is not easy when the momentum 
transfer is so large that multipole expansions are 
useless; in these cases we may use the following 
theorem. 


* Lee, Oechme, and Yang, Phys. Rev. 106, 340 (1957). 
% H. A. Tolhoek and S. R. de Groot, Physica 17, 81 (1951). 
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Theorem 2 


If we perform any experiment with arbitrarily large 
momentum transfer, which does not distinguish 
between the lepton and neutrino (e.g., a measurement 
of total decay rate or average /—y angular correlation, 
but mot measurement of electron energy spectrum), 
anf if we may neglect the mass and charge of the 
lepton, then there can be no interference between 
coupling types S, A, P, S’, V’, P’ and V, T, 7’, A’. 
(Here a prime means parity-nonconserving coupling.) 
This theorem holds for strangeness-violating decays 
(like Kes, A—> N+e+-y, etc.) well as for strangeness- 
conserving decays. 

Proof —The interaction Hamiltonian (2) is in- 
variant under the following formal transformation: 


vi-y,, ww, ISM EI, 
IO > fad ©, 


where Ovys=1:730;. The product n,&; is +1 for S, V, P, 
and —1 for A, 7. Thus if we assume only V, A coupling, 
and if we perform a “‘parity-conserving” experiment 
symmetric between e and y, we can get no interference 
of type (C). 

An immediate application of these two theorems 
would be to the decay modes 2+ — A°+e*+», expected 
to occur with branching ratio 10“~(2 — A+e+y)/ 
(2 — N+). The momentum transfer is sufficiently 
large for induced nonlocal effects to be important. 
Measurement of the total decay rate does not involve 
interference of type (A), (B), or (by Theorem 2) (C), 
so any inequality in the rates for the + and =~ modes 
would be evidence for the existence of second-class 
interactions. The subsequent A° decay should make 
these modes easily recognizable, and may also serve 
as an analyzer of the A° polarization. 

It may also be possible to observe second-class 
effects in very energetic 8 decays, like B’, Li’, B?, N® 
(Ey~15 Mev). Let a and £ be initial and final nuclei, 
with momenta zero and —q=— (P.+P,), respectively. 
We may expand the matrix elements of the currents in 
(2) up to first order in q/M and obtain (omitting the 
““+”’) for allowed transitions 


(17) 


4 


1 1 
(3|J|a)=—qxA+—q5"..., 
2M 2M 


B[Jola)=SOP4---, 
(B|Js|a)=AUD+--, 


A 1 
(8 yf a)=—q:A“4ID+..., 
eter 
Here the S and A are matrix elements of various three- 
dimensional scalars and axial vectors. The S‘”) and 
A“ are just the usual iCy f'1 and C4 fe, while the 
terms proportional to q produce small distortions of the 
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spectrum shape and e—y correlation" and may also be 
observed in B—a correlations.” One would except all 
the S and A to be of roughly the same order of magni- 
tude, but of course the expansion parameter q/M is 
quite small. 

Now, how are we to assign a “class” to these matrix 
elements? In general, each of the S and A may be split 
into first- and second-class contributions S$), S2, A;, As. 
However, we suspect that some of these matrix elements 
get their main contribution from one or the other of the 
two classes. Suppose we write the vertex function for 
nonrelativistic nucleons in the form (18). Then, 
referring back to (16), we find for the nucleon, 


SOD =ify(1), A“D= f,4(@), 
SV) =i(fy+2Mhy)(1), A4™M= (f4—2Mha)(o), 
A) = (fy+2Mgy)(o). (19) 


Thus, to the extent that the main contribution to the 
S and A comes from the structure of the nucleon, rather 
than the nucleus, we may expect that A“, SY), AG@D 
are mainly first-class matrix elements, while S$‘! and 
A‘“!D have large contributions from second-class 
interactions (hy,h4). (This assumption is analogous to 
ignoring all orbital or exchange currents in y decay; 
Gell-Mann" shows that this works well in the AJ=1 
C” decay.) 

Since none of the matrix elements in (18) can be 
positively identified as a pure second-class term, the 
only unambiguous test for the existence of second-class 
interactions here would be the comparison of mirror 
transitions, like B®, N°—C” (AJ=1, no) or B38, 
Li > Be® (AJ=0, no). Ustng Theorem 1, if there are 
no second-class interactions we should have a sign 
change, in going from a— 8 to a—8§, in the inter- 
ference between A“ and A‘) (Gell-Mann’s “a”), 
but not for the interference between A“ and A“!D 
(Gell-Mann’s “b”), or between SY) and S VID 

“¢”), According to our previous analysis, if there are 
second-class interactions they are most likely to show 
up strongly in S$‘! or A", so that if b is found not 
equal for B® and N®, or if 6 and ¢ are found not equal 
for B® and Li’, we may certainly conclude that second- 
class interactions exist. The inequality in 6 or c would 
produce inequalities of a few percent in the /# values 
for these mirror transitions. Unfortunately, experi- 
ments are not yet accurate enough to check this 
prediction,"* and in any case Coulomb effects may also 

 M. Gell-Mann, Phys. Rev. 111, 362 (1958). Also J. Bernstein 
and R. Lewis (to be published). 

2M. Morita and M. Yamada, Progr. Theoret. Phys. (Japan) 
13, 114 (1955). 

18Experiments quoted by Cook, Fowler, Lauritsen, and 
Lauritsen, Phys. Rev. 107, 508 (1957), and by T. Ajzenberg and 
T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
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give a 1% inequality in ft values. The inequality of 
b(B") and 6(N") would also interfere with Gell-Mann’s 
proposed experiment," which was to measure a. 

There is one point about the measurement of these 
small corrections that deserves mention. As shown in 
Theorem 2, there can be no V/A interference in a 
(P,T)-conserving experiment which does not distinguish 
between e and v. This means that the A‘”? term in (18) 
{which must occur in interference with A‘4” ] can have 
no effect on the decay rate or average e—v angular 
correlation, though it may appear in the spectrum 
shape. This may be verified directly by integrating over 
electron energy in Gell-Mann’s formulas, and letting 
m,—>0; the “a” term then drops out. (Also, inter- 
ference between an A and an S can only occur in 
AJ=0 transitions with oriented nuclei.) 

Our discussion has been restricted to the G defined 
in (1). However, the CTP theorem tells us how the 
J;* transform under C7, so that (3) might 
equivalently be written in terms of an operator 
G'=Te'*!?, If T invariance holds, we then have 


inl; t) p—irle— (+) 
é yy a 2= — fw J 4 t)t 


flay sb) g—tnltae + Ego] qt" 


w;= +1 for S, V, A and —1 for P,T, (20) 


so that the distinction between first and second class 
could then be derived from charge symmetry alone. 
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Note added in proof.—The example presented in (6) 
of a possible second-class current is badly chosen; since 
Ji2** has AI=2 isospin transformation properties, it 
cannot contribute to an /=1— J=0 transition, such 
as B?’— C¥ or >— A. (I wish to thank Professor G. 
Feldman for pointing this out.) However, we can find 
examples of second-class currents with pure AJ=1 be- 
havior, such as 


Ji §~PxtOW— Pars. (21) 


It is also possible to have second-class currents using 
only nucleon fields, if we introduce direct derivative 
terms corresponding to Ay, Ar, ha in (16). 


4 This estimate is based on the values of isotopic spin inpurities 
in light nuclei, as known from the rates of AJ=0 £1 ¥ transitions 
in self-conjugate nuclei. See D. H. Wilkinson, Proceedings of the 
Rehovoth Conference on Nuclear Structure (North-Holland Publish- 
ing Company, Amsterdam, 1958), p. 175. 
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A plausibility argument is made that the real and imaginary parts of the nucleon-nucleon scattering 
amplitude as a function of the cosine of the barycentric system scattering angle, for fixed energy, are analytic 
in the complex plane, with singularities confined to the real axis. It is conjectured that in the real part 
there are poles at cos#=+(1+ y*/2k*), where uw is the pion rest mass and & the barycentric momentum, 
branch points at cos#= + (1+2y?/k?), +(1+9y?/2k*), etc. The residues of the poles are related directly to 
g®, the pion nucleon coupling constant, and a procedure is outlined for determining g* by an extrapolation 
of experimental data on either backward or forward nucleon-nucleon scattering. 





I. INTRODUCTION 


ISPERSION relations have made feasible a 

systematic determination of the pion-nucleon 
coupling constant g? from experimental measurements 
of the scattering of x mesons by nucleons.'! The method 
depends on the fact that g? is the residue of a pole in 
the scattering amplitude for fixed momentum transfer 
as a function of W?, the square of the total energy in 
the barycentric system. Except for this residue, all 
other quantities occurring in the dispersion relations 
for pion-nucleon scattering are physically measurable. 
It has been pointed out? that a somewhat similar 
situation exists for nucleon-nucleon scattering at 
fixed momentum transfer where again g’ occurs as the 
residue of a pole in the variable W*. However, in this 
case, there are extensive nonphysical contributions to 
the dispersion relations which make practical applica- 
tions difficult. It is the purpose of this paper to point 
out that if one considers instead the real part of the 
N—N scattering amplitude at fixed energy as a function 
of A*, the square of the momentum transfer, then 
there is probably a pole of residue g’ located at A?= —y?, 
where yw is the pion rest mass. Lehmann has recently 
demonstrated that there exists a region of analyticity 
in the complex A® plane which includes the physical 
region.*? We are conjecturing that once the pole in 
question has been removed, this region of analyticity 
includes the point A?= —,?, and that an extrapolation 
to determine the required residue is possible. 

The physical idea underlying the present proposal 
is an old one, although it is usually stated in a different 
way, namely, that the nucleon-nucleon interaction 
at large distances is dominated by single pion exchange, 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1U. Haber-Schaim, Phys. Rev. 104, 1113 (1956); W. D. 
Davidon and M. L. Goldberger, Phys. Rev. 104, 1119 (1956); 
W. Gilbert, Phys. Rev. 108, 1078 (1957). 

2 Goldberger, Nambu, and Oehme, Ann. Phys. (N. Y.) 2, 226 
rs Lehmann, Institute for Advanced Study, Princeton, 
New Jersey (to be published). 


which in turn is uniquely related to g* and uw.‘ A rough 
correspondence of this statement to the existence of a 
pole at A?=—y? may be seen if one believes that at 
high energies the outer fringe of the interaction deter- 
mines the real part of the forward scattering amplitude. 
Remembering the relation between momentum transfer 
and the angle of scattering in the barycentric system, 


cosb = 1— A?/2#?, (1.1) 


wh.‘ is the magnitude of the momentum of either 
particle in this system, one sees that although the 
point A?= —,y? always is unphysical, corresponding to 
cosé= 1+ y?/2k> 1, this point comes nearer and nearer 
to physical forward scattering as #’ increases. If, 
therefore, there is a pole at this point as a function of 
cos@ and no other singularities in the immediate 
neighborhood, then the residue of this pole determines 
the asymptotic behavior of the real part of the forward 
scattering amplitude. 

For practical reasons, some of which are discussed 
below in Sec. IV, the region of very high energy may not 
be most suitable for the determination of g’, so we are 
basing our hopes on the possibility of bridging by 
analytic continuation an appreciable gap between the 
physical region and the position of the pole. The 
practical accuracy of such a continuation presumably 
requires that the gap in cos@, which is y?/2k?, be small 
compared with the interval in cos# where the amplitude 
is experimentally known. Since we have 2k’= M7), if M 
is the nucleon mass and 7; the laboratory kinetic 
energy, we have the requirement 


w?/MTKK2, 


T >>u2/2M = 10 Mev. (1.2) 


This means the energy must be high enough so that 
nonzero orbital angular momenta are important. In 
the old way of describing the principle exploited here 
such a circumstance would be obvious. The “tail” of 
the interaction can be isolated only in states that are 


*See, for example, the Supplement to Progr. Theoret. Phys. 
Japan 3, (1956). 
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p' 
Fic. 1. The single-pion 
exchange diagram for 
nucleon-nucleon scattering. 


P, 


prevented by an angular momentum barrier from 
penetrating to short distances. 


Il. THE SINGLE PION EXCHANGE TERM 


A motivation for our conjecture concerning the pole 
at A?= —,? can be given in terms of Feynman diagrams. 
The diagram shown in Fig. 1, when renormalized, 
yields a term 


(de'TaYst1) (tip’eTaVstép2) 
g — SS 


A+? 
A?= (pi— pr')?= (pa— po’)? 


(II.1) 


where 


A little thought about other diagrams shows that none 
of them becomes infinite for A7—>— y?; also the modifica- 
tion of the pion propagator and of the vertex functions 
in this limit are entirely absorbed by the renormalization 
of g? and uw. Thus, in perturbation theory, the scattering 
amplitude when evaluated in the neighborhood of 


A?=—,? is exactly represented by the renormalized 
Born approximation. 

Confirmation is given by the circumstance that the 
term obtained from Eq. (II.1) by exchanging ,’ and 
po’ has been singled out for a special role in the disper- 
sion-relation discussion of the scattering amplitude as a 
function of 


W?= — (pit pe)?=— (pi'+p2')’, 
for fixed momentum transfer.? Here the denominator is 


(pi— po’ )?+ yu? = W2— 4M?— A?+p?, (11.2) 
so that there is a pole at W?=4M?—,?+ A’, and in the 
neighborhood of this pole the renormalized Born 
approximation is exact. In the present discussion, 
where W? is fixed, we regard this exchange term as 
giving rise to a second pole in A*. In terms of cos#, 
the location of this pole is very natural: whereas the 
denominator in Eq. (II.1) vanishes at cos@= 1+y?/2k?, 
(11.2) vanishes at cos#=—1—y?/2k?. With identical 
particles one of course expects symmetry (or anti- 
symmetry) with respect to cos@. 

It seems very plausible, therefore, that a determina- 
tion of the scattering amplitude near either of these 
two poles corresponds to a measurement of the value 
of g*. We need information, however, about the location 
of other singularities in the A? complex plane before we 
can formulate an appropriate procedure for continuation 
from the physical region. 


Fic. 2. Diagrams 
showing the relation 
between (a) nucleon 
nucleon and (b) 
nucleon-antinucleon 
scattering. 


Ill. THE LOCATION OF SINGULARITIES 
IN THE A? PLANE 


To make a guess about the singularities of the 
scattering amplitude as a function of A?, let us consider, 
instead of nucleon-nucleon scattering as indicated in 
Fig. 2(a), the process of nucleon-antinucleon scattering, 
as indicated in Fig. 2(b). In perturbation theory we 
could obtain the VN amplitude from the VN by making 
the substitutions 


m=p,, @=—pr, gi’ =p’, g’=—p2 (HI.1) 


Notice that the variable, 


2= (pi— pi’? = (qi+q2)*, (III.2) 
becomes the negative energy squared in the VN case, 
while 

W?= — (pit p2)?= — (qi— ga’)? (III.3) 
becomes a negative (exchange) momentum transfer 
squared. In the VN case A? and W” are both positive, 
whereas they become both negative in the VN case. 
Nevertheless, we shall optimistically assume that the 
location of singularities of the scattering amplitude 
considered as a function of A? for fixed W? in the VN 
case can be carried over to the VN case. 

Following the by now familiar approach of contrac- 
tion of the S-matrix element,® applied here to NN 
scattering, one sees that if a “normal” dispersion 
relation exists for fixed W?=—(qi—g2’)*, then the 
singularities in A? are associated with the possible 
vanishing of the two expressions 


(q1+92)?-+-m?= A?+ m?, (IIL4) 
(q2— qo’ )?-+-m? = W?—4M?— A?+ mi’, 
where m ranges over the mass values of states that can 
be reached from the VN system. The lowest-mass state 
of this kind is the single meson, and it gives rise 
precisely to the two poles discussed above. The next 
lowest masses belong to the two-pion state. We 
expect then two branch points corresponding to m?= 4y’, 
with cuts to = «©. More complicated states give rise to 
further pairs of branch points on the real axis. Changing 


5 See, for example, J. M. Jauch and F. Rohrlich, The Theory of 
Photons and Electrons (Addison-Wesley Press, Cambridge, 1955), 
p. 161. 

6 Lehmann, Zimmermann, and Symanzik, Nuovo cimento I, 


217 (1955). 
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variables from A? and W? to cos@ and #* according to 
(IIT.5) 
(IIT.6) 


= 1W2— M2, 
cos#= 1— A*?/2k?, 


we find the corresponding singularities in cos@ for 
fixed k: 


poles at cosé = + (1+ y?/2k?), 
branch points at cos#= + (1+ 2u?/k’), 
+ (1+9y?/2k?), etc. 


(1.7) 


This whole procedure of course amounts to nothing 
more than an optimistic conjecture. Our guess (III.7) 
may be partially checked, however, against recent 
rigorous results obtained by Lehmann.’ Lehmann proves 
that the VN scattering amplitude asa function of cos@ for 
fixed W®? is free from singularity, at least within an 
ellipse whose foci are at +1 and whose semimajor axis 
is of length 


(2Mu+p?)?}! 
| ‘ (III.8) 


4k?(k?-+ M2) 


xo(t)=[14 


One may confirm that this region never includes the 
singularities whose existence we have conjectured, 
although at #*=3Muy our poles lie exactly on the 
boundary. At all other energies they are outside 
Lehmann’s ellipse. 

Lehmann proves further that the imaginary part of 
the scattering amplitude as a function of cos@ is analytic 
within a larger ellipse, whose semimajor axis is 2X¢°’—1 
or 


1+ (2Mu+u2)?/[2k2(k?-+ M2) ]. (IIT.9) 


For small # this ellipse includes not only our poles 
but also our first conjectured branch points, which at 
first sight is somewhat surprising. (Our poles have real 
residues and therefore are singularities only in the real 
part of the amplitude.) If one, however, believes that 
a two-dimensional spectral representation exists, which 
exhibits simultaneously the behavior of W? and A? in 
the complex plane, then it becomes plausible that the 
imaginary part of the amplitude has a wider domain 
of analyticity than does the real part. 

For example, suppose the scattering amplitude 
(excluding the poles) could be expressed by representa- 
tions of the form 


p (m 1°,m:2?) 


rwsat)= ff amsam? , (III.10) 
(m,?>— W?) (m.?+-A?) 


where p(m,*,m,’) is real, as suggested by Mandelstam’ 
in connection with pion-nucleon scattering. Then, for 





7S. Mandelstam, Phys. Rev. 112, 1344 (1958). Mandelstam’s 
representation is a sum of three terms of the type (III.10). We 
are indebted to Dr. Mandelstam for the argument following 
(III.10). 


GEOFFREY 


F. CHEW 


fixed W? in the physical region, 


G(W?,m?) 
T(W?,A?) = fame ceil 
m?+A? 
where 
a4 p(m,?,m2) 
dm; ae =p 
m?—W? 


ReG (W?,m,?) = pf (IIT.12) 


(2M)? 
and 
ImG(W?,m*) = 2p(W?,m2’). (IIT.13) 
It follows from (I1I.12) and (II7.13) that ReG(W?,m,) 
is in general nonzero for a wider range of m,* than is 
ImG(W?,m,?). Correspondingly, from (III.11), the 
branch points of Re7(W?,A?) extend over a wider 
range of the A? real axis then they do for Im7(W7?,A?). 
Mandelstam’ has shown that representations of the 
type (III.10) are compatible with fourth-order perturba- 
tion theory. We do not here rest our case on the validity 
of Mandelstam’s particular conjecture, but believe 
that the general feature described is likely to be present 
in a correct two-dimensional representation. 


IV. POSSIBLE CONTINUATION PROCEDURES 


One can think of many possible procedures for 
performing the required continuation from the physical 
region, —1<cos#@<1, to the poles at cos#=+(1+ y?/ 
2k”). A detailed investigation of the kind of information 
available from experiment, as well as of the theoretical 
complications due to spin and isotopic spin, must be 
made before one can say which procedures are practical. 
Such an investigation is under way and the results will 
be reported at a later time. Here we merely mention a 
few general considerations. 

In principle it is possible to work directly with 
measured differential elastic-scattering cross sections. 
That is to say, the location of singularities of the 
absolute square of the scattering amplitude is the 
same as for the amplitude itself. The poles are of second 
order but their strength is still simply related to g’. 
One might think that this method of approach allows 
the use of experiments at very high energy where the 
poles come close to the physical region. However, 
when inelastic processes are frequent the imaginary 
part of the elastic-scattering amplitude has a strong 
maximum at small angles (the familiar diffraction 
peak), which tends to obscure the behavior of the 
real part. At backward angles for n—p scattering the 
maximum in the imaginary part should be less 
pronounced. 

Roughly speaking, in order to find g’ directly from a 
forward angular distribution, one could multiply the 
experimental distribution by 


[cos6— (1+-u?/2k?) P, (IV.1) 


plot against cos#, and hope that the resulting function 
is smooth enough to be extrapolated to the required 
point. The procedure for backward scattering would be 
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analogous. The difficulty with this approach is that the 
complete VN amplitude, because of spin and isotopic 
spin, is made up of ten scalar amplitudes which may 
interfere with one another so as to obscure the behavior 
of the individual functions. For example, p— p scattering 
in the region of a few hundred Mev is roughly isotropic 
—showing little of the forward and backward peaking 
which is expected from the influence of our poles and 
which is present in »— p angular distributions. Evidently 
cancellations are at work in the p— p amplitude. 
Should the pole in the backward n— p scattering be of 
sufficient prominence to warrant detailed analysis, a 
possible specific procedure is the following: Defining 


2 
= (1+) cose, 
2k? 


one may, after multiplying the experimental points for 
do/dQ by x*, attempt a least squares fit with a form 


A+ ButCx?+---, (IV.3) 


The coefficient A is the desired quantity, being propor- 
tional to g‘.6 A minimum range of experimental points 
which may be used is determined by the distance from 
the pole to the nearest branch point as given by 
(III.7). Since a power series converges within a circle 

8 The precise relation for backward n— > scattering is A = f.AM‘*/ 
[k*(M?+-k*)], where f2= (ug./2M)? ~0.08 is the charged pion 
coupling constant. The two neutral pion coupling constants 
occur in forward n—p and in p—p scattering; therefore in 
principle these three constants can be independently measured. 
Because of electromagnetic effects that violate charge independ- 
ence, differences of a few percent between the three are to be 
expected. 


(IV.2) 
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whose boundary contains the nearest singularity, 
experimental points in the range 


—1>cosd> —14+42/F (IV.4) 


are certainly suitable. In other words, the physical 
range available is at least twice the distance of extra- 
polation. No doubt more sophisticated extrapolation 
procedures are possible, which further extend the useful 
physical range. 

If at some energy a complete set of phase shifts and 
mixing parameters were available, one could construct 
the ten separate scalar amplitudes for each of which 
the residue of the poles is related to g*. Multiplying any 
one by 

cosO (1+-y?/2k?), 


one would hope to find a smooth function in the 
small-angle (or large-angle) region that could be 
extrapolated. 

Evidently the program outlined here may be regarded 
as a check on local field theory as applied to strong- 
coupling phenomena. We are predicting that the 
constant g*, determined by the proposed extrapolation 
procedure, will not only be the same for all ten scalar 
amplitudes but will also be independent of energy and 
have the same value as that determined by pion-nucleon 
and photopion dispersion relations. 
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The fundamentals of the theory of relativity in a stationary 
spherical or elliptic space are developed in continuation of a 
previous communication on the static Einstein space in a manner 
which enables visualization of relative motion. This particular 
stationary space appears to be the natural and simplest general- 
ization of Einstein’s space owing to the existence in both of the 
set of singularity-free motions previously introduced as Clifford 
translations. This stationary space is no longer spherically sym- 
metrical in all directions, and there are shown to be two different 
types distinguished by right- and left-handed Clifford translations 
of the reference systems. Each stationary space when compared 


with the Einstein space has a right- or left-handed twist associated 
with it. The geodesics are distorted, except in a certain preferred 
direction, as compared with Einstein’s space. This is due to the 
existence of a gravitational field which resembles in some ways 
that illustrated in Minkowski space by the “Einstein elevator.” 
The Lorentz group links all these spaces, so that agreement 
between observers in any two spaces can be established with 
regard to a moving particle seen by both. Einstein’s space is 
found to occupy a preferential position as compared with all the 
other stationary spaces of this type. 





N the following we present the foundations of 

relativity in a special stationary elliptic or spherical 

space which is quite different from Einstein’s, but 
related to and derived from it. 

In a previous communication! on static spherical or 
elliptic space we introduced spatial coordinates X‘ 
(c=1, 2, 3) and coordinate time X*= ct in such a manner 
that the X‘ were visualized in a space of three dimen- 
sions (x, y, 2). The straight lines in the elliptic X “space 
are represented in Cartesian space by that subset of all 
circles which pass through diametrically opposite points 
of a fixed sphere 2p of radius R. The (x, y, 2) coordi- 
nates are controlled by the diametral subgroup of the 
full inversion group given! in formula E(7). The X‘- 
space has a number of properties which were illustrated 
by means of models and diagrams. One of them is the 
possibility of arranging the geodesics (the diametral 
circles) in patterns consisting of left and right parallels 
in a Clifford sense with respect to one another and to a 
common axis T of fixed direction (/, m,n). If AR is an 
elliptic distance measured along one of the diametral 
circles, then Al, Am, An, and ct form a set of Lorentz 
variables subject to the Lorentz group of transfor- 
mations. If a Lorentz group operation is carried out on 
these variables, then the space-time X‘, X* has induced 
upon it an operation of its full group of motions. If, 
for example, the axis I is placed in a special position 
such as the X*-direction, the special Lorentz transfor- 
mation arises : 


R\— Rot 
[1 — Rte 


ad— R*wr/c 
PY Pee 
[1— R’w*/c?}! 


where w is the relative velocity in the Clifford sense. 
The set of direction cosines (1, m,n) is connected by a 
ternary orthogonal transformation (rotation of the 


* Now at University of Florida, Gainesville, Florida. 

1 J. Kronsbein, Phys. Rev. 109, 1815 (1958). We refer to this 
communication by the letter E; when this is followed by a number 
in brackets, the formula of that number is meant. In Eq. (11) 
the symbol w2* should be preceded by a minus sign. 


spatial axes) and the full (future preserving) Lorentz 
group results by combining these operations in a manner 
set out in E. This does not exhaust the group of motions 
in space-time X‘, and we showed that the Lorentz 
group is a subgroup of the latter. It is true that the 
Lorentz group can arise in a number of ways in this 
static space: for example, by putting a4,=1, a4,=a,4=0 
in E(7) and combining with the special Lorentz trans- 
formation. The importance of the introduction of 
Clifford parallels and the derivation of the Lorentz 
group in conjunction with motion along these non- 
Euclidean straight lines is due principally to two 
reasons. First, a set of Clifford parallels in a given 
direction appears to the Euclidean observer as a set of 
circles of which any one links all the others so that the 
motion along these circles is entirely free from singu- 
larities. There is thus no question of these Clifford 
parallels meeting in infinity, say ; and hence no collision 
can arise between two particles moving along two 
separate parallels of the same set; at the same time 
periodic motion is possible. Second, it was shown that 
all nonrelativistic spatial motions in X‘-space can be 
generated by suitable combination of right and left 
Clifford translations, i.e., translations along Clifford 
parallels. 

The geometrical character of these Clifford trans- 
lations is important to the physicist because the concept 
of relative velocity of motion retains a meaning in 
static spherical and elliptic space, and also in the 
particular stationary space to be described in the 
following. It will be seen that the concept of absolute 
velocity also is restored in a certain sense, namely 
relative to the Einstein space. This was known to 
Eddington? who also pointed out the necessity to avoid 
its infringing upon the principle of relativity. 

In Minkowski space there is no counterpart to the 
motion in Einstein space of a set of particles along a 
set of Clifford parallels because the spatial part of the 


2A. S. Eddington, The Mathematical Theory of Relativity 
(Cambridge University Press, Cambridge, 1954), second edition, 
p. 168 
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former is controlled by the three-dimensional rotation 
group while that of the Einstein space is controlled by 
the four-dimensional rotation group. Minkowski space 
depends upon 6 parameters while Einstein space de- 
pends upon 10. The extra degrees of freedom account 
for the possibility of representing more phenomena in 
the Einstein space, although both are made visible in 
the three-dimensional space in which we live. 

From the purely mathematical point of view the 
Clifford parallels are important because they have the 
topological property of being linked as explained above, 
and any two of them with the same sense of left or 
right are truly parallel in the elliptic sense; that is to 
say, when an elliptic metric is introduced in the X‘- 
space any two of these parallels are at constant distance 
from one another in elliptic measure. 

We also showed that a moving particle P of rest mass 
mo in the reference system X‘ of Einstein’s space subject 
to no external forces travels along one of the diametral 
circles which are the geodesics of this space. Its contra- 
variant velocity components are given by 


RV'‘=y.RX ‘= 7.[R’w.+ (X-o)X'+R(oXX),] 
=RdX'‘/dr; V‘=cy.; (1) 
Ye=([1- 2)? ‘ey; w= w+ we?+w;?. 


The dot signifies differentiation with respect to coordi- 
nate time,’ ¢, while r is proper time of P measured by 
a clock following it ; dr is therefore equal to the invariant 
interval divided by the constant light velocity c. The 
expression in square brackets of (1) multiplied by dé 
represents an infinitesimal Clifford translation, right 
when the upper sign applies and left when the lower 
sign applies. The physicist is interested in all those 
phenomena which are invariant or covariant under 
these translations, and therefore also under the entire 
group E(7) generated by these, or any of its subgroups, 
and by all these groups expanded by the special 
Lorentz transformation. 

The covariant velocity four-vector corresponding to 
(1) is given by V;=g..V*, where the g,, are taken from 


E(13). 


R? 
V.=Ye Pies (wXX),] } Ve= — CY (2) 


where 
A= R?+ (X")?+ (X?)?+ (X8)*. 


From this follows the constant length‘ of the velocity 
four-vector 


(3) 


When multiplied by mo, the rest mass of a particle P in 
Ejnstein’s space, Eqs. (1) and (2) yield the momentum- 
energy four-vector in the contravariant and covariant 


3In the following the Lorentz factor y occurs with various 
relative velocities w; hence the subscript. 
4A. S. Eddington, reference 2, p. 71, 


SPHERICAL 


OR EBLLIPTIC SPACE 


forms, respectively : 
p'=moLRw,+ (X-w)X'‘/R+ (@X X), ye; 


p= MoCo; 
R 

p.=mo; —[Rw.+ (XX), J 03 
A 


pa = —MCY a; 
Pp. tm =moe*y.2 = me = B/e; 


where E is the total energy. Again the upper sign refers 
to right Clifford translation and the lower to left 
Clifford translation. In the following we confine our- 
selves mostly to consideration of right translations and 
therefore use the upper sign only. It is clear that the 
contravariant and covariant forms of these vectors 
must be carefully distinguished in this curved space. 
The energy E=myc’y,, is the same in form as in special 
relativity because of the formal resemblance of Clifford 
translations and rectilinear translations in Minkowski 
space, but it should be remembered that in general 
relativity the decomposition of energy into a potential 
and a kinetic part is not always possible.® As long as 
we deal only with the Einstein space the moving particle 
P will have dynamic properties whose mathematical 
form is very similar to the corresponding property in 
special relativity, but this will not persist in an even 
slightly more complicated space. The observer in 
Einstein’s space will state that P does not move unless 
already in motion or acted upon by external forces; in 
the former case he will state that the particle moves 
on a Clifford circle at constant Clifford velocity w of 
simultaneous rotation and pseudorotation about I and 
the equator circle of =z which crosses T orthogonally. 
This’ statement is synonymous with “P is freely 
moving.” The static property of the space manifests 
itself in the (X‘,X*) system by finding from measure- 
ments (analogous to measurement made in Minkowski 
space) that the components g,, of the metric tensor are 
zero, and g44= —1. In this space it still makes sense to use 
the concept of particles fixed relative to one another. 
From the metric tensor given in E(13) the observer will 
deduce that he is in a space of constant scalar curvature 
6/R*®. As a matter of convenient terminology he may 
ascribe the nonzero curvature either to the presence of 
gravitating masses, or he may adopt the attitude that the 
space is “naturally” curved® without specifying the origin 
of the curvature. He may take the view that the static 
property is due to the absence of gravitational fields. 
It will be seen below that this convention leads to 
simple formulation of observations. If he is situated at 


5See, e.g., C. Mller, The Theory of Relativity (Oxford Uni- 
versity Press, New York, 1955), p. 295. 

6 As oe as we operate in some spherical or elliptic space we 
may use the term “natural geometry” for that of the Einstein 
space in analogy to Eddington’s use of the term for Minkowski 
geometry. See reference 2, p. 38, 
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a fixed point Xo', Xo', and hence finds w=0, then a 
particle under his control, released without imparting 
an impulse to it, will not move; the observer will then 
state that there is no gravitational field acting upon it 
in this static space. The fact that the particle moving 
at constant Clifford velocity is actually accelerated 
(e.g., subject to Coriolis and gyroscopic forces seen by 
the Euclidean observer) does not disconcert the Einstein 
space observer, because he is aware that his space is 





[A—(Z')*]/A? 
i | —Z2Z1/A2 
| Zin| =+R? — Z3Z1/A2 
[Royt (oX Z);] /Ac 


—Z'Z7/ A? 
[a—(Z)*]/a? 
—Z*Z?/h? 


The tilde over the gj, is to indicate that these quanti- 
ties pertain to the system Z‘; each term in the matrix 
is to be multiplied by +R? as indicated by the factor 
outside the array, and A= R?+ Z? and the subscript on 
the right of the vector cross products indicates the 
component. When it becomes necessary, a subscript 
“z” will be affixed to the A to distinguish it from that 
of S,. In Z44 the symbol o= (o;?+o,?+<;?)' and the 
expression in its square bracket is the square of the 
reciprocal of the Lorentz factor y, for S,. In the 
numerators of 24, either only the upper or only the 
lower signs hold; in what follows we generally refer 
only to the upper signs. The element 244 is restricted 
to the values less than zero, so that the quantity 
R’o?<c*. The observer S, immediately realizes that he 
is situated in a stationary gravitational field or, as we 
shall say for brevity, a stationary space, because 24,0. 
It is not possible by simply changing the rate of 
coordinate time to reduce it to the static, time-orthog- 
onal space, which means that S, is in a truly stationary 
space. This may be proved either by means of the 
Weyssenhoff* conditions or by noting that the expression 
(Zs./Z4s)dZ* is not an exact differential, and therefore 
the nonvanishing of the %,, cannot be caused by choice 
of coordinate system alone. For the time being we 
assume that the parameters are o, independent of time. 
It is seen that we revert to the Einstein space when 
they are zero. 

The tensors (5) and E(13) show that S, and S, have 
very different line elements. In each case we interpret 
the fourth coordinate as coordinate time, and for S, 
use the notation dX*=cdt, while for S, we use dZ'= cdi. 
Observer S,’s line element has the form 


2R? 
ds?=Cd?*(1—R’s?/c?) -—di{e-[RdZ+ (ZX4dZ)]} 
A 


Zz 


R 
~— [aah (Z-dZ)*]. (6) 


7See C. Moller, reference 5, p. 231, for the manner in which 
such measurements are to be made. 

8C. Mller, reference 5, p. 276; also L. Landau and Lifshitz, 
The Classical Theory of Fields (Addison-Wesley Press, Cambridge, 
1951), p. 276. 


[Root (oX Z)2 | Ac 
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curved: as long as the particle remains on a Clifford 
circle (geodesic) at constant Clifford velocity it will be 
considered unaccelerated. 

This observer in static Einstein space with coordinate 
system X‘ will in the following be referred to as S;. 

We now assume the existence of a second observer 
whom we will designate S,; his reference system will be 
Z‘. S, measures his space and finds his metric tensor to 
be given by the array’ 


— Z'73 A? 
—2°2Z/L? 
[A—(Z4)*]/a? 
[Rost (0X Z); ]/Ac 


[Roit (eX Z),] Ac 
[Root (@X Z)2 |/Ac 
[Ros+ (0X Z); |/Ac}* 
—[1— R’o?/c?]/R? 





On the other hand, S, has the line element which 
results when we set e=0; we used it in E: 


R 
ds$=cd@——[AdX?— (X-dX)*]. (7) 
A 


From time to time we shall point out various differ- 
ences between these two spaces, but it will be seen 
without difficulty that S,’s space differs from S,’s 
intrinsically in that the former’s line element no longer 
remains invariant under the full group that keeps ds, 
unchanged. In the latter the second term is invariant 
under the full fractional linear group on X‘/R given by 
E(7) with its quaternary orthogonal coefficient matrix, 
and then the entire expression (8) is invariant under 
the space-time group on X‘ expanded from that on X‘ 
by means of the Lorentz group as previously described. 
This is no longer true for (6), as may be verified by 
showing that the second and third terms of (6) both 
remain invariant under the right Clifford translation 


RdZ= R’wdi+ (Z-w)Zdi+ R(oX Z)di, (8) 


with arbitrary @, but no longer under left translations, 
while (7) is invariant under both. Thus S,’s space is 
given a “right-handed twist,” and he might conclude 
that he is situated in a reference system of the static 
Einstein space which is moving at constant right 
Clifford translational velocity in the direction of the 
vector @ relative to the Einstein space, but with 
distortion caused by this relative motion. S,’s space is 
in fact no longer entirely symmetrical in all directions ; 
the o direction has preference. In a sense this resembles 
the Einstein elevator, but the constant value of ¢o 
implies that under certain conditions, which will be 
specified below, a particle released by S, without being 
given an impulse will accompany him without relative 
motion, while S, sees it moving at Clifford velocity 
on an elliptic straight line (a Clifford circle) parallel to 
the direction of @. But there are important compli- 
cations which will be pointed out below. 

It should not be thought that the right Clifford 
translations comprise the entire group of motions of 
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S,’s space; this is not implied: this subgroup is in fact 
the intersection of the spatial groups of motion of 
Einstein’s and S,’s space. We hope to revert to this 
point on another occasion, 

We give here for later use the spatial line element 
for S,’s space. It is derived in the usual manner from 
the tensor 


V c= (Bea Ba Bae/ Baa], (9) 


which determines the space geometry in the distorted 
space. We get, using (8) as velocity in S,’s space, 


d= RLwP2+ur?+ws*7.? |dP. (10) 


This expression is useful for computation of the magni- 








(—271/A2 —Z2/A2 —Z2/A?2 
0 0 
0 


—Zi / A? 
—Z A? 
— 2Z?/ A? 





T';,4=0, i.e., all terms vanish. 


The vanishing of the I’,;‘ is equivalent to the statement 
that the space is not curved in the time direction of the 
four-dimensional Z‘ space, just as is the case in Ein- 
stein’s space. 

We are now equipped to set up the differential 
equations for the geodesics. We proceed as in E by 
setting them up in terms of an arbitrary real (not null) 
parameter uw which is then interpreted as eigentime 7. 
The fourth equation then becomes 


@Z4/du2=0, 


and integrates immediately to dZ‘=cyd7=cdi, where 
y' is the Lorentz factor, namely, the right side of 
ds,/cdi=d?. Using this and writing dots to indicate 
differentiation with respect to coordinate time /, we get 
the following three differential equations for the 
geodesics in S,’s space: 


We... ‘Jag 
D-~(2,4)2 
A 


. aad 
=—(2,2)Ve"—[Z'Z'o, 
A R 


+(222+RZ)0.+(Z'Z’— RZ*)o3], 
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tude of velocity of a particle moving in the stationary 
space. The justification for using (8) as velocity will 
be found below 

It will be necessary to examine the curvature tensor 
of S,’s space in order to ascertain just how distorted 
the space is; this also implies computing the differential 
equations for the geodesics. Accordingly we require the 
I’ ;,' for S,. Using the notation 


RV .0*'=R’o,+ (Z-0)Z'+R(XZ),, — (11) 


we find the following arrays by conventional methods; 
in all cases the terms below the diagonals have been 
omitted because they are the same as those above. 
The A is of course made up with 2+. 


Z'[Aoi— RV 26"! ]/RAc 

[ (o2Z'—o3R)A—Z?RV 26"! ]/RAc}, 

[ (o2R+03Z')A—Z*RV .,*! |/RAc 
0 


[ (o,Z?+03R)A—ZRV 2e**|/RAC) 

Z*[Ao2— RV 2o**]/RAc ; 

[ (0;Z2?—o,R)A—Z°RV,,** | win 
0 


[ (o:Z8—o2R)A—Z'RV ,,** |/RAc) 
[ (o2Z*+0,R)A—Z°RV..** |/RAc |, 
Z5C Ao;— RV ze*®/RAc 








2 ; : 
=—(Z,2) Vie" —[(22'—RZ)o; 
R 


4+ 2°2o2+(2Z+RZ)o3 |, 
‘ 
B—(Z,2)2 
A 


a 2 ; , 
=—(Z,2')V..89——[(221+RZ)o1 
A R 


+ (232?—RZ)o.+Z3Z3035 |. 


Here (Z,.2)=274+ 2242525 

The observer will recognize that the expressions on 
the left side of these equations, set equal to zero, 
represent the conditions for ‘force-free’ motion in 
static Einstein space. They are the same as equations 
E(16). Any Z*‘ which has the form (8) divided by Radi 
makes them identically zero and thus guarantees motion 
along an elliptic straight line, a Clifford circle. Therefore 
S, will interpret the expressions on the right as gravi- 
tational forces produced in his reference system which 
is moving relative to S,’s static system. The forces on 
the right of (15) correspond to the gravitational force 
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produced by the accelerated Einstein elevator in 
Minkowski space, but in spherical (or elliptic) space, 
constant Clifford velocity is sufficient to generate the 
gravitational field. 

It is easily verified that the right-hand sides of (15) 
do not vanish for all motions along Clifford lines, but 
only for those which (i) are members of the right-hand 
Clifford set, and (ii) have the direction ¢ in the Clifford 
sense. The magnitude of @ is arbitrary as long as the 
direction is that of @ in (15). Hence S, will be confirmed 
in his view that the space with metric tensor (6) has a 
natural geometry of Einstein’s space with a gravita- 
tional field in the @ direction superimposed, and with a 
right-handed twist besides. This is in a sense analogous 
to the experience of an observer on the earth’s surface 
who considers himself to be in a Minkowski space with 
the earth’s radial gravitational field superimposed. The 
analogy must not be carried too far, of course. S, will 
assert that in the @ direction there is no distortion of 
elliptic straight lines from those found in static space, 
while in any other direction this is no longer true. On 
the earth’s surface an observer would state similarly 
that in the radial direction the straight lines remain 
Euclidean while in any other direction they are dis- 
torted into parabolas or ellipses. 

The differential equations (15) are fulfilled separately 
for each side by Clifford translations V,,-, where o’ 
stands for any constant multiple of @; we may accord- 
ingly write down a set of periodic solutions for this case 
analogous to those given in E(17). The Clifford vector 
@ is (0,0,c). 


sinhp cosh(ci+8) 
cos(ci+e) 


sinhp sin(o?+8) 
cos(ci+e) 








cosh?p 


were FHL (16) 
cos*(ai+ e) 


Z=R tan(ci+e); A=R 





Z-— | = Rt 


| dZ o cosh’p sin(c?+e) 
di cos*(ci+e) 


The quantity p determines a torus of transverse radius 
n=R/sinhp upon which lie the elliptic straight lines 
along which this motion takes place. The notation is 
the same as Fig. 2, E. 

The solutions of the differential equations E(16) for 
the geodesics in Einstein’s space, which are the same as 
the left-hand sides of Eqs. (15) above put equal to 
zero, include all the Euclidean straight lines through 
the origin, that is, the center of the sphere rz. Among 
the elliptic straight lines that fulfil (15), however, is to 
be found only the one single Euclidean straight line 
which has the direction o. The remaining Euclidean 
straight lines which make the left-hand side of (15) 
zero no longer do the same for the right-hand side: 
the gravitational field has distorted these. 

It is of interest to enquire which of the solutions of 
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(15) are possible light tracks. These must have zero 
length in addition to being geodesics. If we insert 
expressions of the form (11) in (6), e.g., 


we find that the line element vanishes only for 


(e+ %)*=c/R*? oralso R(o+%)=+c. (17) 


This states that the geodesics in the @ direction serve 
as possible light tracks when the vector sum of the 
elliptic velocities reaches the value c. In the static 
Einstein space for which e=0, all Clifford lines are 
possible light tracks as long as the Clifford velocity ¢ 
multiplied into R equals the Einstein constant c. It 
also follows that any particle that attains light velocity 
can travel along these lines if at the same time its mass 
is zero: this could apply for example to the neutrino: 
if for a moment one regards the neutron as a stationary 
space of the type here considered, a neutrino escaping 
from it could travel along the one straight line of 
Euclidean type through the center of 2g; but prior to 
this along a suitable one of the circular lines given by 
(16). To what extent these statements remain true for 
other geodesics determined by (15) will be discussed 
elsewhere. 

We mention two other special solutions of the 
differential equations (15) which have physical mean- 
ing: (i) the pure rotation dZ/di= (wXZ), and (ii) the 
pure pseudorotation RdZ/di= R*w+(Z-w)Z. When 
these are inserted they are found to satisfy (15) pro- 
vided the additional condition @=—2e is imposed. 
They do not make each side zero separately, and hence 
are different in character from the previously found 
solutions. Clearly any linear combination of these two 
is also a solution. Thus we have the following result: 

A rotation or a pseudorotation or any linear combination 
of these is a motion along a geodesic in stationary space 
if its Clifford velocity is in the opposite direction to the 
motion relative to the static Einstein space and has twice 
its magnitude: w= —2e. 

Such an event has a definite physical meaning in 
stationary space because S, obtains his metric tensor 
(6) by measurement, and in doing so ascertains the 
sign of @ as well as w. 

On the other hand, ds,*=0 for these trajectories only 
if in addition to these conditions Re=-tc. Hence, if 
other considerations have ruled out velocities greater 
than c, this conclusion is also ruled out, because Rw 
would 1 present a velocity 2c. We shall revert to this 
point later. 

It should be noticed that neither a rotation nor a 
pseudorotation by itself may serve as generator of a 
geodesic path in Einstein’s space; in this static space 
the pseudorotation appears to the observer as a hyper- 
bolic path. S,’s stationary space differs also in this 
respect from S,’s static universe. The geometry of the 
latter was described and illustrated in E. The linear 
combination of a rotation and a pseudorotation is a 
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spiral path on the surface of a torus with axis in the 
direction of w or @: it is a closed path if the ratio of 
coefficients is a rational number. This detail will also 
be examined later. 

We rewrite (15) 


fe 2 dZ\dZ 2 | dZ 
\z ticned eon 


in vector form: 


d? Al dildi Al dt 


2 | dZ 
——| {—-e 

RL| dt 
The gravitational force on the right of (15a) seen by 
S, to be acting on a moving particle P depends upon 
P’s position as well as the observer’s Clifford velocity o. 
Another instructive way of arranging this equation 
is so as to exhibit its resemblance to the Lorentz force 

on charged particles in an electromagnetic field: 


adZ 
1+R\ox—| | (15a) 
di 


d , 2 aZ 
Lolita *']——(Z: — ) (molt+- mV zo +) 
dt A 


-—"Le(ox) +[ox(ax=)| | 


da 1 aZ| 
=m ox|—+ = Ex— ||. (18) 
di | 


It may be readily converted into the form of an anti- 
symmetric tensor which is invariant under the Lorentz 
group, as shown by Costa de Beauregard for an arbi- 
trary mechanical force in Minkowski space.’ The 
expression in square brackets on the right of the last 
row is easily verified to be an invariant under right 
Clifford translations of the type (8) which make it 
equal to Aw/R. We stress once more that i is S,’s 
coordinate time, and that all dots signify differentiation 
with respect to this variable which is connected with 
S,’s eigentime by the relation ds,*/C=d7?= d?/y?, where 
y is the (generalized) Lorentz contraction factor which 
results from integration of the fourth differential equa- 
tion for geodesics in S,’s space, or also from the metric 
tensor (5) or the interval (6). 

The covariant form of the gravitational forces on the 
right of (15) or (15a) is 


2R' dZ 
F= -—(Vatx—=), 
A? dt 


which demonstrates the freedom from dissipation of 
energy in the gravitational field of a freely moving 
particle, since F,-dZ‘=0. Remembering the geometry 
of the space, the outside Euclidean observer situated 
in inversion space and looking at the sphere 2p would 
state that the freely moving particle in the field of the 
forces (19) is subject to a workless constraint. 


90, Costa de Beauregard, Compt. rend. 221, 743-745 (1945). 


(19) 
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We next observe that the curvature tensor in S,’s 
space is related to the metric tensor by 


Riz= —22:,/R? for all i, k except Ru=—20*/R*. (20) 


In these expressions R represents the radius of the 
sphere Zz. The Einstein field equations may now be 
set up; we use the symbol A for the Einstein cosmo- 
logical constant : 


—kT y= Ru- (3/R?*) Zin tAZiun= Ry.(1—AR?)/2 (21) 


for all 7, k except 


(i- or 


2 
~kTu= ——— (1—R’o?/c?) (22) 
R? 


The factor k in these equations is usually taken to be 
the number 2.073X 10~** cm g™ sec? and it is related 
to the perhatione constant of Newton, — 
<10-® cm*® g sec~*, by the relation k=8xG/c*. The 
Einstein field equations all vanish if the saeas item 
constant is chosen as A= 1/R?=kpc?/2, where # is the 
mean density of the matter in the space. One finds then 
that the mass of this stationary (as well as the Einstein) 
universe” is M=42°R/kc? and p= 2A/kc’. If one pursues 
the suggestion made above, of regarding a neutron as a 
stationary universe (in-the-small), and accepts for R 
for the time being the usual “radius of action” of the 
neutron, namely 1.5X10-" cm, and for its mass 
approximately 1.7X10-* g, then the gravitational 
constant would work out at about 4.3 10-°=. Thus, 
such a gravitational field would be vastly stronger than 
a Newtonian field, and this is to be expected. We revert 
to this point later, but note at this stage that for such 
an application the Einstein constant A is certainly not 
negligible, being of the order of 10°. The mean density 
of the matter also acquires values which exceed by far 
those found in the White Dwarfs; for this there are 
however other explanations, including the relativistic 
energy of meving components. 

We turn to the consideration of S, observing a 
particle P moving freely at constant Clifford velocity 
w along a right Clifford line in his static spherical or 
elliptic space, so that to him its contravariant velocity 
components are given by (1) and its covariant compo- 
nents by (2). The question arises : How will S, interpret 
the information S$, sends him about P; what will he 
use as velocity components so as to be in agreement 
with S, and consistent with the requirement that 
substitution of the chosen expression makes an in- 
variant of his interval (6)? The attitude S, adopts is 
by no means obvious, because he may not “see” the 
particle P directly as S, does, but only know of its 
existence through some signal he receives from it. It 
will be recalled that S, need not consider the elliptic 
straight line orbit along which P travels to be a geodesic 


10 See, e.g., A. S. Eddington, reference 2, p. 159; E. Madelung, 
Die Mathematischen Hilfsmittel des Physikers (Dov er Publications, 
Inc., New York, 1943), third edition, pp. 282 ff and 287. 
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unless the direction of w fortuitously coincides with that 
of o. He may take the view that the gravitational field 
determined by the right-hand sides of (15) or (15a) 
distorts the geodesics of static elliptic or spherical space 
which are not in the @ direction; or that he is situated 
in a different space from S,, as evidenced by his metric 
tensor (5) and his curvature tensor (20). 

If S, takes the second view he must integrate the 
equations (15) and generally proceed to derive the 
structure of his space by measurements and as described 
in E. This standpoint will not be further discussed here. 

If S. takes the first view, he must conclude that P is 
subject to a constraint which overcomes exactly the 
gravitational field given by (15), and that this con- 
straint keeps the particle on a Clifford orbit as reported 
by S,. If he chooses a suitable definition of velocity, 
the Clifford velocities @ reported to him may be related 
to those he would observe, w’, by the Lorentz group. 
For simplicity we now choose ¢= (0,0,c), and @ parallel 
to w’ so as to be able to use the special Lorentz transfor- 
mation. The only other restriction imposed upon @ is 
that due to the relativistic requirement Rw<c. Then 
w and w’ must be related by 


Ro = Roy’ /(1— R’w;'0/c*) ye; 
Rw= Rwy’ / (1— R°w3'o/C*) ye; 
Rw3= R(w;3'— 0) / (1— R®w;'0/c*) ; 
dt=di(1—R’ws'o/c*) ye; 
ye=1/(1— Reo?/c2)}. 
We add to these the frequently useful identity 


Yo= (1— R’ws'0/c*) Vea". (23a) 


Now S, could adopt either of two views: the first, that 
P travels at constant Clifford velocity w’—@= (w1’, w»’, 
w3'—o); then his contravariant velocity components 
may be taken to be 


R(dZ/di) = R*(#'—«)+[Z- (o’—¢) JZ+- RE (o’—e) XZ] 
=RVy.—. (24) 

If he introduces this into his interval (6), it becomes 
ds2= Cd? 1— R’w"/c*], (25) 


where w”=w,'?+w»2"+w;”. But this is exactly what S, 
gets if he inserts (1) in (7) and then uses the Lorentz 
transformation (23). 

The covariant velocity components corresponding to 
(24) are now found to be 


(26) 


R’ 
V¢ _ Lu a? re (w’XZ) Her 


and since the invariant length V‘V;= —c’, it follows that 


Va=—c(1— RPws'o/C) yur. (27) 
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The same result is of course also obtained by computing 
V/.= Par V*, 
In all these calculations the metric tensor (6) is used 


with = (0,0,c) in the expressions for 24,= 2.4, whence 


Pu= —RZ0/Ac; 2u= +R*Z'0/Ac; Psa= R®o/Ac. 

It will be noted that the relative velocity @ does not 
occur at all explicitly in the expressions (26) for the 
covariant velocities; it is, however, implied in the 
induced transformations from the position coordinates 
X*‘ ascribed by S, to P into the position coordinates Z' 
ascribed by S, to the same particle. We need not 
compute these since the Lorentz transformations of the 
w, make this unnecessary for most purposes. 

The quantity —mcV4, where m is the rest mass of P 
in S,’s stationary space, is interpreted as the total 
energy ascribed by S, to P in his gravitational field.” 
When it is recalled that S,’s rest mass of P is related 
to that of S, in static space by m=mvy., we get for 
the total energy of P as seen by S, 

E,=mo"(1— R’ws'0/c? rorVe- (28) 
But this is the transform by (23) of the energy of P as 
seen by S,: E,=mg’y.. Thus complete agreement can 
be reached between the two observers through the 
medium of the Lorentz group, and using (24) as 
contravariant velocity components in the stationary 
space. 

It may be asked whether S, would not be justified in 
using for his expression for velocity the form (1) that 
S, uses, but with w’ instead of w. Indeed, any velocity 
may be introduced by definition provided it represents 
change of position coordinates Z‘ with Z‘= cdi, coordi- 
nate time, and when multiplied by di it makes the 
interval (6) an invariant, that is to say, a constant. 
If (1) with w replaced by a’ is substituted in (6), the 
result is 

ds2=CdP[1— (R?/c*) {w1"*+-w2*+ (ws’+0)*} J, (29) 
and since both w,’ and o are assumed constant the 
condition is fulfilled. S,’s interval must now be trans- 
formed into S,’s by 


Roy = Rwy'/[1— R?(ws' +0) o/c? fre; 
Reoy= Revs’ /[1— R*(ws'+0)0/c Hye; 
Rws=R[ (ws' +0) —o /[1— R*(ws'+0)0/c?]. 


(23b) 


The coordinate time differential dt is transformed 
similarly to that indicated in (23) but with w3’ replaced 
by ws;’+o. The third of these equations has been 
written so that its Lorentz character is obvious. 

S,’s covariant velocity components will now be 


1 See, e.g., C. Maller, reference 5, p. 294. 
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changed from (26) to 
V = (R?/A)[ Ray’ +Z%ws’ — Z?(w3' +0) ]y, 
Vo= (R*/A)[ Rae’ +Z! (ws’+0) — Zw’ Jy, 
Vs= (RY/A)R (ws +0) +Z%ey!— Zoe! Hy, 
Vg= —clL1— Ra (ws'+0)/c* ]y, 
¥=([1— (R2/c?) {o1?+-w2!?4- (wa’+0)*} Ft. 


(30) 


Thus in this case the relative velocity ¢ does not occur 
in the contravariant components explicitly, but instead 
in the covariant expressions. Symmetry would be 
achieved by using w’—}o instead of w’—e@ in the 
expressions (24). 
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We denote once more S,’s rest mass of P by m, and 
find for the energy the quantity —mcV4, but since as 


before m= mvyy., we have 


myc 1 — R?(w3’+0)0/c* hye 


[1 — (R2/c2) {cor’?He2"?+ (ws +0)} }? 


(31) 


This is easily verified to be the Lorentz transform by 
(23b) of S,’s expression for the energy of P; hence 
agreement is again achieved. 

The Clifford momentum-energy four-vector moRw,, 
mocyo=E,/c could have been introduced for this 
demonstration, but we did not wish to multiply symbols 
any more than has been found necessary as it is. 
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New Techniques in the Lamb Shift Calculation* 
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Based on the analogy between the calculations of radiative corrections to electron scattering and the 
Lamb shift, a new procedure applicable to bound state self-energy problems is developed, wherein the 
electron propagator is expanded in powers of the external potential. In the resulting sequence, a change in 
the gauge of the virtual photon field conveniently removes from each term spurious lower order contributions 
and yields a new and considerably simpler sequence; the expectation value of the first two terms of the 
latter is shown to account for the major portion of the Bethe logarithm. A simple method is developed to 
sum all the a(Za)‘u dependence, and the result is the lowest order Lamb shift formula. The ease of the 
calculation, as well as that involved in obtaining the relativistic level shift correction of order a(Za)*u 
(not given in the present paper), indicates that the method may find application in the calculation of 


further higher order effects. 


1. INTRODUCTION 


HERE is a close analogy between the calculations 
of radiative corrections to electron scattering! 

and those of the Lamb shift.2~® This is because both 
effects require the calculation of the vertex operator for 
the interaction of an electron with an external potential. 
In the approximation in which this vertex operator 
depends only on the momentum transfer and not 
explicitly on the electron’s initial and final momenta, 
it may be replaced by an equivalent effective potential 

* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

t Now at the University of California at Los Angeles, Los 
Angeles, California. 

t Now at the University of Minnesota, Minneapolis, Minnesota. 

1R. P. Feynman, Phys. Rev. 76, 769 (1949); J. Schwinger, 
Phys. Rev. 76, 790 (1949). 

2 W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 (1947); 
Triebwasser, Dayhoff, and Lamb, Phys. Rev. 89, 98 (1953). 

3H. A. Bethe, Phys. Rev. 72, 339 (1947); Bethe, Brown, and 
Stehn, Phys. Rev. 77, 370 (1950). 

4R. P. Feynman, Phys. Rev. 74, 1430 (1948); N. M. Kroll and 
W. E. Lamb, Phys. Rev. 75, 388 (1949); J. B. French and V. F. 
Weisskopf, Phys. Rev. 75, 1240 (1949). 

5 Karplus, Klein, and Schwinger, Phys. Rev. 86, 288 (1952). 

6 Baranger, Bethe, and Feynman, Phys. Rev. 92, 482 (1953). 


which may then be used to predict both effects. In 
practice this approximation breaks down because of the 
infrared divergence, which makes the vertex operator 
depend logarithmically on the deviation of the electron’s 
four-momentum from its free value. In most of the 
earlier calculations‘ the infrared divergence difficulty 
was avoided by introducing a photon mass and by using 
the resulting scattering operator to obtain only the 
level shift contribution arising from the “high-energy” 
virtual photons. In the calculation of the contribution 


’ 


of the “low-energy”’ virtual photons, the intermediate 
electron states were treated correctly in the nonrelativ- 
istic dipole approximation; and the famous “Bethe 
logarithm’ was obtained. When the two contributions 
were added, using the connection formula of French,‘ 
the level shift was obtained correct to lowest order. 
The more recent calculation of Karplus, Klein, and 
Schwinger’ avoids the infrared problem entirely by 
evaluating the mass operator in the appropriate atomic 
state. Baranger, Bethe, and Feynman® also evaluate 
the mass operator; but as a matter of convenience, to 
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Fic. 1. The pictorial equality demonstrating the result of 
iterating the bound state propagator. The double-line notation 
is used to denote electron propagation in the Coulomb field of 
the nucleus. 


make use of the techniques developed by Feynman,’ 
they introduce a small photon mass. In the end, the 
photon mass cancels out; but during the course of the 
calculation it serves to prevent the separate contri- 
butions from becoming divergent. The latter two 
calculations were carried out to lowest order in the 
number of virtual photons, and to order Za beyond the 
lowest order level shift. When all other known correc- 
tions are included, the theoretical results are in good 
agreement with experiment for hydrogen, but there 
exists a discrepancy in the case of singly ionized 
heilum.*® 

There were two main reasons for undertaking the 
present work. The first of these is mainly pedagogical. 
It seemed interesting to carry out the level shift 
calculation by making a straightforward expansion of 
the bound state electron propagator in powers of the 
external potential. It is well known, of course, that 
such an expansion is not directly an expansion in powers 
of Za because of the dependence of the atomic state on 
the external potential. However, it would be interesting 
to see from which order in the expansion the major 
contribution comes. In the past, such a procedure 
seemed doomed to failure because the contribution due 
to the Bethe logarithm would be difficult to reproduce. 
This contribution is nonrelativistic and depends on the 
electronic wave functions at relatively large radii (Bohr 
radius) ; this, together with the fact that the logarithm 
has Za as a factor of its argument, suggests that in the 
intermediate states many scatterings of the electron by 
the Coulomb potential may be important. In fact, as 
will be seen below, the expansion can be carried out 
and the bulk of the contribution comes from the first 
two terms; however, in order to avoid spurious terms 
of lower than the desired order in the separate parts of 


7See references 1 and 4, and also Schweber, Bethe, and de 
Hoffmann, Mesons and Fields (Row, Peterson and Company, New 
York, 1955), Vol. I, rat * M. Jauch and F. Rohrlich, Theory of 
Photons and Electrons (Addison-Wesley Publishing Company, 
Cambridge, 1955). 

8E. E. Salpeter, Phys. Rev. 87, 328 (1952); 89, 92 (1953); 
C. M. Sommerfield, Phys. Rev. 107, 328 (1957). The most recent 
comparison between theory and experiment for hydrogen and 
helium is given in E. Lipworth and R. Novick, Phys. Rev. 108, 
1446 (1957). The difference between the experimental and 
theoretical values is —0.22+-0.23 Mc/sec in hydrogen and 
—16.6+7.5 Mc/sec in helium. 
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the expansion, it is found necessary to make a special 
choice of the gauge of the quantized photon field. The 
second reason was that it was hoped that a more 
straightforward procedure might lead to a simplification 
of the calculation and permit the evaluation or esti- 
mation of some of the previously neglected contribu- 
tions. Although the present agreement between theory 
and experiment for hydrogen is quite good, as a result 
of the recalculation of the electron’s anomalous mo- 
ment,* these neglected terms might be sufficiently large 
to destroy the agreement. A few years ago, when there 
was a discrepancy, it was commonly felt that the cause 
might be found in higher order corrections. Aside from 
this consideration, an estimate of the higher order 
contributions is necessary for the evaluation of level 
shifts in heavier elements and might resolve the 
discrepancy between theory and experiment for ionized 
helium. 

In free scattering, the infrared divergence problem 
arises because an electron can emit and absorb soft 
photons without being displaced very far off the free- 
energy shell. In terms of the formalism of Feynman,’ 
this results in electron propagators which have very 
small denominators; and in combination with the 
photon propagator, these lead to the infrared diver- 
gence. By giving the photon a small mass X, the diver- 
gence is eliminated; the resulting matrix element then 
depends logarithmically on \. In the Lamb shift calcu- 
lation, on the other hand, no infrared divergence arises 
because the electron’s four-momentum is off the free- 
energy shell. Thus, even for very smali photon energies, 
the electron propagator has a nonvanishing denomi- 
nator equal to (~?+ wy’); the resulting vertex operator 
then depends logarithmically on this quantity. As will 
be demonstrated below, the expectation value of this 
logarithm yields an appreciable portion of the Bethe 


Jogarithm. These remarks may be summarized by 


saying that the quantity In(A/u) of the free-particle 
scattering is effectively replaced by a term of the form 
Inf (p?+u?)/u]. Since p?+y? is approximately p’+ 2ye,, 
where e, is the (positive) binding energy in the atomic 
state a, the correspondence here is then 


A—2[ eat (p*/2y) ]. 


The expansion of the bound state electron propagator 
Sr* leads in a natural way to the terminology of 
“zero-potential” (ZP), “one-potential’” (OP), and 
“many-potential” (MP) terms, represented in the 
familiar way by the Feynman diagrams of Fig. 1. It 
should be pointed out that this classification differs 
from that of reference 6, because in that work the 
equation satisfied by the atomic state was used to 
rearrange the powers of the potential. After mass 
renormalization has been performed on the ZP term, 
there remains a spurious ultraviolet divergence of the 
charge renormalization type. As in the case of free 
electron scattering, this is cancelled by a corresponding 
divergence arising from the OP term, as a consequence 
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of Ward’s identity. The usual scattering prescription” 
for the isolation of these divergent terms will not be 
followed, since this would have the immediate conse- 
quence of introducing spurious infrared divergences into 
the calculation. 

One difficulty peculiar to this approach is the presence 
of terms in the “zero- and one-potential’” (ZOP) 
contributions which are of order a(Za)*u and a(Za)*u 
XIn(Za). Such spurious terms must be cancelled by 
corresponding quantities in the remaining MP terms, 
and it is not difficult to see that contributions of this 
order are, in fact, present in the latter. The presence 
of these terms is related to the choice of gauge of the 
virtual photon. By changing the gauge from the usual 
one, a new sequence of ZOP and MP terms is obtained, 
each of which is free of such lower order contributions. 
In the new gauge, the operator whose matrix element 
is desired is much simpler than the original operator. 
The choice of a new gauge corresponds to using the 
equation satisfied by the atomic state to rearrange the 
powers of the potential, as in reference 6; but it is a 
different, and perhaps simpler, rearrangement. 

In this paper the aforementioned analogy will be 
exploited to develop a new procedure for the Lamb shift 
calculation and a simple means for the estimation of 
the Bethe logarithm. Although the relativistic correc- 
tions of order a(Za)*u, obtained in references 5 and 6, 
may be found in a very straightforward manner using 
a slight variation of the methods presented below, only 
the lowest order Lamb shift formula will be derived 
here; it is planned to include the former along with a 
treatment of the as yet unknown a(Za)*u corrections 


in a subsequent paper. 


2. “ZERO- AND ONE-POTENTIAL” CONTRIBUTIONS 


The expression for the energy level shift of the atomic 
state a, due to the virtual emission of a photon of 
four-momentum k,,"' is given by” 


d‘k 
AE,= = 2a f pp eal) f ry 
os i 


Xu e*(pi-—k, p—k)yu¢a(p). (2.1) 


The bound-state propagator S,r* satisfies the integral 


9 J. C. Ward, Phys. Rev. 77, 293 (1950); 78, 182 (1950). 

10 See, for example, Schweber, Bethe, and de Hoffmann, 
reference 7, Vol. 1, Chap. 24, or Jauch and Rohrlich, reference 7, 
Chap. 10. 

1 The relativistic notation used is such that a,=(a,iao), (a-d) 
=a-b—aobo, Yyurvetyv = By, Yu =Yuy Wyn=a, P=ytys, dk 
=dkdko. Natural units (4=c=1) are employed throughout. 

2 The equivalent equation is presented in reference 6, Eq. (10). 
The momentum space wave functions used here are defined by 
¢a(p)= (29) * fd*p Ya(r)e*P**. The fourth components of the 
momenta p,; and p are the same: pio= Po=u— a; this will be true 
of all other momenta which appear upon iteration of the electron 
propagator. The normalization of the latter differs from that of 
reference 18 by a factor of (27)*/2. 


LAMB SHIFT CALCULATION 


equation 


5(pi— p) 1 
pi— ki pi—k—-ip 


Xa(pi— p’)Sr*(p’—k, p—k), 


where the quantity a@(q) is the Fourier transform of the 
Coulomb field V(r): 


V(r) = —iys(Za)/r, 
a(q) = (27) fax Vir)e~ ‘4°! 
= 17 40(q) = tys(Za)/ 2r°q’. 


(2.2) 


For the purpose of formal manipulation, it will often 
prove convenient to replace the propagator Sr*(pi—R, 
p—k) by an operator Sr*(p—k), whose matrix elements 
between momentum eigenstates yield the propagator 
in the momentum representation. This operator is 
defined by the formal relation 


Sp*(p—k) =— (2.3) 


p-k-V- in 
where V in turn is defined by the statement that 
Vif(p)= for a(p—p’) f(p’) 


for all sufficiently well-behaved f(p)." 
Defining the function 


d‘k : 
I but)= J — 1S (di—b, b—Brn (2.4) 
rR 


one obtains, by the iteration of Eq. (2.2), 


I(p:,p) =5(pi— p)Io(p) +11 (pip) 
+Io(pi,p)+---+7n(pip)+---, 


where 
d‘k 1 
To(p) = ee 
rR p—k—ip 
1 
—a(p.—p)— 


d‘k 
nipp)= f Vu 
rR? 1—R—ip p-—k 
dk 1 
ta(bub)= f —1.——| fap... 
F Rk? i— k—ip 
1 


Xd pn_1'a(pi— ——-~ P2')--- 
pi —k-—ip 
| 1 


Xa( pr’ — p) | a ren 
a k— 1 


The matrix element of the nth term in this sequence 


8 For example, using this operator, the Dirac equation in 
momentum space reads (p— iu) a= Vga. 
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corresponds to that member of the right-hand-side 
graphs of Fig. 1 containing » electron-Coulomb inter- 
actions. 

The only infinity occurring in Eq. (2.4) is one 
requiring a mass renormalization. This is carried out 
in the standard manner by subtracting from Jo(p) the 
quantity Jo(iu), obtained by replacing p by iu and f° 
by — x? in the final expression for Jo(p). After mass 
renormalization there remain ultraviolet divergences 
in Jo and J;; but as a consequence of Ward’s identity 
these must cancel each other. Since we desire to treat 
I) and J; separately, we employ the covariant regulator 
method by making the substitution 


1 ae dL 

_ \ 

RP Jo (+L)? 
The methods for evaluating such integrals are well 
known,’ and only the results will be stated here. With 


To (p)=Io(p)—To(iu), the mass renormalized result is 
found to be" 


1 me 5 
Ie (p)= 2 (pin | —- in( —) 
2 we 4 

~—— (=) A 

n{ — }—————_- 

2(u?— A)? we 2(u?—A) 


(2u2-3A) A 1 
+is| —— in( —) -— : js , (2.5) 
2(u?— A)? we 2(u?— A) 
where A= p*+,2 and p= p?— (u—e,)”. 


The contribution of Eq. (2.5) to the level shift has 
the form 


A 
farenn| o-wsay+—e0a)} el). 2.6 
r 


For more direct comparison with the terms to be 
obtained from /;, this expression may be rearranged by 
noting that ¢.(p) satisfies the Dirac equation in the 
momentum representation, and that A= (p—iu)(pt+iy). 
An alternative expression is therefore 


Qiu 
[ep pentod| f(a) +—e(an) 
bu 


1 
+—(.—in)g(4s) a(w.— p) ou), (2.7) 


im 


where Ai=p+y? and p= pi’—(u—e.)*. This possi- 
bility of rearranging the terms of Eq. (2.6) incidentally 
demonstrates the lack of a definite Za order to be 


“4 The right-hand side of Eq. (2.5) is not singular when A=,’; 
this may most easily be seen by examining the integral before the 
parametric integrations used in its evaluation are performed. 
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associated with each separate term of the expansion 
of Sr*. 

At this stage it is convenient to discuss the general 
principles by which an expansion in powers of Za may 
be obtained. These general principles will be stated 
first, and then we shall give their justification. Typically 
we have to evaluate expressions of the form 


(r= f apap Za(pi)F (pi,p) ¢a(p). (2.8) 


This integral may be assigned a ‘“‘nominal order” by 
using the fact that a typical momentum in a hydrogen- 
like atom is of order Zap, and by keeping only the 
leading term of F in the resulting power series in Za. 
If the resulting integral over p,; and p actually converges 
in the nonrelativistic approximation, the result will be 
the correct answer, to this nominal order. On the other 
hand, if the integral diverges, it is an indication of an 
improper expansion of F, and the true order is less than 
the nominal order. To obtain higher powers of Za, both 
F and ¢, must be expanded carefully. To justify these 
remarks, we shall use the nonrelativistic approximation 
to both the large and small components of ¢,; the effect 
of relativistic corrections to the wave functions need 
be considered only when one is interested in contri- 
butions to the Lamb shift of order a(Za)*u, or higher. 
If we make the substitution 


p=Zaut, 
and write 
¢a( Pp) = (Zan) !wa(t), 


then w, will be a dimensionless spinor whose first two 
components are of order unity (that is, independent of 
Za) and decrease as {~* for {>>1; the last two components 
will be of order Za and will decrease as ¢-* for large 1. 
We may remark that in the relativistic case the expo- 
nents for large ¢ will differ from integers by amounts of 
order (Za)? and there will be an additional normalizing 
factor which differs from unity by an amount of order 
(Za)*; the first two components then also have a 
contribution of order (Za)? decreasing roughly as ¢*. 
Thus in terms of dimensionless variables t and ty, 
expressions like Eq. (2.8) will take the form 


(F)= (Zou f eat @a(ti)F (Zapt;,Zapt)w,(t). 


We can now proceed to assign orders to the various 
terms occurring in Eq. (2.7). In terms of dimensionless 
variables, we have 


a= —iys(Zap?)-!/2n?| ti- t| .. 
A= (Zap) 0+ (2€a/Z*a*u) — (€0?/ Zap”) |. 
Also, if we refer all contributions to matrix element 


between large components, it is clear that (p—iy) is of 
relative order (Za)*u. To obtain a final result correct to 
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order a(Za)‘u, it is thus permissible to make the 
substitution 

(pi-—ip)—A,/ 2ip (2.9) 
and take the resulting operator only between the large 
components of @a. All of the integrals in Eq. (2.7) are 
convergent; however, if one tries to expand the inte- 
grand in powers of Za, a point will be reached beyond 
which the integrals will no longer converge. For clarity, 
consider a specific example. A typical term of J’ yields 
a contribution proportional to 


A; 
fora e(n)(— — Jace p) 
we— Ay 
1 
= [ere o.()(~ Java(o) 
we 


A; 


+ fepep ae()| — - Jovan) 
u?(u?— Aj) 


The first term on the right-hand side of this equation 
gives a result of order (Za)‘u between the large compo- 
nents of ¢a. The second term is of higher order, but it 
would become a divergent integral if we expanded the 
integrand in powers of Za (the remark of reference 14 
is pertinent here). The second term is actually of order 
(Za)*u; this may be understood from the following 
Without the factor (u?—A,) in the 
denominator, the integral would diverge linearly with 


considerations. 


the upper limit in p; space; the effect of the denomi- 
nator is to cut off the integral when p;~y. Thus 
relative to the situation when the integral converges, 
there is a factor of order (u/Zau). In the case of the 
small components of ¢a, the left-hand side of the equation 
cannot be expanded, but by the same type of consider- 
ation, it is seen to be of order (Za)*u. In the future, 
when the expression ‘‘expanding in powers of A;/y”” is 
used, it refers to the treatment just discussed. 

Carrying out the expansions in this way, one finds 
that to the order a(Za)‘u in the final result the following 
substitution may be made 


1 A? 1 Ay 
EC) 
2 we 4 we 

3 Ay Ay | 
-2(1+- ‘) in( —") | 
4 iT 


Using the A® regulator replacement and the definitions 
q=pi-—p, 4y=yAi+(1—y)A, J1(pi,p) may be evalu- 
ated and the result “expanded” in powers of A;/y’, 


To! (p)—>2n°ia(p:— p) | 


(2.10) 


LAME SHIFT CALCULATION 


A/u?, q?/u?. One then finds 


1 A? 
2 Vi 


1 Luft (A,;+A) 
+-+2+- (=)+ = | 
4 12\ 2? 4u? 


: A, (4:+4) Ay 
+af iy| ata er 1 in(—*) 
. ff Qu? ff 
q 1 A 
+ af dy[1—2y(1—y) ] in( —*) } 
ur Jo we 


The quantity a[4 In(A?/u?)+}] cancels with the 
corresponding term of Jo’, and the resulting matrix 
element is then free of all divergences (none of the 
remaining J, are divergent). As previously mentioned, 
the cancellation of such spurious “charge renormaliza- 
tion” infinities is required by Ward’s identity. In the 
present case, if one writes 1;(pi,p)=a,(pi—p)1,(pi,p), 
this takes the form of the readily verified expression 


T\(pi,p) 291 


ip 
—aq+a 
Qu? 


(2.11) 


fe) 0 
I,(p,p) = ——Io(p) = ——I' (p). 
Op, Op, 


[ Incidentally, this provides a convenient check on the 
calculation of Jo’ and J;, with Jo’ in its original form, 
Eq. (2.5).] The cancellation of the In(A?/u*) terms 
between Jo’ and J, must therefore occur. 


As is well known, one can derive Ward’s identity using a simple 
argument concerning invariance with respect to gauge transfor- 
mations of the external potential. If the latter is shifted by the 
constant amount A, 


V(x) =tyaVo(x) iy Vo(x) +A], 
then the fourth component of p, appearing in the formal relation 
for Sr*, Eq. (2.3), will in turn be displaced by the amount 7A, 


tysE—iy,(E+A), 
which is just what is required to leave Sr* unchanged. Thus, if 
one considers the expansion of Sr* in powers of V before this 
gauge transformation is performed, one has 


Sp*=S(E)+S(E)VS(E)+S(E)VS(E)VS(E)+:+:+, 
where we have written S(E)=Sr°(p—k) = (p—k—iu)". This is 
to be compared with the identical expression obtained after 
making the gauge transformation 
Spt=S(E+A)+5(E+A)[V+iysA ]S(E+A) 
+S(E+A)[V+iysA]S(E+A)[V+ivsd ]S(E+A)+- +. 


To first order in A, one then finds 
as 0 
[5+ isys] + [s (SVS) +i(SyaSVS+SVSy s)| +---=0. 


Since each order of V must vanish separately, each square bracket 
is identically zero; the vanishing of each such bracket then yields 
the Ward conditions relating the matrix elements 7,4; with no 
momentum transfer at any one of its vertices to the derivative 
of J, with respect to E. (For example, the vanishing of the first 
square bracket is equivalent to the previous demonstration 
proving the cancellation of the spurious charge renormalization 
terms between J’ and /;.) 
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Since the entire matrix element is gauge-invariant, we can 
expect that all non-gauge-invariant terms, such as the one 
proportional to (p:—iu)a which appears in Eq. (2.15), will 
exactly cancel. That this is in fact true can easily be shown by the 
following argument. Suppose that correct to the order a(Za)‘u, 
I, contains the term T.=£aa, where ~ is some numerical constant. 
Then, by the vanishing of the second square bracket, there must 
be a term in J;, say 71, which is related to T; by 

OT, /dE+it(y.at+ay,]=0. 
Therefore 
Ti = —&(pi—iw)a+a(p—ipn) ]+C(pi,p), 

where C is some spinor function of p; and p which does not 
depend on E (e.g., C~ag*). This can be the only such term of 
this form in /;; otherwise, by reversing the argument just pre- 
sented, one would have to infer that the value of ¢ is different 
from that originally assumed. Now using the vanishing of the 
first square bracket, and the fact that 7; contains 7,, there must 
be a term in Jo, say To, which is related to T; by 


OT o/OE— ikl (p—in)ystys(P—in) ]+iC(p,p) =0, 


To=£(p—in) (p—in) —iEC(p,p)+C’(p). 


The non-gauge-invariant a(Za)*u contributions of Jo+J:+/2 are 

then given by the expectation value of 72 and the first terms of 

both 7; and 7, 

ta] (p —iu)(p—in) | a)—Ea| (p1—in)a+a(p—in) |a) 
+£a\aa|a)=0, 

using the equation satisfied by the atomic state. Thus these 

terms exactly cancel, as they must. 

The quantities Jo’ and J, contain terms which yield 
contributions of order a(Za)*u and a(Za)*u In(Za). One 
might have expected such spurious terms to cancel as 
a consequence of Ward’s identity, since they do not 
appear in the free-particle scattering calculation, but 
this is not the case. In fact, by using Ward’s identity 
it is not difficult to show that their failure to cancel is 
due to the presence of terms proportional to In(A/y’) 
in Io’. Had we used a photon mass and treated the 
electron momenta as free, these terms would not have 
arisen. In the sum of Jo’ and J;, the a(Za)*u In(Za) 
terms cancel, but there is left a peculiar quantity of 
the form 


1 
af dyin(a,/As), 
0 


which is of order a(Za)*u (note that In(A,/A,) vanishes 
for pi= p, as required by Ward’s identity). This a(Za)*u 
contribution must be canceled by corresponding terms 
arising from the remaining /,, since a level shift of the 
order a(Za)*u permits no terms of order less than 
a(Za)*u for the sum of the J,. Unless this cancellation 
can be explicitly demonstrated, the method of expand- 
ing Sr* in powers of V is in serious difficulty. For 
example, one cannot merely neglect such terms in a 
calculation of the difference of two energy-level shifts 
since the a(Za)*u contributions will in general have 
different values for each state; this has been explicitly 
verified for the 2S; and 2P, levels. 

This difficulty may be overcome by proper choice of 
the gauge of the quantized electromagnetic field. 
Feynman! showed, in the free-particle scattering case, 
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that the replacement of any polarization vector e, by 
the photon momentum &, yields a zero result upon 
adding all the terms from the contributing graphs. For 
the bound-state case, a corresponding gauge statement 
would be 


(a| {RS r*(p—k)e+eS r*(p+k)k}|a)=0, (2.12) 
which is easy to verify by the use of Eq. (2.3) and the 
equation satisfied by the state |a@); essentially, the 
effect of RS r*(p—k) acting on (a| is to produce (—1)(a|. 
This latter property is now utilized as follows: 

(a| RS r*(p—k)k| a)= —(a\k| a), 


4 
f Femelala)=o 
r 


when the integration is performed over a symmetrical 
k space. 

A gauge transformation is now given by making the 
following substitution in Eq. (2.1): 


Yau rk yh / RP. 


and 


It might be expected that the proper choice of \ would 
be (—1) since this leads to gauge-invariant emission 
and absorption operators and makes each term of the 
expansion gauge invariant by itself, in contrast to the 
situation in the original form where various terms must 
be combined. However, for reasons which are not 
understood physically, this is not the case; there exists 
another choice which leads to simpler results. The 
effect of such a substitution is to add to J an operator 
J given by. 


dk 
sat f — Rs (p— Wh, (2.13) 
p RR 


where ¢ is a constant to be determined. This operator 
has zero expectation value in the given state, and 
consequently the infinite set of expansion terms 


J (pip) =5(pi— p)Jo(p)+J1( pip) +J2( pip) +: - - 
+Jn(pi,p)+ we 


rates ai 
one Se BE p—k—ip 


rT 1 
I(b.p)=¢ J —alp- ——~<, 
a hee k-ip a - hig 


ence fen. 


Ia (pip) = if = BR rm h—ip 


Xp n1'a(Pr— ——a(pi’— px’) ++: 


’) 1 
| 
pi’ —k-ip 


1 
Xap —_——k, 
a(p 7 ~?) p—k—-ip 
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may be added to the expansion of /(pi,p) without 
altering the level shift. Jo and J; have ultraviolet 
divergences of the charge renormalization type only; 
these are calculated using the same regulator as used 
for Jy and J;, and cancel in the same manner. To order 


(Za)‘u, the results are 


J tia 


? 1/A; 
OP os We em 
we 


9 


Psy 
a n(—) —3- 
Vs 6 


7 tri 


f F 
+=af dyl6y(1—y)—1 in 
we 0 


Comparing Eq. (2.14) with (2.10) and (2.11), it is 
evident that if ¢= 2 the combination (Jo +Jo)+(/1+J1) 
is free of all (Za)*u dependence; with Mo=IJo'+Jo, 
M,=1,+-J;, one obtains the result 
Sip ¢ 1 
Qu? we 12 


Ay\) i 
+af dyy( 1 —¥) in(—*) | ~aq ; 
0 we Qu 


Note that the magnetic moment portion of /; is 
unchanged [the last term of Eq. (2.15) or the first of 
(2.11) ], and that the term 


¢ 1 A 
“af dyL6y(1—y)—1] in( -*) 
pu? Jo uw 


arising from J; is proportional to (Za)‘u rather than to 
(Za)‘u In(Za). This then represents an additive constant 
to the logarithm due to that portion of J, 


ee 4 
“af dy[1—2y(1—y) ] in( *), 
yt de ut 


which is the only term giving a contribution of the form 
(Za)*u In(Za). Upon writing down the Za expansion of 
the nth term of the combination M=J+/J, it is not 
difficult to show that the result is free of all (Za)*u and 
(Za)*u In(Za) dependence; this will be demonstrated 
in the following section. 


M+ My2n| 


(2.15) 
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The simple form of Eq. (2.15) in comparison with its separate 
components suggests that the gauge used has a special physical 
significance. It is related to the fact that in this gauge the ‘“‘spurious 
charge renormalization” has no infrared divergence, while with 
the other choice of gauge mentioned earlier it would have had no 
ultraviolet divergence. The spurious charge renormalization is 
given by the vertex operator evaluated on the energy shell with 
zero momentum transfer. For the special gauge used here, this 
operator contains the term 


. 1 
afk sacepil 


in addition to other contributions which are not infrared divergent 
Integrating over ko, we find that only the poles in the photon 
propagator contribute to the infrared divergence; the first term 
has simple poles and the second double poles. The result is 

m* 


. ak [ | 
97 _ =(). 
ria | b dQ (E— p cosé)? :, 


This gives a simple, explicit proof of the cancellation of the 
infrared contribution to the spurious charge renormalization. 
Since soft photons are essentially independent of each other’® the 
result is true for any number of soft photons. As a direct conse- 
quence of this proof, we see that terms of the form 


"1 A 
af dy In( ’) 
0 F 
cannot occur in VM, and hence there can be no residual contribu- 
tions of order a(Za)*uz in (Mo+™M)). 


It is now interesting to determine the amount by 
which the energy level of an atomic state is displaced 
by the contribution of Eq. (2.15). For simplicity, 
consider the 1S state of hydrogen and omit the magnetic 
moment term; one then wishes to evaluate 


3 Ay 


AE,'= ~2a f apap got (pr) —2ntao( —- — 
4 


gf 1 , Ay\1\ | 
+4{- +4 f dy y(1—y) in) |) ¢o(p), 
Vs 2 0 we | 


where the Dirac wave functions have been replaced by 
their nonrelativistic Schrédinger limits (AE ’ is then 
unchanged to the order a(Za)‘u). One finds 


4 : 
AE)’ =—a(Za)4p 


or 


where the mean energy é introduced here is defined by 


1 Ay 
ferwe esto (af dyy(1—y) in *) Jot 
0 al 
2 2 2é 
-| for out) in(—). (2.17) 
3 Me 


18 J. M. Jauch and F. Rohrlich, Helv. Phys. Acta 27, 613 
(1954); S. N. Gupta, Phys. Rev. 98, 1507 (1955); 99, 1015 (1955); 
D. R. Yennie and H. Suura, Phys. Rev. 105, 1378 (1957). 
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Introducing dimensionless variables, Eq. (2.17) becomes 


2/r\? 2é 
+) n( u(Za)? 
-f dy y i-af 


=2(/4)*{In16+3}. 


Equation (2.16) is to be compared to the complete 
value for this portion of the level shift 


4 11 2ko 
AEy=—a(Za)*p ——In(—) , 
3x 24 m 


dt,dttf 


(t; 41)?(P-+1)? 
XIn[1+yt?+ (1—y)F] 


(2.18) 


where &p is the average excitation energy defined by 
Bethe’ and calculated by Harriman'® to be approxi- 
mately 19.7 ry for the 15 state. It is noteworthy that 
the approximate expression contains the right coefficient 
for the logarithmic term. This shows, as will be con- 
firmed in the next section, that the many-potential 
terms do not contribute a shift of order a(Za)‘u In(Za). 
Equation (2.16) yields a result about 10% larger than 
that of Eq. (2.18); the error is mainly an over-estimate 
of the additive constants to the logarithm. If the term 
(pi—iu)a of Eq. (2.15) is neglected in this calculation, 
the 30/24 of Eq. (2.16) becomes, instead, 3/24; this 
then yields a level shift roughly 10% smaller than that 
given by Eq. (2.18). As mentioned previously, any such 
(pi—iu)a term is not gauge invariant, and all contri- 
butions of this form have been shown to cancel. It is 
also worth noting that, while the additive constants are 
not obtained correctly, the large value of the excitation 
energy is in a sense contained in the present approxi- 
mation. The large value can be “explained” by noting 
that in the above expression for é the integrand is not 
a rapidly decreasing function of ¢ and ¢,. Thus even 
though the integrand begins to drop off when ¢; and ¢ 
exceed 1 (p; and p exceed Zay), a substantial contri- 
bution to the integral comes from larger values of ¢; 
and ¢ (t;, /~4 or 5). In summary, the ZOP contributions 
yield the major part of the Lamb shift; the MP terms 
contribute only to the additive constants. 


3. “MANY-POTENTIAL” CONTRIBUTIONS 
We now calculate all the a(Za)‘u dependence of the 
nth term of the combination M,=/,+J,. The following 
definitions will prove convenient : 
Dn= (—2k-pitA1)1(R—2k-p+A) 
X (—2k- pi’ +Ar’) 1. - -(—2k- pa’ + Apr’), 
P',=a@(pi— pr’) (pi —k+ip)a(pi'— po’) - - - 
X (Pai —k+ipn)a(pn—i’— p)» 
k+ip)l,(p—Rk+in)y, 
+2k*k(pi—k+in) I. (p—R+ip)k. 
16 J. M. Harriman, Phys. Rev. 101, 594 (1956). 


N= Yu(pi- 
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The nth matrix element (72> 2) is then given by 


d‘k 
M, = fap. #1 f — DN a, 
r F 


where the integrations over the n—1 intermediate 
momenta are to be understood whenever, in the 
interests of simplicity, they are omitted. The denomi- 
nator combinations used here represent an immediate 
extension of those appearing in the calculation of J, 
and are presented, together with several necessary 
integrals, in the appendix. 

The numerator NV, of the integrand of M,, may be 
rewritten so that the outer y, and & factors stand 
directly on either side of T',. From the array of terms 
so obtained it is convenient to list the following subset, 
each of which (neglecting the k dependence of I’,,) is 
homogeneous in k 


8 
N,%= {4p ore pi) (k-p) Ir. 


N= —2{ pk AD Rpit2k- (pit pls}, 
N,M=ky,T nv R+2ET n, 


2 
V,4=— | (o.—in| D+—( Dlr. 


2 
+04] a+ ce poe] (9-0 


To the order a(Za)‘u these are the only terms that 
enter; this will become apparent below. Thus NV,— 
+; N.; to each N,‘? there corresponds an M,, 
and to the order a(Za)‘u, M,—>; M,. 

It is also convenient to separate [, into a part 
independent of k, a part containing one k term, etc. 
Thus 


r,=T,4+9F, 49, 2+---, 
Pi’) (pr +iu)a(pi— po’) (po +in) 
Xa(po'— ps’): - -a(Pn1’— p), 


P1’)¥4(pi'— po’) (po’ +in) 
Xa(p2’—ps’)---a(pr1’/—p)+---}. 


Tr, =a(pi-— 
rT,” = —kyf a(pi-— 


The terms I,” and those with a higher number of k 
factors will not actually be needed. One therefore 
considers the integrands NV,‘ depending on that portion 
of I’, independent of k, NV, (T,) ; the V,.“” depending 
on that portion of I, containing one k, NV,‘ (T',™); 
etc. The contributions obtained by performing the 
k integral will then be denoted by M,‘(T,), 
M,(T,), etc. 

The calculation of M,(T,) will be presented in 
some detail, to illustrate the method and prove the 
cancellation of the spurious a(Za)*u terms. Using the 
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definitions of Ay, fx—-1 and formulas (1) and (4) of 


the appendix, one obtains 


Tt 
MM,“ (T.” =~ far, 1 ry , (Dn 1’) . 


n 
1 


x f aed i— Xpn_1’)-*T (x), 
with 


T n(x) =8[(pi-p) (Pn—1)?— (pr-Pn—1) (P-Pn—r) | 
+4a[4(pi-pn1)(p-pu)—(pi-p)pn_’]. (3.1) 
To determine the Za order of these terms recall that 
every momentum which appears has the same fourth 
component, i(u—e,), and consequently this is also the 
fourth component of j,»-1. A lowest Za order may be 
assigned to the integral 


1 


 ((An1— Bes?) — (An)-@) (3.2) 
by recognizing that the first term on the right-hand side 
of Eq. (3.2) will yield a result, after all the momentum 
integrations are performed, of order higher than 
a(Za)‘u [actually a(Za)*5u for n=2]. On the other 
hand, the second term on the right-hand side of Eq. 
(3.2) will yield a convergent matrix element of lowest 
nominal order a(Za)*u. If we consider only this portion 
of Eq. (3.2) when evaluating the integral of Eq. (3.1), 
and expand the remaining spatial momentum depend- 
ence of the latter only up to the point in which the 
resulting integrals are convergent, then the spatial 
components of all momenta will have the order Zap. 
Each A’, as well as Aj, A, and A,_1, is then of order 
(Zau)*, and the second term of Eq. (3.2) has the order 
(Zap) 2" y-, 

For clarity, consider the lowest Za order of a term 
such as 


feoupesr(ny [ep Pp iT, 


1 
Xf de( Ses 7.8 (Pr-P) 00), (3.3) 
0 


where all the momentum integrals are explicitly shown; 
the wave functions used are the Schrédinger limits of 
the Dirac ¢,. Also to lowest order, T,—>(2iu)"—"a(p; 
—pi’)::-a(pn-1’—p), since each p’—ip. (The Dirac 
notation is superfluous, but will be retained.) Using the 
substitution of the previous section (p= Zaut), we find 
a(q)~ (Zap?) and then T,~p"(Zay)-"; further, 
pip is of order yw. Finally, each momentum integral 
yields a factor (Zau)*, and the wave functions a factor 
(Zau)~'. The lowest order contribution of Eq. (3.3), 
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and therefore of Eq. (3.1), is then 
ap! (Zap) i-3+8(nt)—2(n-D—2] = g (Zar), 


A result of order a(Za)‘u may be obtained from Eq. 
(3.3) by retaining the spatial components of any two 
momenta in the numerator, or alternatively by inserting 
a factor of x in the integrand. 

Returning to Eq. (3.1), it is now evident that only 
those terms in the integrand which are not multiplied 
by x can yield an a(Za)*x contribution. The statement 
that the effect of the J, is to cancel all a(Za)*» depend- 
ence from M, is then verified by noting that, to lowest 
order (replacing all momenta by iy), the first bracket 
of Eq. (3.1) vanishes. From the above remarks it 
follows that none of the other MV,” (T,,) or M,? (T,) 
can yield an a(Za)*y result; thus all a(Za)*u dependence 
has vanished from the complete matrix element. The 
a(Za)‘u contribution of Eq. (3.1) is obtained by re- 
taining the lowest order spatial momentum portion of 
the first bracket and the lowest order part of the 
second; denoting a@(pi— pi’)a(pi’— po’): - -a(pr—1’—p) 
by the symbol [a ]", one then finds 


(2iu)" - 
— (ay far, 1(An-1)- 


we 


M,, (T,©)—-+——— 
n(n—1) 


12707 


X (pi: p— Por: (p+ pi) +Pn—-2?} -——"(2iu)"“"[a]” 


n 
1 
x far, f dx( An1— XP n- i ier 3 
0 


Using the formulas listed in the appendix, the limits 
of the remaining M,‘* terms are similarly found to be 


12771 
wash —u?(2ip)” Ta |" 


n 
1 
x faraf dx(An1—xpn_v2)-"x, 
0 


1M 
M9 (05)-oM.9)(020)-604i( = a, 
ue 


M,®(T,)— 


M, ( r,)—0, 
iu 
MO, My r3)-6n'i(= aa, 


9 


we 


i 
M,,? (T,)M 2 (T) — onti( “aa, 

we 

i 
MV, (T,)-M® (TY) — swi(=) aa, 

re 
M,(T,)—-0. 


(In the cases indicated, a contribution of order a(Za)4u 
occurs only for n= 2.) The contribution of M,(T,), 
as is easily seen, contains no terms which can yield an 
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a(Za)‘u result. For the latter reason all the remaining 
terms of NV ,, including those containing r,,®, T',,, etc., 
were initially omitted. To obtain an expression for the 
entire matrix element, the sum of all the a(Za)‘u 
contributions from the MP terms must be added to 
that of Eq. (2.13). As anticipated, one then sees that 
the non-gauge-invariant terms exactly cancel, leaving 
P 


~ y 1 ‘ A, 
~ Mri(=)a -—+4f dy y(1—y) in( —*) 
n=0 we 12 0 iT 


(2iu)" 
n=—2n(n—1) yp? 


X {pi-Pt+pn-?— Pri: (pt+pi)}, 


2 SrA 





(aye f av. (B)- 


(3.4) 


which is the a(Za)‘u portion of the entire matrix 
element, excluding the magnetic moment contribution. 

It is worthwhile to note that in this procedure the 
separation of the matrix element into high- and low- 
energy parts has not been required, nor has the dipole 
approximation been utilized. In fact, except for the 
case n=2, our procedure amounts to using the non- 
relativistic approximation to the electron propagator 
between potential scatterings (p;’/—R+ip—2ip in the 
numerator). Retardation effects are, however, properly 
taken into account in this nonrelativistic propagator; 
ie., the spatial components of k, are not neglected. To 
the given order in Za, all the logarithmic terms occur 
in the one-potential contribution ; this can be seen most 
easily by considering the x integration of Eq. (3.1), 
which for n>1 yields Eq. (3.2) and for n=1 leads to 
In(A/p?). 

4. DEDUCTION OF THE LOWEST ORDER 
LAMB SHIFT FORMULA 

Equation (3.4) will now be shown to be identical in 
content to the familiar a(Za)‘z level shift formula‘; the 
method used to display this equivalence will permit the 
development of an alternative expression for the Bethe 
logarithm. The second line of Eq. (3.4) may be written 
as > nao” IM,, where 

4n* (2ip)” 

N,=— feo --aps'a(p.— py): sins 

w® n(n—1) 


Xa(pr—1’— p) f a¥.1(Bn2) sailed 


X{pi-P—Pr-i-(pt+pd+Ppn-*}. (4.1) 


The problem here is to find a simplified representation 
for Eq. (4.1). To this end, consider the quantity II, (z) 
defined by 


II,,(z)=[D(p:)D(p)D( pr’): - ‘D(pr-1') F', (4.2) 


where D(p;’)= (z+A,’+-v-p,’). The vector v used here 
is independent of z and of all the momenta, but is 
otherwise arbitrary. By exactly the same denominator 
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combinations as previously used for the M,, it follows 
that 


I, (s) = f dV na(stOnatv-Broat@™. (4.3) 


Using the identity (valid for b>0, n> 2) 


sdz 
a 





1 f (n+1) e* 2dz 
n(n—1)b" Jo (ctb)"H 2! Jy (a+b) mt? 


dz 


(n+1)(n+2) 


3! , (c+b)2* 


and associating the quantity (b) with (A,_;), Eq. (4.3) 
can be used to obtain the relation 


1 ay ,-1 
a 





{ Pi: P— Pn—1:(P+Pi)+Pn-1°} 


2 1 


oo 2 . 
-f dz} 2(pi-p)+—(pit+p)-—+— — }n.() 
- 2 dv 3! 


ov’ v0 
The vector v is set equal to zero after the differentiation 
is performed; the derivatives are to be taken before 
the z integration is carried out. Upon using Eq. (4.2), 
Eq. (4.1) can then be written as 


« 4? > 2 0 
> ma=—f ds|s(B1-0)+— (B+ 9) — 
ig 0 2! OV 


n=2 


2 Pie« 


3! dv?) n=2 


Ma'()=[D(P)D()H*2in)* f aps 


Xd p,-1'a(pi— pr’) D“"( pr’) - - - 
XD“"(pn-1')a(Pn—1'— p). 


Thus all the parametric integrations /dY ,_, have been 
replaced by a set of differentiation operations and one 
z integration; the latter will play a role analogous to 
that of the nonrelativistic photon momentum integral 
of previous treatments.*-** 

Now consider the operator 


5(pi— p)p[2+A+v-p—2inV}"p; 


=6(pi— p)p{ D+u-p}'p,;, (4.5) 


where V is the formal operator as defined in Sec. 2, 
and the sum on the subscript 7 is to be understood (in 
the sense of >; p?=p’). If Eq. (4.5) is expanded in 
powers of V and each term of the resulting sequence is 
inserted between the wave functions (pi), da(p), the 
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result is equivalent to 


— p)p’?D“(p)+2iu(pi-p)D~“(p:)a(pi— p)D"(p) 


2D 
+pi-pd M,’(y) 
n=2 
. 
between the same wave functions. The last term of this 
expression, which occurs in Eq. (4.4), may therefore 
be expressed in terms of the operator defined by Eq. 
(4.5). In similar fashion, analogous replacements can 
be made for the remaining integrands of Eq. (4.4). 
The result can then be written in the form 


x 


> m,=A+B+C, 


n=2 


where, upon performing the necessary v differentiations, 
one finds 


4dr” 


«o 2 
-—s(p.-p) f ds\ sp;D-1p;——(p;D“1,D 
Te 0 | 2 


+D-p,D“'p))+—D"'p,D- ‘pd, 
3 


p= vr r) J ‘| ni 


co af ty fa 


_ Bby (ot py | *p,? | 
(stay)? (2+A,)4) 





The sum of these three groups is perfectly finite; 
separately, however, each is divergent on performing 
the z integration, and accordingly an upper cutoff will 
be introduced. The expectation value of group A can 
be simplified by noting that, to lowest order, 


a 1 
——— So 


\ 
D mu \H- ——) ey ee ee 


where H=Vo+p?/2u, 2/2p, Ea=—€a, and Dim 
stands for the sum over all Schrédinger states of H. 
Forming (a| A|a), and using orthogonality, one obtains 
|(a| p;|m) |? 


(lA\a=— Mt ae 


where the number &,, is the required cutoff. The 
expectation value of group B is 


OP, 
(al \)=-—xolwo f + {elr*s|0), 
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while that of group C yields 


837i 2uRm 
C--—« ef dy y(1—y) In ) 
w 0 A 


1 1 
genie tah 
12 18 


The integration of C over the wave functions ¢.(p:), 
¢a(p) is to be understood. Combining these expressions, 
one obtains 


82? Rm 
-—n(— oo piLH,p; || 2,0) 
0 


Su? 


L Ma= 


n=2 


2n? 8x1 
+—{a| p’A|a)—-——pv’a 
3yu* 6? 


fe , (— ) 1 
1—y) In aime 1 
" Ay 18 


where ko(n,/) is the average excitation energy as defined 
by Bethe’ (|a,0) is that atomic state a with /=0), and 
(p:°+ p’)a has been replaced by the equivalent 2p,’a. 

Upon using the relation A=(p+iu)(p—iy), to the 
order (Za)‘, the second and third terms of Eq. (4.6) 
exactly cancel. Further, it is easy to see that 
(a,0| p;[H,p;]|a,0) may be replaced by }iq’a (using 
the again superfluous Dirac notation), the latter having 
a nonvanishing integral over ¢.*(p:), ¢a(p) for states 
with /=0 only. All the &,, dependence then vanishes 
from Eq. (4.6); combining the latter with the first 
line of Eq. (3.4), one finds that the terms involving 
In(Ay/u?) cancel, and the entire lowest order matrix 
element becomes 


+e (4.6) 


x 4rt | m 11) 
4.7 


T° isn ah np |. 
a 3y? 2ky 241 


Inserting Eq. (4.7) between the S-state wave functions 
$a,0*, Ga,0, one then multiplies by —2a to obtain the 


1=0 energy-level shift 
nh il 
AE,, = ——a(Za)' In—+— } 
Na 2ko 24 


which is the correct lowest order Lamb shift formula, 
excluding the magnetic moment and vacuum polar- 
ization contributions. As is evident from the definition 
of ko and the above reduction, the factor 11/24 is 
absent in the corresponding portion of the P-state 
level shift. 


5. ALTERNATIVE EXPRESSION FOR THE 
BETHE LOGARITHM 


We now return to the original idea underlying this 
presentation, that of the analogy between the scattering 
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In(A/w) and the bound state In(A,/u*). To simplify the 
notation to follow, rewrite the matrix element MN, as 


Mn = Mnf Pr: P}+>Mnl{Pn—r- (Pit p)}+Mn{Prs°}, (5.1) 


where each of the terms on the right-hand side of Eq. 
(5.1) refers to the corresponding portion of M, in Eqs. 
(4.1) and (4.4). If the reduction of the previous section 
had been applied only to the sum }°,~2” Mn{ pi: p}, 
the result would have been 


> 9 km 


y Mnf pr: p} =— 
n=2 we 0 


\(a| p;|m)|? 
a ps 
= [En—E.+k] 

2dz 


P 
we Jo = (s+A) 


817i 1 2ukm 
— paf iy| in( =") af } (5.2) 
we 0 Ay } 


which is easy to verify by merely taking the first terms 
of each of the expectation values of A, B, and C. 
Comparing Eq. (5.2) with the sum of groups A, B, 
and C, one can eliminate the sum-over-states terms 
from Egs. (4.6) and (5.2), and obtain 


2ukm 5 
f sake 
o (+s) 


of afc qy(1—y) 


4x? p2utm 
9 


x a= 3 > Mnf Pi: ne 


As 
(A+ s)?| 


2uRm 
+4(p:-p)] n=") -1(0-)| 
Ay 


8x*i (1 1 F 
—— e{ -p'+—¢ ; (5.3) 
we 16 18 


Using the relation q’=p,;°+p’—2p.-p, and the 
previous a(Za)*z equivalence of (a| p?A|a) with 2inp,’a, 
Eq. (5.3) may be rewritten as 


827i 


w 4? A 
> Mm. 1 Mnf pi- ht in( = -)-~ wa 
n=2 


n=2 we 18." 


82°i , Ay 
~<a f dy y(1—y) in( —*) 
we 0 we 


837i Ay ies 
——(pi-p)a@} 1+ dy n( - )|. (5.4) 
3yu? 0 we 


where the In(k,,) terms have cancelled. Adding to Eq. 
(5.4) the contribution of the first line of Eq. (3.4), the 
term proportional to /o'dy y(1—y) In(Ay/u?) cancels 
and is effectively replaced by the simpler quantity 


proportional to /o'dy In(A,/u*), yielding for the entire 
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matrix element 


4r*t 
y M,---— ~ eq [14 fay in(- ‘) | 
831 " 
+f ayin(- ‘)] 


— 
+45 M{pi-p}. (5.5) 


Only the last term of Eq. (5.5) presents an obstacle to 

the immediate expectation value calculation, by 

straightforward integration, of this expression to obtain 

this portion of the a(Za)*y level shift. It is possible to 

write Eq. (5.5) so that the entire matrix element is 

proportional to g’, as in the usual Lamb shift formula. 
Defining the function 


o zdz 


= af fey. 
o (s+A,)(s+A) 
, APi— 


pr’) me 
XE pps ima 
(z +A, ‘):: 


-4(pp—1’— p) 
(ster) | 


which differs from the previous M,'(0) of Eq. (4.4) by 
the inclusion of the factor /(%zdz, one may then 
compare Eq. (5.5) with (4.7) and obtain 


Ro , Ay 
in(—)=1+ fay in( —*) 
ry 4 ay? 
ale fonG | 
Ai 


The symbol = stands for the equality of expectation 
values over the Schrédinger wave functions ¢,*(p:), 
¢a(p). Note that, due to the definition of ko, the S-state 
¢, are always to be used on the left-hand side of Eq. 
(5.6), while the right-hand side integrations are to be 
performed with the wave functions of that state whose 
level shift is desired. Thus Eq. (5.6) represents an 
exact extension of the order of magnitude contributions 
given by the ZOP terms of Sec. 2 

With the exception of the last term on the right-hand 
side of Eq. (5.6), the latter has been evaluated for the 
1S, 2S, and 2P states of hydrogen. It is found that the 
neglect of the terms )>,.2” M,’ (which, incidentally, 
are positive’) yields an error of less than 2% in the 


17 That these terms are positive may be seen qualitatively or 
noting that integrands comprising the positive semidefinite M, 
have their maximum value when their momenta are parallel; 
hence the largest contribution results when p;-p is positive. 





NEW TECHNIQUES IN THE 
TABLE I. The results obtained by performing the indicated 
integrations of Eq. (5.7), as compared to the complete numerical 


values wala ste Harriman." 


ay 
State 1 +f dy In( 22! 
g 


is ind +8 5/2 

25S —1/12 

2P 0 
2S-2P 4—1/12 


fom} 4S) (8) 


2.87 2.98 
2.55 2.81 
—0.38 —0.03 
2.93 2.84 


ae 02 
— 1.37 
—0.38 
—0,99 


* See reference 16. 


1S level shift and 2S-2P level-shift splitting. Writing 


e i Ay 
n(—)=1+ f ayin( ) 
ry 4 ay? 
py ‘ Ay 
-2° {1+ f ayin()], 
q’ 0 Ai 


one can construct, with the aid of reference 16, the set 
of approximate numbers displayed in Table I. Only for 
the 2P state is there a large relative error in the value 
of é’; since the correct contribution is quite small, this 
is not particularly significant. The contribution of the 
neglected }°,.2” M,’ terms then serves to lower the 
approximate 1S level shift and 2S-2P level oe 
found here by roughly 140 Mc/sec and 17 Mc 
respectively. 

Equation (5.6) may, of course, be derived readily 
from Bethe’s original definition of ko in terms of a sum 
over states. The present derivation indicates that the 
contribution of order a(Za)‘u In(Za) comes entirely 
from the ZOP contributions. The entries in Table I are 
additive constants (to be compared with 2 In(Za), 
which is —9.85 for hydrogen) ; and by comparison with 
the results calculated numerically, we see that the bulk 
of their contribution comes also from the ZOP terms. 


sec 


6. SUMMARY AND ACKNOWLEDGMENTS 


The ease with which the lowest-order Lamb shift 
formula has been obtained using the above methods, 
as well as the similar calculational simplicity involved 
in deriving the next higher order a(Za)*u terms, indi- 
cates that the scattering-type expansion of Sp* may 
prove quite useful in obtaining further higher order 
corrections. The method may be applied _ to similar 


d‘k 
ae -“ far, f dx[D, (x) }*, 
F 


ak 
dY af maton 


D,(a- thcoa 


re. n 


’ 
f —QD,(a- 
ke 


n(n—1) 4 


"18, M., Kroll and F, Pollock, Phys. Rev. 86, 876 (1952) 
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problems, such as that of radiative corrections to hfs," 
where corresponding calculational simplicity may be 
expected. 

The ideas underlying this presentation grew out of 
several informal discussions with Professor M. Lévy; 
his suggestions are gratefully acknowledged. The ma- 

gg g } g 
terial contained in this paper formed the basis of a 
dissertation submitted by one of us (HMF) to Stanford 
University; during the period of the writing of this 
paper and the calculation of the a(Za)*u terms, this 
author had the pleasure of enjoying the warm hospi- 
tality of Professor Lévy’s group at the Université de 
Paris, France, where he was the recipient of a National 
Science Foundation post-doctoral fellowship. 
APPENDIX 
We require the definitions 
py=yhit(l—y)p, 
- / 
Pi= Vipyt (1 —Vi)pi, 
Dn l = Vn iP n ot (1—yn 1) Pn, 


Ai= = yAy+ (1—yi)Ar’ ; 
An—1= Yn—1An—2t (1— yn An_1’, 


l l 
fo. 1= nif + f dy yidyyy2dyo--- (Vn 
0 0 


Then 


1)” ldy,, a 


= fav, sfe—2 ‘Pnatdnarp, 


and with D,, (x)= (An- 1—XPn_1*), one has 


(#YD_= (tt) fa wife 


Xx"[(k—2Pn—1)?-+4Dy(x) OO, 


1 
(R)"Da= (n+1)(n+2) faves f dx 
0 


Xa«"(1—x)[(k—-axpas)?+aD, (x) or, 


One then obtains the following formulas: 


(a: Dr 4); 


ri a-b 
-k)(b-k) =———— — fay (Dayo 


wt P | 
+= fara wae Dol=)T*) 
0 


a-b 
(@-Dn )0-Pes)-Pet(—) } (A-3) 
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(@-Pn—1)(b- Pn) 
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a’ ri 
f —(a-k)(b-k) D,=— a¥e-1 f ds{D5(2)}*{3(0-8)(1—2)— (1-20) nied 


p RR? n 
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d‘k rt 


n 


Pra- 


Jeo DOD dD. fareif as Da(a)}*| ie(1—2)L(0-8)(6 gia 


(4 -Pn—1)(b-Pn—1) (C-Pn—s) | 


+44 (b-pn_1)ey+ (a- prs) (b-c) }+x(3x—2)——— (A-5) 


Pn rs , 


The term a,(6-),-1)¢, is written in this form, rather than (a-c)(b-p,_1), to insure obtaining the correct expression 
when any two or more of the a, 6, ¢ are, or contain, y matrices. 


d‘k ri ; 
[[eneneno.-~ far wdxlD,(x) -"(a-pn—1)(-pn—1)(C-Pn—1) 
F n 0 


es: 
Wt 


1 
+ fara f dx[D,(x) > L(a-b)(c-pr1) +ay(b-Pn—s)eu+(a-fns)(b-c)]. (A-6) 
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Elimination of Ghosts in Propagators* 
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Within the general framework of perturbation theory a method 
for calculating modified propagators in terms of proper Feynman 
diagrams is derived. This method differs from previous approaches 
in that one insists that the propagator have the correct analytical 
behavior as a function of p*. As a result one gets an expression for 
the propagator which is similar to a conventional term-by-term 
perturbation theory expansion except that it is only necessary to 
consider proper diagrams and that the iteration of the proper 
diagrams is represented by a damping factor. As an example, the 
meson propagator for a pseudoscalar meson coupled to nucleons 
with a pseudoscalar coupling is approximated by considering 
only the lowest order proper diagram, a nucleon-antinucleon 
bubble. The resulting expression for the propagator has the 


I. INTRODUCTION 


OR definiteness in what follows, and for simplicity 
in presenting the arguments, we shall consider a 
pseudoscalar boson field with mass y represented by 
the renormalized Heisenberg operator ¢(x). The 
dependence on isotopic spin will be suppressed in what 
follows since for the propagator this dependence is a 
trivial 54g. The extension of the methods developed in 
this paper to fields with additional degrees of freedom 
such as the electromagnetic field, or to fermions, is 
straightforward and will not be discussed. 
We wish to find an expression for the modified 
propagator Ap’(p*) which is defined in terms of the 


* Supported in part by the Office of Ordnance Research, U. S. 
Army. 


following interesting properties: (1) by construction it has the 
proper analytical behavior as a function of p, (2) the result has a 
singularity at g=0 when considered as a function of g?, and (3) 
the wave function renormalization is finite. These three properties 
are intimately connected and when this connection is realized 
it is easy to understand why the usual methods of expressing 
propagators in terms of proper Feynman diagrams leads to ghosts. 
It is the purpose of this paper to understand this connection and 
to indicate how it is possible to take into account consistently the 
iteration of proper Feynman diagrams without ever having ghosts 
appear. It is also found that an asymptotic expansion valid in the 
region g*=0 is possible and that this asymptotic expansion is 
identical with the perturbation theory series. 


vacuum expectation value of a time-ordered product : 
ar (p)=i f dex" (T(o(a) €(9) No (1) 


The lowest order approximation to this function is 
given by Ar(p*) where Ap(p?)= (~?+y?— ie). Histori- 
cally the first attempts to calculate the corrections terms 
were based on a term-by-term perturbation expansion 
in the coupling constant. In electrodynamics the 
corrections thus obtained were found to be small and 
reasonable in that, for example, they led to small 
terms in the Lamb shift which due to the precision of the 
experiments could be seen to be necessary. 

For strong-coupling meson theories it is readily 
seen that such a simple procedure does not prove to be 
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adequate. It is true that Ar(p’) is an excellent approxi- 
mation to Ar’(p”) in the region p’=+—,y?. However, for 
values of p? which contribute significantly to the results 
of meson theory calculations it was noted that the 
corrections to Apr(p*) can be large compared to the 
leading term.' Dyson? and Schwinger’ found that with 
very little effort it is possible to iterate the simple 
perturbation theory result and they obtained an 
algebraic equation which the propagator must satisfy. 
Thus 


Ar’ (pP?)=Ar(p’)+Ar(pP)K (p) Ar’ (p*). 2) 


In this equation the kernel K(p*) is determined by 
considering only diagrams which do not involve 
iterations, i.e., only the proper Feynman diagrams. 

More recently Lehmann‘ has made a very important 
contribution to the understanding of the properties of 
propagators. This contribution is of a somewhat 
different character from the techniques discussed above 
and concerns the analiticity properties of Ar’(p*) as a 
function of the complex variable ~?. For the meson 
propagator Lehmann’s result can be summed up in the 
equation 

1 x (m?*) 


Ar'(p*)= —+ | dm 
+p’ —te 


—, (3) 
(3u)? p’+m’*—ie 

In this equation the function x(m?) is real and positive 
for m?> (3u)? and vanishes for m?= (3u)’. This equation 
states that Ap’(p”) has a pole at p?= —y’ with residue 
1, a branch-point going from ~?=— (3u)? to P=— « 
and no other singularities. The assumptions made by 
Lehmann in deriving (3) are such that one would 
expect the propagator given by any “physically 
reasonable”’ local field theory to have this form except 
for the possibility of the theory having bound states 
which can virtually go into the one-meson state. 
Bound states would lead to additional poles with 
residues not necessarily equal to one. Although the 
presence of such bound states would not cause any 
great difficulty in what follows, we shall assume they 
do not exist. 

Lehmann has shown that the term-by-term_per- 
turbation series expansion for A,p’(p?) has the form 
given in Eq. (3). From this it is possible to deduce 
that, after renormalization, K(p*) has the form 


u¥ ,_ P(m?) 
dm — — 


= (4) 
pP+m’*—ie 


K(p)=(e-+0") f 


(3u)? 


with p(m?) real and non-negative. Combining Eqs. (2) 
1K. A. Brueckner, Phys. Rev. 91, 761 (1953). 
2 F, J. Dyson, Phys. Rev. 76, 1 (1949). 
3 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951). 
4H. Lehmann, Nuovo cimento 11, 342 (1954), 


PROPAGATORS 
and (4), it is then possible to write® 


Ar’ (p)=(p+ue—ie) 
ve p(m?) . 
dm - -] . (5) 
ptm —ie 


x| 1= (9+ 


(3u)? 


In the past':*.? attempts to improve the term-by-term 
expansion for the propagator have consisted of using 
Eq. (5) and approximating p(m?) by the sum of a small 
number of terms corresponding to the simplest proper 
diagrams. 

In renormalizable theories where perturbation theory 
suggests that the wave-function renormalization con- 
stant Z~ is logarithmically divergent, such a procedure 
yields a propagator which does not have the desired 
form. That is, since p(m?) in such a theory behaves as 
1/m? for large m?, it is found that the denominator in 
(5) vanishes for some value of ~?>—vy*.® In pseudo- 
scalar meson theory with pseudoscalar coupling and a 
reasonable value of the coupling constant, it is found 
that the actual root occurs at p?>0.° Hence the doubtful 
and undesirable explanation that the root represents 
a stable bound pseudoscalar particle with isotopic 
spin 1 and a mass less than the meson’s mass is not 
possible. For a nucleon propagator which has a more 
complicated form, it is possible to have two complex 
conjugate roots for ~. Also the wave function re- 
normalization constant Z~', which can be defined as 
the limit p’A,r’(p’) and which must be greater than one, 
as can be seen from Eq. (3), approaches zero through 
negative values. The properties of such approximate 
solutions have been discussed extensively® in connection 
with the Lee model,'® for which Eq. (5) provides an 
exact solution with only one proper diagram con- 
tributing. Also Feldman® has shown that when one 
uses such an approximation for the propagators in 
attempting to calculate the magnetic moment of a 
nucleon one is led to new infinities in the theory, 
and he was unable to eliminate these infinities in any 
consistent way. 

It is possible to arrive at any one of several, not all 
consistent, conclusions from an examination of the 
above results. (1) It is possible to suppose that the 
unphysical features of the approximate solution, which 
are collectively known as ghosts, are a characteristic 


5 Equations (4) and (5) are characteristic of perturbation theory 
The author does not believe that they can be proven in a more 
general sense. However, if the exact propagator is such that it 
does not vanish in the region p? real and —(u)?>p?>— (3z)?, 
then the arguments used later in this paper can be reversed to 
prove Eq. (5) and hence Eq. (4) as a consequence of Eq. (3), 
which of course can be established generally. 

§ Ning Hu, Phys. Rev. 80, 1109 (1950). 

7S. Kamefuchi and H. Umezawa, Progr. Theoret. Phys. Japan 
9, 429 (1953). ; 

§ G. Feldman, Proc. Roy. Soc. (London) A223, 112 (1954). 

®G. Killen and W. Pauli, Kgl. Danske Vidensdab. Selskab, 
Mat.-fys. Medd. 30, No. 7 (1955). 

0 T, D. Lee, Phys. Rev. 95, 1329 (1954). 
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of the exact solution if such an exact solution exists 
and that the ghosts cannot be eliminated. In this case 
it would be necessary to abandon local field theory." 
(2) It is also possible to surmise that the field theory 
does not in itself completely define the solution but 
that one can in some self-consistent way impose 
additional restrictions corresponding to additional 
physical assumptions which permit one to infer results 
which can be compared with experiment. (3) Finally, 
one can assume that an exact solution exists which 
does not have any “unphysical properties.”’ 

We shall find that the assumption of a well-behaved 
exact solution, i.e., a solution with no ghosts, permits 
us to rewrite Eq. (5) in the form given by Eq. (3) and 
to determine x(m*) in terms of p(m?). Although these 
two forms are equivalent for the exact solution, the 
effect of making approximations to p(m*) in the two 
solutions can be quite different. The difference between 
the two approximations thus obtained gives consider- 
able insight into why the ghosts appear when one 
approximates to Eq. (5). We believe that the insight 
thus gained gives a strong argument that an exact 
solution does indeed exist and that many of its proper- 
ties can be inferred. 

It should also be remarked, however, that the weaker 
postulate numbered 2 could also be adopted and would 
yield the same results. The equations would remain 
the same but the text would have to be changed. 


Il. ARGUMENT 


We shall assume therefore that for the exact solution 
the denominator in Eq. (5) never vanishes. (That is 
there are no additional bound states and no ghosts.) 
This implies that the integral 


f dm? p(m’) 
(3)? 


is finite, since otherwise there would be a real root for 
some ~#?>—y’. The function Ar’(p*) can then be 
continued for complex 7 and it has the following 
properties : 


1. It has a pole at p?= —,? with residue 1. 

2. It has a branch line from p?= — (3u)* to p?=— &. 
3. It is of the order 1/p* as p? > ~. 

4. It has no other singularities. 


From these properties we can rewrite Ar’(p’) as a 
Cauchy integral, deforming the path of integration so 
that it goes along both sides of the branch line, and 
closing the contour with an infinite circle. Thus one 

ll Landau, Abrikosov, and Khalatnikov, Doklady Akad. Nauk 
S.S.S.R. 95, 1177 (1954); 96, 261 (1954). 

2 Abrikosov, Galanin, and Khalatnikov, Doklady Akad. Nauk 
S.S.S.R. 97, 793 (1954). 

13 J. C. Taylor, Proc. Roy. Soc. (London) A234, 296 (1956). 

144 For a contrary opinion, see N. N. Bogolyubov and D. V. 
Shirkov, Nuovo cimento 3, 845 (1956). 
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arrives at an equation of the same form as Eq. (3): 
1 @ 
Ae} =——_+ 

P+ 


x (m?) 
dm? ——. (6) 
(3)? p+m’ 


For p’< — (3u)* the Feynman function is defined as the 
limit obtained when p? — m?—ie. The function x(m*) 
can be expressed in terms of p(m’) by using the 
relationship 


lim Apr’(p*). (7) 


p? + —m'*—ite 


ax (m?) = imaginary part 


Thus 
x (m?) = p(m*)/D(m?), (8) 


D(m?) = R?(m?) +2 (m?— 2) p?(m?), (9) 


where 
and 
” (P 


p(P) 
Rom) =1—(mi—w)P fa ~, 


(3p)? m?—P 


(10) 


where P indicates that the principal value of the 
integral is to be taken. The fact that x(m?) is obviously 
real and non-negative completes the identification of 
Eqs. (3) and (6). 

Therefore the form of Ap’(p*) we wish to discuss is 


1 


PAW —ie 


Ar’(p*) 


p(m’) 
ae tg 
(3p)? D(m*) (p?+-m?—ie) 


III. PROPERTIES OF THE RESULT 


In order to illustrate the difference between Eq. (5) 
and Eq. (11) when an approximation to p(m?) is 
inserted in the respective equations, we shall consider 
the contribution from the nucleon-antinucleon bubble. 
This approximation we shall denote with a subscript 0, 
and it is found that 

g? m(m?—4M?")! 
ae, 
4? (m?—p")? 


== 0, m? < 4M? 


m?>4M? (12) 


where M is the nucleon’s mass. Then 


2 


§ 
Ro(m*) = 1 ——(m?—y*)P 
4m? 


xf dP 
4M? 


When m’?— it is easily seen that Ro(m?)~Inm’. 
We shall also verify this by calculating Ro(m?*) in what 
follows. Therefore Do(m?) behaves like (Inm?)? for 
large m?. 

The general expression for the wave-function re- 


(P—4M?)! 


- . (13) 
(P—p?)?(m?—P) 








ELIMINATION OF 


normalization constant is 


=1+ “ant ~ mt) (14) 


(3u)? m’) 


When one substitutes po(m?) and Do(m?) in Eq. (14), 
one finds that the damping factor Do(m*) provides an 
additional convergence factor which is just sufficient 
to make the integral converge. We thus arrive at the 
surprising result that by considering only the single 
proper diagram corresponding to a nucleon-antinucleon 
bubble, one gets a finite wave function renormalization 
which is in the physically sensible region. 

However, if po(m?)/Do(m*) is expanded in powers of 
g’, a series of | vergent terms for Z~ results. 

Chew has pointed out that the approximations (12) 
and (5) to A,’(p*) are simply related, for g? real and 
positive. Thus 


Fe 


1 , po(m*) 
—— -{ -— 
w+ Pp 4M? Do(m?*) 


(p?+m’*) a P-FK 


. po(m’) 77 

+(ptey [i (p?+n*) dm | , 
4M? p+m’ 

where K? is the value of ~ at which the ghost occurs 
in the approximation (5). The residue at the pole in the 
approximation to (5), (—Z~'), is obtained by comparing 
the behavior of both sides of Eq. (15) when P? > +. 
Therefore it is possible to note that if an approximation 
is made in Eq. (5) and the ghost pole is subtracted with 
the correct residue, that a positive-definite density 
function results. 

The proof of Eq. (15) is straightforward. After the 
pole is removed, the right-hand side of the equation is 
sufficiently bounded that one may perform the Cauchy 
integral and neglect the semicircle at infinity. The 
extra term does not contribute to the imaginary part 
and the pole has been eliminated so the result im- 
mediately follows. 

The relationship given by Eq. (15) is of course also 
valid for any other approximation to p(m’) for which 
the term in square brackets on the right-hand side of 
Eq. (5) has only one zero. In particular it is true for 
any approximation the conditions 
po(m?)>0 for m?> my > (3u)?; po(m?)=0 for m?<m,?, 
and po(m?)~m~ for large m. 

The above result provides a convenient tool for 
examining the relationship between the two approxi- 
mation methods. If one makes the very valid approxi- 
mation that m*>>y? in the region of integration m?>4M2, 
then the right-hand side of Eq. (15) is readily evaluated. 


which | satisfies 
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PROPAGATORS 


Thus!® 


g* 
Ar (p?) = (p+u—i 1} 1= to — 
F Pr) r B ie) r B 4 


2 p+4M? 
Lito) 
F..£ r 
a 1+[p/(p +4 || ' 
x peareneieoeeinenn 
1—[p’/(p?+4M?*) }} 
Ye 
+-- 
p—K 


This equation lends itself readily to the computation 
of K? and Z~. For values of g?/4r%<25 one finds that 
K?>,2 and this permits further simplification of the 
equation. One then finds the following relations by 
locating the pole and finding its residue 


i+y ) 
=~ 2h 
i~y 
(i—y¥) 1+ 
-2)/(1- — In ~”), (18) 
2y i-—y 
and y is defined by 


K?/4M2=y2/(1—y°). (19) 


; g>0, p>. (16) 


(17) 


Thiet 


wy ete 


By varying y it is possible to determine K*? and Z~ 
Thus for y=0.5(g?/4r) = 16, Z=0.894 
and K?=4M?*(0.33), and for y=0.6(g?/4r)=10.1, 
Z=0.845 and K?/4M?=0.56. 

It is much more interesting, however, to examine 
the behavior of these constants in the region g?~0 and 
hence y~1. Making these approximations one readily 
finds that 


as functions of g’. 


(20) 
(21) 


7g" / 4? — exp(— 42° / g*), 


K?/4M?exp(4n°/¢’). 


If these results are substituted into Eq. (16), we see 
immediately that the result we have obtained using 
only a slight modification of perturbation theory has 
an essential singularity at g’=0.'° 

A more precise description of the singularities in the 
approximation to Ar’(f*) can be obtained by inspe cting 
Eq. (11). The function is a singular function of g? for 
all values of g? for which Do(m?)=0 and for which m? 
is in the region of integration. It is readily seen that the 
curve of singularities is a closed curve enclosing that 
part of the real axis for which — g’<g?<0. —g¢? is the 


16 te spite of its appearance this expression has no singularity 
at p?=0. The form given is suitable for ?>0 and its continuation 
to other regions presents no difficulties. 

16 The first suggestion that field theories might be singular in the 
region g?=0 was made by F. J. Dyson, Phys. Rev. 85, 631 (1952). 
Also see W. Thirring, Helv. Phys. Acta 26, 33 (1953). 
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double root of the equation Do(4M?)=0. In the region 
— go’<g’<0 there is no ghost and Eq. (15) is modified 
in that Z~! must be set identically equal to zero. It is 
clear that the curve of singularities is a natural boundary 
with Eq. (15) holding for all points outside of the closed 
curve and that for all points inside the curve of singu- 
larities the ghost removing term does not appear. 

Since, as is easily seen, the left-hand side of Eq. (15) 
exists at the origin and all its derivatives exist at 
g’°=0, it is possible to define an asymptotic expansion 
for the function. By evaluating the derivatives in the 
region g?<0, it is immediately proven that this asymp- 
totic expansion is identical with the usual perturbation 
series expansion. [ Note that by using the approximate 
Eqs. (20) and (21) it is seen that the extra term which 
occurs in the region g’>0 is dominated by exp(— 42°/g?) 
which vanishes and has only vanishing derivatives at 
the origin. Therefore, to within the approximations 
used in deriving (20) and (21), the result that the 
asymptotic expansion coincides with the perturbation 
series is again confirmed. } 


IV. DISCUSSION OF RESULTS 


The essential point to consider, when one tries to 
understand the significance of the fact that Eq. (5) 
yields ghosts when p(m*) is approximated by a finite 
power-series expansion in g’, is that the wave-function 
renormalization is finite. The basis for believing that 
the wave-function renormalization is finite is already 
present in some work by Lehmann, Zimmermann, and 
Symanzik"’ where they suggest that the vertex function 
must go to zero as its argument goes to © instead of 
remaining finite. If the vertex function goes to zero 
sufficiently rapidly, then one can show that at least a 
contribution to the wave-function renormalization, 
which in perturbation theory is infinite, will become 
finite. Equation (5) itself, if one accepts the fact that 
it yields a Ap’(p*) with the correct analytical form, 
implies quite transparently that the limit of p’Ar’(p*) 
as p’— & is finite. If the conclusion that the wave- 
function renormalization is finite is accepted, this 


17 Indications that perturbation theory overestimates the 
magnitude of the functions of field theory are expressed in 
Lehmann, Symanzik, and Zimmermann, Nuovo cimento 2, 425 
(1955), where they discuss the vertex function. 
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must be reconciled with the fact that when one attempts 
to expand Z~' in a power series in g’, one gets a series 
all of whose coefficients are infinite. The reconciliation 
is simple; Z~'(g?) is not regular at g?=0.'8 

When one substitutes into Eq. (5) an approximate 
expression for p(m?,g?) which is a power series in g?, it 
must be realized that one is doing the following: one 
is approximating A,r’ (p*,g*) by a function which cannot 
have the correct analyticity properties as a function of 
g’, and which does not necessarily have the correct 
analytical properties as a function of ~*. It should not be 
considered surprising then if it fails to reproduce either 
of the analyticity properties correctly. 


V. CONCLUSIONS 


Experience has shown that in field theory one must 
be extremely careful when one attempts to go beyond 
a term-by-term series expansion in the coupling 
constant. As Feldman has shown, the most straight- 
forward extension of perturbation theory when applied 
to simple propagators leads to the appearance of 
‘“nonphysical” infinities in the theory. As is well known, 
the correct physical behavior of the functions of field 
theory is intimately connected with their analyticity 
properties. Since field-theoretical computations involve 
integrations in the complex plane it is extremely 
important, when one makes an approximation to a 
function which is to be used in such a calculation, that 
the approximation have the correct analyticity proper- 
ties as a function of the momenta involved. 

It is found that when one imposes the correct 
analyticity properties on the propagator when con- 
sidered as a function of #’, it is possible to draw some 
conclusions about its behavior with respect to the 
coupling constant. One also obtains a form which is 
suitable for further calculations. 
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18One should note that this does not necessarily imply that 
Ar’ (p*,g") has a singularity at g?=0 for finite p*. We have shown 
only that one can expect lim,*,,p?Ar’(p?,g) to be singular at 
g?=0. However, the form we have obtained implies that Ap’ (p?,g?) 
is singular at g?=0 for all p’. 
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Wide-Angle Pair Production and Quantum Electrodynamics at Small Distances* 
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Wide-angle photoproduction of high-energy electron-positron pairs in hydrogen is proposed and analyzed 
as a test of quantum electrodynamics at distances £10-" cm. The effect of proton structure can be removed 
in terms of the two form factors measured in the elastic electron-proton scattering process. Cross sections are 
presented for two classes of pair production experiments: (1) those detecting one of the final particles, and (2) 
coincidence experiments. In addition to kinematic, anomalous moment, and nucleon form-factor corrections 
to the Bethe-Heitler formula, dynamical corrections to the proton current and radiative corrections are 
calculated. The final theoretical formula is believed to be accurate to 2%. A simple cutoff model suggests that 
a 5% accuracy in an experiment of type (1) tests the electron propagator at distances ~0.7 X 10~“ cm, while 
a 10% accuracy in a coincidence arrangement of type (2) probes the electron propagator at ~0.3X10~% cm. 


I. INTRODUCTION 


IDE-ANGLE photoproduction of high-energy 

electron-positron pairs in hydrogen probes the 
small-distance behavior of quantum electrodynamics. 
In particular, it offers the possibility of exploring the 
electron propagator at smaller distances than achieved 
so far.' This is possible because the effect of proton 
structure on the pair production matrix elements corre- 
sponding to the Feynman graphs of Figs. 1(a) and 1(b) 
can be completely and unambiguously summarized in 
terms of the two invariant form factors measured in the 
elastic electron-proton scattering process. With ambi- 
guities which arise from interactions of nonelectro- 
magnetic origin thus removed, the process in Fig. 1 
yields new information on quantum electrodynamics at 
small distances if the virtual intermediate electron- 
positron line is far off the mass shell, as is the case for a 
high-energy interaction with large transfer of mo- 
mentum. 

In this paper we propose and analyze wide-angle pair 
production as an experiment which can increase our 
knowledge of the electron propagator in quantum 
electrodynamics by an order of magnitude.? We imple- 
ment this proposal with a detailed, accurate calculation 

* This research was supported in part by the United States Air 
Force through the Air Force Office of Scientific Research. A pre- 
liminary account was presented at the Stanford Meeting of the 
American Physical Society, December, 1957 [Bjorken, Drell, and 
Frautschi, Bull. Am. Phys. Soc. Ser. II, 2, 392 (1957) ]. 

t Holder of National Science Foundation Predoctoral Fellow- 
ship. 

Part of a thesis (by S.C.F.) submitted in 1958 in partial 
fulfillment of the requirements of a Ph.D. degree to the Depart- 
ment of Physics, Stanford University, California. Further calcula- 
tional details will be found in this thesis. 

1§. D. Drell, Ann. Phys. 4, 1, 75 (1958). In 1954, R. P. Feynman 
remarked upon the desirability and possibility of probing quantum 
electrodynamics at small distances by large-momentum-transfer 
experiments, such as wide-angle pair production. [R. P. Feynman, 
Anais acad. brasil. cienc. 26, 51 (1954)]. More recently, Budini, 
Poiani, and Reina [Proceedings of the Padua-Venice Conference 
on Mesons and Recently Discovered Particles, 1957 (to be 
published) ] have observed that the nuclear form factors de- 
termined by electron scattering can be factored out of the Bethe- 
Heitler formula for bremsstrahlung in first Born approximation. 
They treat the nucleus as a fixed Coulomb source of charge Ze. 

2 All theoretical remarks made in this paper would apply equally 
well to bremsstrahlung, where y rays are observed at large angles. 


of the cross section which includes, in addition to 
kinematic and nucleon form-factor corrections to the 
Bethe-Heitler formula’ contained in Fig. 1, dynamical 
corrections due to the proton current (Fig. 2), and 
radiative corrections (Figs. 3-4). The role of the proton 
in Fig. 2 corresponds to virtual Compton scattering and 
cannot be completely summarized in terms of the form 
factors of Fig. 1. The magnitude of these virtual 
Compton terms is the theoretical limiting factor of wide- 
angle pair production as a probe of quantum electro- 
dynamics at small distances. The accuracy to which the 
pair production cross section can be measured and to 
which the proton form factors can be determined are the 
experimental limiting factors. They are indeed very 
severe ones since electrodynamic processes with large 
four-momentum transfer, needed to define a small 
distance, generally have exceedingly small cross sections. 

We consider here two classes of pair production ex- 
periments: first, the type in which only one of the final 
particles is detected, and second, coincidence experi- 
ments. The detected particle in an arrangement of the 
first type must emerge with high energy at large angle 
with the incident photon direction in order to probe 
quantum electrodynamics at small distances. The most 
favorable condition for an experiment of this type ap- 
pears to be to observe positrons at 90° with respect to an 


=-2ke p- 


(k-p.)° 
= =-2kE-(I-B-cos 6) 


(a) (b) 


Fic. 1. ““Bethe-Heitler” diagrams for pair production. 


*H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 
83 (1934). 
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2 
) = 2p-ep, 
= 2E-E+4(I-B-8.cos x) 


(a) (b) 


(p_+Ps 


Fic. 2. “Compton” diagrams for pair production. 


incident bremsstrahlung beam of peak energy 140 Mev. 
The limitation to this energy is dictated by the necessity 
of avoiding background from 7° decays.‘ Also, at higher 
energies the resonance in the proton Compton effect® 
begins to introduce appreciable uncertainties into the 
analysis of the virtual Compton matrix elements of 
Fig. 2. 

The distance to which quantum electrodynamics is 
probed in such an experiment is best seen from the 
Feynman diagrams in Fig. 1. In 1(a) the positron is 
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an 










































































Fic. 3. Feynman diagrams for virtual radiative corrections. 


* We have in mind here experimental problems peculiar to the 
Stanford Linear Accelerator. We wish to thank Dr. W. K. H. 
Panofsky and Dr. B. Richter for informing us of these limitations. 

5 Yamagata, Auerbach, Bernardini, Filosofo, Hanson, and 
Odian, Bull. Am. Phys. Soc. Ser. II, 1, 350 (1956). 
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produced directly at large angle with the incident beam 
and the intermediate electron line is ~ 140 Mev off the 
mass shell for a positron energy of ~100 Mev. This 
graph is sensitive to small-distance modifications of the 
propagator. On the other hand, in 1(b) the intermediate 
positron is nearly “‘real” and hence insensitive to small 
distance modifications. It is easy to see that the contri- 
bution of graph 1(b) is larger than that for 1(a) by a 
retardation factor (1—8 cos@)~!, which when integrated 
over electron angles yields a factor In(E_/m)~5. Since 
only 20% of the cross section is sensitive to small- 
distance modifications, both an accurate calculation and 
an accurate experiment are required. A simple cutoff 
model suggests that a 5% accuracy is required to test 
the propagator at 0.7 10-" cm. 

To achieve this accuracy in the theoretical formula, 
we have recalculated the Bethe-Heitler formula inte- 
grated over electron angles with the following correc- 
tions included : 

1. Kinematical corrections due to proton recoil in 
graphs 1(a) and 1(b) are kept through order g*/M* 
~0.5%. 


aan 











‘ 











SS ee 


Fic. 4. Feynman diagrams for real photon radiative corrections. 


2. The complete proton vertex is used in graphs (1) 
with the charge and moment form factors as measured 
by Bumiller, Chambers, and Hofstadter.® In performing 
integrations over final electron angles we have expanded 
these form factors as polynomials in gq’, retaining terms 
proportional to g*, the limiting factor in the accuracy of 
this treatment being the present experimental uncer- 
tainty in the proton’s charge distribution. For the choice 
of parameters discussed above, the static moment of the 
proton increases the theoretical cross section by roughly 
10% above the Bethe-Heitler result, and recoil and 
finite-size corrections reduce it by a closely comparable 
amount. The present uncertainty in the proton’s charge 
form factor leads to an uncertainty of less than 2% in 
the result. 

3. Dynamical corrections due to the proton current 
as operating in Fig. 2 are calculated for a Dirac proton 
with observed anomalous moment. A point proton 
model is sufficient for the estimate of the importance of 
these terms since the role of the proton corresponds to 
virtual Compton scattering, which at 140 Mev is close 


x F. Bumiller and R. Hofstadter, Bull. Am. Phys. Soc. Ser. II, 2, 
390 (1957). 
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to its low-energy Thomson limit. This will not be so at 
energies near the pion-nucleon resonance. In the present 
analysis the contributions of the square of these terms 
and the interference terms with Fig. 1 are each less than 
1% of the leading contributions from Fig. 1. This is due 
in part to two factors: 

(a) The amplitude of the matrix elements in Fig. 2 
is less than the Bethe-Heitler amplitudes of Fig. 1 by a 
factor g M~0.2. 

(b) Because of retardation factors, the electron in 
Fig. 2 is preferentially emitted along the direction of the 
emitted positron, at 90° with respect to the forward 
direction, while in Fig. 1(b) the electron is preferentially 
emitted forward. This competition of angular factors 
reduces the interference terms between Fig. 1 and Fig. 2 
by a factor In(£/m)~5. 

4. Radiative corrections to the leading-order matrix 
elements in Figs. 3-4 are calculated. Terms of order 
a In(£/m) relative to unity are retained and shown to 
alter the cross section by less than 1% for conditions in 
the present experimental arrangement. 

Turning to the coincidence experiment, an arrange- 


(k- ps) = (k-p-)* = -2k © py=-2kEs (I-cos 8) 


(a) (b) 


Fic. 5. “Bethe-Heitler” diagrams for coincidence experiment. 


ment which detects both the electron and the positron at 
large angles with respect to the forward direction has the 
important new advantage of making both Feynman 
diagrams in Fig. 1 sensitive to small-distance modifica- 
tions of quantum electrodynamics. A symmetrical ar- 
rangement as in Fig. 5 with both electron and positron 
in the plane of the incident bremsstrahlung beam and at 
equal energies and angles (left and right) with respect to 
the photon direction has several extremely desirable 
features: 

(1) An elementary charge conjugation argument 
shows that the interference term between the diagrams 
of Figs. 1 and 2 vanishes for such an arrangement. 

(2) The square of the Compton diagrams (Fig. 2) can 
be made negligible by arranging the kinematics such 
that the proton recoil velocity is very small. Thus for a 
550-Mev maximum energy bremsstrahlung beam and 
with electron and positron emerging with 250 Mev at 
an angle of 30°, g/M is less than 9%. 

(3) Because g/M is so small, effects of proton struc- 
ture are negligible. 

(4) It appears to be feasible experimentally.‘ 
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A coincidence experiment with these parameters, 
carried out with 10% accuracy, is estimated to probe 
quantum electrodynamics to 0.3X 10~" cm.§ 


II. DETAILS OF THE PAIR PRODUCTION 
CALCULATION 


The calculations were carried out independently by 
each of us in order to eliminate algebraic errors. 

The form of the pair-production matrix elements in 
momentum space is’ 


Bb J 
Mia= a0’) Y4Fi(g@)— % [yu JF 2(q*) | 
| 4M 


1 
——ex(p,) 


—p.—m 


Xu(Q)ua(p_)y4— 


m 
Mirv=u(Q") , uP (9?) -—Lru@ JF 2(9) | 
| 4M 


1 
X u(Q)u(p_)e————y0( p+), 
p 


ne oe 


m 1 
me= 00) Lye-t- Ln bat B=] — - 
|" 4M + 


Mm 
xX ;e——ek | u(Q)u(p_)y“v( ps), 
OM u(Q))u( p_)y*0( p+) 


m 
MMte»=1(0') | e— se : 
\" om lo’—k—-M 


bu 
x | tT pees tb 1} w(Qntp-yree(P). 


Table I defines all symbols used in this paper. 

By the customary covariant techniques, the matrix 
elements were squared, summed, and averaged over 
initial and final polarizations to yield the differential 
cross section 

o®'M 


do=— 


4nk 


6 (k—p+— p-—q) 


BO’ Bp, dp_ 
X— ———Aurtditarny). (2) 
gc &.s&. 


Au represents the contribution from the squares of the 


§ Note added in proof.—Dr. Richter has informed us that a 
recalculation of counting rates in the coincidence experiment 
indicates that an angle in the range 20° to 25° for the electron- 
positron pair is more reasonable than the value of @=30° used in 
the above discussion and in Secs. IV and V. Such an arrangement 
probes quantum electrodynamics to ~0.5X 10-8 cm. By operating 
at an incident energy ~ 1000 Mev and at @=15° it appears to be 
possible to probe down to the nucleon compton wavelength. 

7 We use the notation of Schweber, Bethe, and de Hoffmann, 
Mesons and Fields (Row, Peterson and Company, Evanston, 
1955), Vol. 1, and choose h=c=1. 
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diagrams in Fig. 1, Ay» that from the interference of 
those in Fig. 1 with those in Fig. 2, and A22 that from the 
squares of those in Fig. 2; they have the following forms: 


1 ke p_ 
An=—,(q*) “5 imma 
2q' (k- p_)? kp. k-py 
rs 1 iy {mee P? 

m- (k- p_)? 


2q* 
FL (bs: PY+ (p- PY] 
|, 


aneenctsienndiiiaioall 


act | 2 set || 


kh: pyk- p- 
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a) 


1 
. “aaal 
(p+ +p_)* 


(k-Q)? 
4(p,+p-)*ps-Op--Q  2(ps + P-)+4m? 
Srcatete wade hall. 


The electron mass was neglected everywhere except 
in denominators and in terms such as m?/(k- p_)?, which 
give a contribution independent of m when integrated 
over angles. \,; contains no approximations other than 
this. In the interference terms Aj2, only terms of order 
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TABLE I. Glossary of symbols.* 


k=4-momentum of incident y ray 
p-=4momentum of outgoing electron 
p,=4momentum of outgoing positron 
=4-momentum of initial proton 
Q’=4-momentum of recoil proton 
e=polarization 4-vector of incident y ray 
m= mass of electron 
M =mass of proton 
dy=proton matrix element = 4(Q’)y,u(Q) 
0=angle between p, and & in laboratory 
A=large “regulator” mass in radiative corrections 
A=photon mass (for handling infrared divergences) 


1O|?= (Q-w)?/a*—1 
A =2(w?—1)(k—p,)-Q+4(p,-0) 
B=u*—1—2p,-Q 


-P: indicates the invariant scalar product 
2=f1 oe “a 


* Unless otherwise indicated, P1 
of 4-vectors; i.e., Pi- 


q/M and g’/ M’ relative to the leading order of A, were 
kept, which implies that the form factors F; and F2 can 
be set equal to unity. In A22 only terms of order g’/ M* 
relative to the leading order were retained. It turns out 
that to these orders there are no contributions to Aj»2 
and 22 from the anomalous moment term in the proton 
current. The result agrees with an earlier calculation of 
first-order recoil corrections to bremsstrahlung. 

The electron angles were integrated over, the inte- 
gration being made easy by carrying it out in the 
Lorentz frame in which the electron and recoil proton 
come off back to back. The method is illustrated in 
Appendix I. The form factors were expanded in a power 
series in order to do the integrals, 


$= (2+ a,9*/M*+b,q'/M‘*), 


1 (7) 
Ricca 2/M? og*/M?). 
ye tet: M?+ beg*/M*) 


The integrated laboratory cross section may be written 


as 


da a pO 


Xi2t+X2), (8) 
d0,dE, ~ eM k-Q 

where the X’s are dimensionless quantities which we 
write in units such that M=1. In X,, terms of order 
higher than g*/M* have been neglected. In the expres- 
sions for X;. and X22 we have specialized to the case of 
positrons emitted at an angle of 90° relative to the 
incident photon momentum. Terms in X22 which do not 
contain the factor In(2E,E_/km) were found to be 


8S. D. Drell, Phys. Rev. 87, 753 (1952). 





WIDE-ANGLE PAIR 


negligible; we do not include them in the following 
expressions : 
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ke FE, 

X12 X= —1% and X99 Xu= AO for Ey =F_=70 
Mev. These ratios are slowly vasiad functions of Fy. 
If one allows M—~, one obtains the result found by 
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Hough,’ who integrated the Bethe-Heitler formula over 
angles. 
III. RADIATIVE CORRECTIONS 

In this section we calculate radiative corrections to 
ogy due to virtual and real photons. Since radiative 
corrections are <5% in all cases of interest, in evalu- 
ating them we have consistently ignored proton recoil 
and terms of order less than a In(E/m) relative to ogu. 
For example, radiative corrections to ““Compton’”’ dia- 
grams (Fig. 2), and to the proton current in “Bethe- 
Heitler” diagrams (Fig. 1), involve proton recoil and 
have been neglected. This leaves radiative corrections to 
the electron current in ‘“Bethe-Heitler” diagrams to be 
evaluated. 

The virtual radiative matrix elements, Fig. 3, were 
evaluated under the conditions of the 140-Mev experi- 
ment, |g?) ~2k-p,>>2k-p_2m*. We list these matrix 
elements individually in a form which allows them to be 
adapted to other processes.’ Terms of order less than 
aln(E/m) are neglected. In case |g?) ~2k-py~2k- p- 

m®, O» and Oj» differ from the list below and can be 
obtained from O; and O,, by the substitution k>(—&), 
p-<>(— p,), era. This substitution is appropriate for 
the coincidence pair experiment. 


ta 1 1 
= — ap.) fan(- —_ —) 
dr P—\M+ie P—A?+ie 


1 1 1 
“ye a “y# —e v( ps) 
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®P. V. C. Hough, Phys. Rev. 74, 80 (1948). 

This differs from the radiative correction to Compton scat- 
tering [L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 
(1952) ] where both vertices correspond to k?=g*=0. The calcula- 
tion of radiative corrections to bremsstrahlung by A. N. Mitra 
[Nature 169, 1009 (1952)] applies only to low-momentum 
transfers. 
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where we have anticipated the angular integrals leading 
~) 1 to the total cross section and neglected all terms which 


e————a 
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p_—k—m ’ do not survive in the integrated o to order aln(E/m). 

The lowest order radiative correction to the cross 

a A 1 section due to virtual photons is provided by the 

O.=—— In | 13) interference of Ororai With Mty. and Wt, in Eq. (1) and is 
4n 2k-p, R—p,—m conveniently divided into two parts: 
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Upon integration over electron angles for the experi- 
mental condition of interest, i.e., k-p, =0, one obtains" 
for o(virtual remainder) 


o(virtual remainder) 


a 2E,E_ 13 E, 
wo -sging line =|; ~in— (17) 
Qn m> 13 E_ 


Radiative corrections of the same order occur due to 

emission of real photons of energy less than AF, the 

a pp, energy resolution of the experiment. The cross section 

9 ——— 4 — I corresponding to the Feynman graphs in Fig. 4 has been 
p-—k-—m 2 m?® calculated through order a In(E/m), again with neglect 

of proton recoil corrections, and with k-p,=0. We write 
o(real)=o(real infrared)+o(real remainder), (18) 
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where o(real infrared) is obtained by integrating the 


infrared matrix element, 
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ul Although k-p,=0 in the laboratory and the integration is 
done in the special Lorentz frame of Appendix I, the laboratory 
: and integration frames differ only by proton recoil which has been 
Adding together O,- - -Ox4 we obtain consistently neglected in radiative corrections. 
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using a minimum photon mass A as in the above treat- 
ment of virtual corrections. There results 


a(real infrared) 
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The A-dependent terms cancel when real and virtual 
contributions are added, leaving a finite total” radiative 
correction 

ery —a 2E_E, 
a (radiative) = 


—¢ pa In——— 
m 


7) 
AE)? 


6 os 


+o(real remainder), (22) 


with ogy given by Eq. (8) and o(real remainder) given 
by Eq. (21). In the 140-Mev experiment one finds 
AE= E_, the energy of the unobserved electron. This is 
then a low-resolution experiment, with resolution loga- 
rithm of the order of unity, and all terms in Eq. (22) are 
comparable in magnitude. For this experiment the 
radiative corrections are numerically" less than 1%, 
with errors estimated at 1%. 


IV. COINCIDENCE EXPERIMENT CALCULATION 


The electron and positron are observed at equal angles 
[o= 7 (k,p,)= Z (kK,p_) ] and energies in the coincidence 
experiment, because interference terms vanish identi- 

2 Other terms of order a{In(EZ/m)} appeared in both virtual 
(viz., Og and O,2) and real radiative cross sections, but cancelled 
out of the total o(virtual) and independently out of the total 
o(real). An heuristic but regrettably lengthy and unphysical argu- 
ment can be made [see S. C. Frautschi, Ph.D. thesis, Stanford 
University (unpublished) ] which suggests that aside from the AE- 
dependent term, terms of order a{In(Z/m)_} always cancel out of 
lowest order quantum electrodynamics radiative corrections. Some 
other cases where this has been verified are J. Schwinger, Phys. 
Rev. 75, 897 (1949); S. N. Gupta, Phys. Rev. 98, 1502 (1955); 
R. G. Newton, Phys. Rev. 98, 1514 (1955); M. Chrétien, Phys. 
Rev. 98, 1515 (1955). 

Tn the region of experimental interest, individual terms of 
a(radiative) are <5%, and there are strong cancellations. The 
cancellations persist outside the experimental region, and the total 
o(radiative) is still ~1% for E,.<«K. 
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cally under these conditions as is discussed below. The 
additional condition that p,, k, and p_ are in the same 
plane is imposed to minimize proton recoil and the 
importance of the Compton trace Az» relative to the 
Bethe-Heitler trace X44. 

In the coincidence experiment m? terms 
ignored, since all denominators are far off the energy 
shell. Also k: p_=k- pi, 0: p-=Q- py, andQ’ -p_=Q"- p,. 


Equation (3) for A,; then simplifies to 


ace er a 


can be 


+—— Fo(q?)———._ (23) 
g (Rk: p,)? ¢ (Rk: p,)? 


All quantities appearing in the coincidence experiment 
are to be evaluated in the laboratory. The laboratory 
cross section for incident photon spectrum G() is 


Au>= 


aM d*p, d*p_ 
a a 
4? Ey E_ 
a’ dk 
—— — G(k)5 (k— py— p_—q)Au 
y oR 
&M dp, dp_ 


G(k) 
enema ag 


2 E, E_ 2p,-O—py-p 


where 
2p+-O— p+: p- ai 
=—__—___—__—_. (25) 
M—2E,+2E, cos 

The form factors are so close to unity for these 
conditions that experimental uncertainty in the proton 
size has negligible effect on the cross section. ogy con- 
tains no approximations except for neglect of m? terms, 
which are order m?/E?. 

On account of the existence of a mirror plane of 
symmetry between p; and p_, one has o(p;,p_) 
=o(p_,p,). On the other hand, the electron trace repre- 
senting interference between one-photon (Compton) 
and two-photon (Bethe-Heitler) electron matrix ele- 
ments behaves like three photons under charge conjuga- 
tion, and is antisymmetric under interchange of p_ and 
p,. As a result, Ay2 vanishes identically, independent of 
meson effects. The antisymmetry of Ay. in p, and p_ 
ensures that the interference cross section vanishes even 
when integrated over the experimental angle and energy 
spread, provided that the experimental conditions are 
symmetric in p, and p_. 

Xoo is unknown above the meson resonance. Under the 
conditions of this experiment the quantum electro- 
dynamics value of A»2, with neglect of proton recoil, is 


Noo= (E,2/M?) tan*(6/2)Au1. (26) 


Even when multiplied by ten as an estimate of the 
effect of the meson resonance, 22 amounts to only 3% 
for E,.= 250 Mev and @= 30°. Thus A22 may be neglected, 
provided £, and @ are not too large. 





1416 BJORKEN, DRELL, 

For a given bremsstrahlung spectrum, the experi- 
mental parameters for the coincidence experiment will 
be determined by a compromise between 


(1) the desire to maximize 2k- p, =4kE, sin?(6/2), the 
extent to which the electron propagator leaves the 
energy shell and small distances are probed, a desire 
which suggests large E, and 0; 

(2) the necessity that ogy be observable and greater 
than the chance coincidence rate, and that A22/Ai1 be 
small, which together require E, and @ to be small. 


Virtual radiative matrix elements are evaluated under 
the conditions |g?) ~k-p,=k-p_>>m’, with neglect of 
proton recoil and terms of order less than a In(E/m). 
Under these conditions the matrix elements of Eq. (13) 
are still valid except for O2 and Oj. which must be 
obtained from O; and Oy), respectively, by the substi- 
tutions ke>(—k), p«>(—p,), eoa. Then the total 
virtual radiative matrix element is given by Eq. (14) 
with the last term omitted. The resulting lowest order 
radiative correction to the coincidence cross section due 
to virtual photons is 


2p.-p- 
In———— 


m 


a 
g (virtual) =——-COBH 
Tv 


m?* 2p4°p- 13 m® 
x(n +4 mn ——) in| (27) 
? ? 


m? 6 


The effective energy resolution AEF is determined by 
how far the incident bremsstrahlung spectrum extends 
above x. Under experimental conditions, AF will be 
sufficiently small that the infrared matrix element, 
Eq. (19), can be taken to represent the contribution of 
real radiative photons. Then, with neglect of proton 
recoil and terms of order a(AE/E) In(£/m) or less, real 
photon emission is given by 


a 2p_- 
o (real) =| 2 
ra m 


m* 2p4°p- E,EL m?* 
(in +4in - —In )-in (28) 
? m? (AE)? x? 





As a result, the total radiative cross section has the same 

form as the Schwinger correction to electron-proton 
scattering," 

oe 2a 2p,-pf E, 13 

a (radiative) = —— In———] lIn—-— — 

7 m AE 12 


with AE defined by 
* G(x+D)dl AE 
f —§-=G(«) ln—, 
P l € 
and ogu by Eq. (24). 


44 J. Schwinger, Phys. Rev. 75, 897 (1949). 


Joo (29) 


(30) 
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For £,=250 Mev, and @=30°, o(radiative) has the 
value —0.03¢gy when AE=50 Mev, and —0.083c8H 
when AE=20 Mev. The errors in o({radiative) are 


(1) errors of order a in o(virtual), 

(2) errors of order a(AE/E) In(E/m) in o(real), and 

(3) errors of order a(g/M) In(E/m) In(£/ AF) in neg- 
lected diagrams. 


Together, these are estimated to be <2% of orn. 
V. CONCLUSION 


Wide-angle pair production has been analyzed as a 
probe of quantum electrodynamics at small distances. 
Cross sections for two experimental situations have been 
evaluated. 

(1) The cross section for observation of positrons at 
right angles to a 140-Mev y ray is given by Eqs. (8-11) 
and (22). Estimated errors are <2% from the experi- 
mental proton form factor, <1% from Xj2, and <1% 
from radiative corrections. The cross section for observa- 
tion of 85-Mev positrons at right angles is 6.6 10~* 
cm*/Mev-sterad. Experimental confirmation of this 
number within an accuracy of 5% is estimated to test 
the electron propagator in quantum electrodynamics to 
~0.7X10-" cm. At present the agreement between 
theory and experiment is" 


Fexp/ Oth=0.96+0.14. 


(2) The cross section for observation of positrons and 
electrons in coincidence, at equal energies and angles, is 
the sum of Eqs. (24) and (29). Estimated errors are 
<2% for radiative corrections, and <$% for ocompton 
[Eq. (26) ] at E_= E,=250 Mev and 6= 30°. Equation 
(24) differs from the Bethe-Heitler cross section by 
—2% due to form factors, +6% due to anomalous 
moment, and —20% due to proton recoil for these 
parameters. The differential cross section is calculated 
to be 1.5X 10~-* cm?/ Mev (sterad)*, and if measured to 
an accuracy of 10% will provide a test of quantum 
electrodynamics to ~0.3X 10-* cm. 

We have carried through these calculations using 
standard Feynman-Dyson methods. Although we have 
no alternative to offer, we feel that this has been an 
inefficient procedure since large cancellations were found 
between individually non-gauge-invariant contribu- 
tions, especially in the calculations of radiative correc- 
tions and interference terms.'* In particular no terms of 
order a In?(E/m) survived. 

Agreement between experiment and the calculations 
presented in this paper will extend our knowledge of the 
electron propagator to smaller distances than achieved 
so far.’ In particular a coincidence arrangement ap- 


16 B. Richter, Bull. Am. Phys. Soc. Ser. II, 3, 45 (1958). We 
thank Dr. Richter for discussions of his results prior to publication. 

16 We now feel that the calculation would have been considerably 
simpler had we, e.g., combined O2, Oy, and Oj, over a common 
denominator before performing the integrations. 

17 The distances achieved so far are estimated to be (2 to 5) 
X10-" cm in reference 1. A separate estimate not given there in- 
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pears capable of testing the electron propagator at 
distances approaching the nucleon Compton wave- 
length, which is comparable with our present limit on 
the photon propagator.' 

On the other hand, a discrepancy between theory and 
experiment can be attributed only to a breakdown of the 
present theory of quantum electrodynamics as applied 
to the electron. 


APPENDIX I. METHOD OF ANGULAR INTEGRATION 


Consider a typical angular integral: 


; | geet ' 1 
= f —— 9 (e— ». —9')}-———_. 
EE . re 


Writing 
/ 


ie) 
J E af d'Q’ 5(Q—M?)n(Qu'), 
E’ 


volves the effect on the hydrogen atom energy levels due to a 
modification of the electron propagator at small distances. Since 
corrections of this type to the energy levels emerge as integrals 
over hydrogen atom wave functions, they are highly sensitive to 
the assumed form of the modification. Thus cutoffs of form 
exp[ (pup*—m?)R?] lead to ~0.1 megacycle/sec correction for 
R~0.6X 10-8 cm, while cutoffs of form exp[—(pyp*—m?*)?R*] 
lead to negligible corrections. Neither of these forms is gauge 
invariant. 
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and then carrying out the integration of the 4-dimen- 
sional 6-function over d‘Q’, one obtains (neglecting m?) 


d*p_ 1 
1=2 [ —8(w—20-p_—M)- ’ 
rae 5 k-p_¢ 
I is an invariant and may be evaluated in any 
coordinate frame. The easiest is that defined by 


w= (wo,0), since for that choice the 6-function contains 
no angular dependence. In that frame 


E_ 1 
r= { —a- - 
* k-p. ¢ 


WO 
, Fe. 1 
= f af a. =—______ 
0 wo [R- ps2t+q?(1—2) P 


The rest of the evaluation is straightforward and yields 
4E_?(k- p,) (Ro— E_)? 
m’k?Lk- pi +2E_(ko— E,—E_) ] 


me 
J = In 
wok: pi(ko— E ) 


—2r 


he pO Py 


(w?— M2)O- py 
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